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Abstract

We study the design of a tax rule to optimally redistribute income across heterogeneous
workers. Traditional models of optimal taxation assume that the social planner has precise
knowledge of workers’ productivity and preferences, yet such information is often difficult to
obtain in practice. We relax this assumption by developing a framework in which the planner
faces unquantifiable uncertainty about workers’ income opportunities, modeled as ambiguity
regarding the economy’s production technology. Additionally, we account for individual-level
income risk, which introduces a moral hazard component to the planner’s problem. Using a
worst-case (max-min) criterion, we show that a progressive tax rule—with weakly increasing
marginal tax rates—is optimal, regardless of the planner’s redistribution preferences or assump-
tions about the distribution of workers’ productivity. Under a richness condition on income
opportunities, we further establish that progressivity is necessary for optimality. Unlike the
canonical Mirrlees model, our approach yields a strictly positive top marginal tax rate and an
everywhere progressive tax schedule. Beyond taxation, our insights contribute to the study of
robust mechanism design in settings involving both adverse selection and moral hazard.
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1 Introduction

Labor income taxation is a crucial tool for governments to redistribute income and provide workers
with social insurance against income shocks. Consistent with their relevance, reforms of the income
tax system are constantly under debate in most OECD economies (Piketty and Saez, 2013). At the
center of this debate is the so-called equity-efficiency tradeoff: a more progressive income tax may
be beneficial for social welfare as it contributes to a more equitable distribution of well-being across
the population; however, it may also negatively affect efficiency by distorting people’s incentives to
work. An extensive theoretical literature, dating back to Ramsey (1927) and Mirrlees (1971), has
been devoted to the optimal resolution of this tradeoff.

For the government, designing the income tax is an inherently informationally demanding task.
It requires detailed knowledge of workers’ preferences over consumption and leisure, as well as their
productivity—both of which are highly idiosyncratic. The existing optimal taxation literature
assumes that the social planner has perfect aggregate-level knowledge of these details. However,
as Mirrlees (1971) emphasized, such information is “difficult to estimate in real economies.” For
example, tax schedules are typically rigid, limiting governments’ ability to experiment with the tax
code, which in turn makes it difficult to infer labor supply elasticities without strong parametric
assumptions. Moreover, economic primitives such as preferences and technology evolve over time,
reducing the usefulness of historical income data for informing current policy decisions.

In this paper, we relax the assumption that the social planner has complete knowledge of the
economic primitives and study the design of optimal income taxes when the planner faces uncer-
tainty about these fundamentals. Specifically, we consider a social planner tasked with designing a
labor income tax to maximize a weighted sum of aggregate workers’ welfare and tax revenue. As in
Mirrlees (1971), workers in the economy are heterogeneous in their ability to generate income and
their relative preferences over consumption and leisure. In our framework, a worker’s productivity
determines the set of income opportunities available to them—i.e., the set of output levels they
can produce and the corresponding labor disutility costs. Workers’ preferences are assumed to be
quasilinear in consumption and separable in leisure and consumption. If the planner does not face
any uncertainty regarding the primitives of the environment, the Mirrlees framework—or, more
precisely, the version analyzed by Diamond (1998b), where preferences are quasilinear—is a special
case of the economy just described. In that setting, the only information constraint faced by the
social planner stems from the fact that workers’ productivity is unobservable.

Our primary departure from this framework is that, in our model, the social planner faces
unquantifiable uncertainty regarding the set of income opportunities available to each type of worker,
a concept we refer to as the economy’s production technology. The social planner is assumed to
have only partial knowledge of this production technology: she knows a minimal set of income
opportunities, referred to as the baseline technology, that are available to each type of worker but
cannot rule out the possibility that workers may choose opportunities outside this set. Accordingly,
the social planner considers all possible production technologies that satisfy this condition and

designs a tax rule to maximize worst-case welfare across these scenarios.



A second point of departure from Mirrlees (1971) stems from the possibility that workers face
individual-level income risk. In many real-life occupations, income is subject to some degree of
randomness due to factors beyond the worker’s control, such as unforeseen shocks or performance-
based pay. Reflecting this reality, the set of production technologies considered by the planner
in our model allows for (but does not restrict to) the possibility that workers labor effort may
lead to non-degenrate income lotteries. This feature introduces a moral hazard component into the
planner’s problem, as taxes can only be conditioned on realized income.

To better illustrate the environment, consider a special case of our model in which productivity
is determined by a worker’s level of education, 8. Suppose that the planner knows the distribution
of education levels in the population. However, she faces residual uncertainty about how education
influences a worker’s income-earning ability—e.g., what labor opportunities are available and the
labor disutility of income production. Consequently, the planner cannot fully predict the income
choice of a worker with type 6 in response to the tax schedule she implements. Such uncertainty
could arise from individual-level income shocks (e.g., illness or job loss) or aggregate-level shocks
(e.g., an economic recession), as well as from limited knowledge by the government about the under-
lying primitives. In light of this uncertainty, the planner cannot rely on a parametric relationship
between workers’ education and their income production, or how it responds to changes in taxation.

Our social planner thus faces three main information constraints. The first arises from the
unobservability of workers’ productivity: the planner cannot directly condition the income tax on
productivity. In our model, as in Mirrlees (1971), the planner holds a well-formed belief about the
distribution of this uncertainty and addresses it using a Bayesian criterion. The second constraint
concerns the potential for moral hazard: although workers’ effort choices may result in random
output, taxes can only be conditioned on realized income. The final constraint stems from the
planner’s limited knowledge of the economy’s production technology. We assume that this form of
uncertainty is unquantifiable—i.e., the planner does not have a Bayesian belief over the space of
production technologies—and the planner addresses it using a max-min criterion.

Our main finding (Theorem 1) is that irrespective of the planner’s preference for redistribution
and the distribution of workers’ heterogeneity, the planner can maximize worst-case welfare by
implementing a progressive tax rule, meaning a tax schedule with weakly increasing marginal tax
rates. This contrasts with the canonical Mirrleesian model, where optimal taxes are not generally
progressive. For example, in that framework, except in very specific cases (Diamond, 1998b; Saez,
2001), a standard no-distortion-at-the-top argument implies that if workers’ productivity is bounded
above, the optimal tax rule sets the top marginal tax rate at zero. In contrast, in our model, the
optimal top marginal tax rate is generally strictly positive.! Beyond the taxation of top incomes,
we show that the entire tax schedule is progressive at the optimum—a result that, to the best of
our knowledge, does not emerge in existing versions of the Mirrlees model.

The intuition behind the optimality of tax progressivity can be better understood by distin-

1t is zero only in the extreme case where the planner optimally raises revenue solely through lump-sum payments.
We provide conditions under which the tax schedule is not flat in Proposition 2.



guishing two key forces at play in the planner’s problem, both of which favor a convex tax schedule.
The first force arises from workers’ (worst-case) incentives to make risky income choices. We show
that strict concavity (i.e., non-progressivity) of the tax schedule leads, in the worst case, to work-
ers engaging in income risk-taking that reduces tax revenue without enhancing their utility. The
high-level intuition is that a non-progressive tax schedule introduces a wedge between the plan-
ner’s and the workers’ preferences over income risk. Specifically, concavity of the tax schedule
results in a convex after-tax income for workers, making them effectively risk-loving. In contrast,
the planner—whose revenue function under a non-progressive tax is concave—becomes effectively
risk-averse, thereby incurring losses from income randomness.

Moreover, given the uncertainty about the production technology, the planner cannot rule out
the possibility that these revenue-minimizing random income choices will become available and
attractive to workers. Indeed, under the worst-case scenario, we show that these are precisely the
choices that workers will make. To hedge against such adversarial income risk, the planner can
adopt a weakly convex tax schedule, which better aligns the workers’ individual incentives with
overall welfare. In the absence of worker heterogeneity, we elaborate on this rationale to show
the optimality of an affine tax rule, consistent with the findings of Carroll (2015).2 However, as
we describe next, in our model, the introduction of worker heterogeneity requires the planner to
consider more complex tax schedules.

Indeed, the second key force driving the optimality of tax progressivity arises from heterogene-
ity in workers’ productivity. To understand this part of the intuition, consider first a benchmark
scenario in which workers’ productivity is observable and the tax can directly condition on it. As
discussed in the previous paragraph, the planner would want to use productivity-specific affine
taxes. Moreover, she would likely impose steeper taxes on more productive workers, as the welfare
cost of incentivizing them to generate income is lower. Naturally, when workers’ types are unob-
servable, adjustments to the tax schedule are necessary to accommodate their private incentives.
One way the planner may address adverse selection is by exploiting the fact that more productive
workers, in the worst case, choose income levels that result in higher expected income. Conse-
quently, by convexifying the tax schedule—that is, making marginal tax rates strictly increasing in
income—the planner can indirectly impose higher marginal tax rates on more productive workers.
This approach enables her to replicate, at least partially, the steeper taxes she would impose if
workers’ productivity were observable.

Building on these arguments, Theorem 1 establishes that, independent of the planner’s prefer-
ence for redistribution, any non-progressive tax schedule can be replaced by a progressive one that
simultaneously improves both revenue and welfare for every worker. If, in addition, the planner is
inequality-averse—meaning her objective places greater marginal value on the welfare of worse-off

workers—an additional force favoring progressive taxation emerges. Specifically, the marginal wel-

2Carroll (2015) shows that, under a revenue-maximization objective, linear taxes—i.e., affine with zero intercept—
are optimal. In our setting, the principal’s objective is a combination of workers’ welfare and revenue, which may
justify a positive lump-sum payment to the workers.



fare cost of increasing taxes at the top diminishes when the objective assigns relatively less weight
to the utility of higher-income workers. This strengthens the case for progressivity, as it allows the
planner to raise more revenue from top earners while incurring a lower welfare loss. This last point
highlights that, even though we show that (weak) tax progressivity is optimal under great general-
ity, the actual shape of the optimal tax—e.g., the extent to which marginal tax rates increase with
income—is, as one would expect, sensitive to the details of the economy, such as the distribution
of workers’ types and the government’s attitude toward inequality.

Having established that progressivity is a key qualitative property of the optimal tax rule, we
proceed to further characterize its precise shape. Deriving closed-form expressions for the optimal
marginal tax rate is challenging because workers’ income choices are random, and the planner’s ob-
jective follows a max-min criterion. As a result, the standard optimal control techniques employed
by Mirrlees (1971) do not apply in our setting. Instead, we adopt an approach similar in spirit to
that of Saez (2001), which involves deriving necessary conditions for optimality by analyzing the
effects of small perturbations around a candidate optimal tax rule. A key technical challenge in our
model, however, is that—unlike in the canonical framework—the economy’s production technology
is not fixed. Specifically, a perturbation in the tax schedule affects both (i) the production tech-
nology that attains the worst-case scenario and (ii) the workers’ income choices under any given
production technology. By applying an envelope theorem for arbitrary choice sets (building on
Milgrom and Segal (2002)), we establish that the planner’s worst-case payof! is (directionally) dif-
ferentiable with respect to tax perturbations and characterize the resulting derivatives. This result
can be adapted to derive necessary conditions for worst-case optimality in other settings involving
ambiguity about agents’ choice sets.

With this method, we solve for the optimal affine tax and identify conditions under which affine
taxes are strictly suboptimal. In that way, we give conditions under which the optimal tax must
be strictly progressive, in the sense of involving strictly higher marginal tax rates at the top of the
income distribution than at the bottom. In deriving these conditions, following the approach of Saez
(2001), we distinguish two types of effects of tax perturbations: a mechanical effect, reflecting the
welfare impact when workers’ choices remain fixed, and a worst-case behavioral effect, capturing
changes in workers’ labor decisions due to tax changes. Since the latter focuses on adversarial
income choices by workers, its interpretation differs significantly from its Bayesian counterpart.
Furthermore, by specializing to the case where the baseline technology corresponds to that of a
classical Mirrlees economy with finitely many types, we provide a characterization of the optimal
marginal tax rates.

Overall, this paper contributes to the literature on optimal labor income taxation by incor-
porating the realistic constraint that the government’s information about workers is inherently
limited. Consistent with real-life practices, we show that the optimal tax schedule under a worst-
case approach is progressive, thereby providing a theoretical foundation for progressive taxation
in scenarios where the government faces partial uncertainty about economic fundamentals. In this

regard, our work joins a growing body of literature showing that intuitive or simple mechanisms



can be optimal when the designer operates under environmental uncertainty and evaluates it using
a max-min objective (Chung and Ely, 2007; Chassang, 2013; Carroll, 2015).

That said, we do not aim to claim that worst-case concerns are the primary explanation for why
progressive taxes are adopted in practice. Instead, we view our framework as a natural benchmark
for exploring scenarios where the government lacks detailed information about how workers respond
to taxation. The standard Bayesian approach to the taxation problem typically focuses on a specific
type of economy—such as the one proposed by Mirrlees (1971)—within which tax progressivity is
shown to be suboptimal. In contrast, robustness with respect to the production technology leads
us to consider a broader set of environments. In doing so, we identify a class of technologies that,
in our view, are both realistic and justify the optimality of progressivity. Indeed, our discussion
in Section 3.2 illustrates that the case for progressivity extends beyond the specifics of the max-
min criterion and instead emerges from broader economic forces that arise when considering a
richer set of technologies. There, we describe the structure of the worst-case technology under a
non-progressive tax and argue why progressivity may still be beneficial even within a Bayesian
framework that departs from the canonical technology.

Beyond its application to income taxation, this paper extends the model of Carroll (2015) by
introducing worker heterogeneity, thereby offering a framework for studying robust principal-agent
contracting under a combination of moral hazard and adverse selection. Accordingly, the model can
be applied to other contexts where these features are prevalent, such as the design of managerial
compensation schemes, financial securities, and monopoly regulation. In these broader settings,
our main result provides a theoretical foundation for the use of concave contracts.

The rest of the paper is structured as follows. In the remainder of this section, we discuss related
literature. In Section 2, we describe the model. Section 3 presents our main result on the optimality
of progressive taxation, where we also show that, under certain conditions, any optimal tax rule
must be progressive and provide sufficient conditions for strict progressivity. Section 4 examines a
special case of the model in which the baseline technology corresponds to the one assumed in the
canonical Mirrlees model. We conclude in Section 5 by discussing extensions of the model and the

robustness and limitations of the analysis. All proofs are included in Appendix A.

1.1 Related literature

Mirrlees (1971) introduced the canonical framework for studying labor income taxation, where a
utilitarian social planner uses distortionary income taxes to optimally redistribute income among
workers with heterogeneous skills. The planner observes and taxes workers’ earnings but cannot
observe their skills or effort, leading to a non-trivial equity-efficiency trade-off. Mirrlees derived the
optimal non-linear tax schedule as a function of workers’ earnings. While the solution is complex
and sensitive to assumptions about the economy, subsequent work has identified general qualitative
features of the optimal tax. Piketty and Saez (2013) provide an extensive review of this literature.
Among the most notable findings is the result that, if the distribution of workers’ skills is bounded,
the marginal tax rate should be zero at the top of the income distribution (Sadka, 1976; Seade,



1977). This (in)famous result has been contested by Diamond (1998b) and Saez (2001), who
demonstrated that the zero-taxation-at-the-top prediction does not hold when the right tail of the
skill distribution follows a Pareto distribution.

Our main departure from this literature is allowing for unquantifiable uncertainty about the
economy’s primitives and the use of a max-min criterion to determine the optimal tax.? Our
assumption of limited information is conceptually related to the robust control theory of Hansen
and Sargent (2001), which models uncertainty about the data-generating process of shocks. Recent
work by Bhandari et al. (2024) applies this approach to taxation, showing that small distributional
uncertainty in productivity can reduce tax progressivity. Lockwood et al. (2021) and Berliant
and Gouveia (2022) incorporate different robustness concerns, studying redistributive taxation
under Bayesian uncertainty about economic fundamentals and finite-sample uncertainty about the
realization of workers’ productivity, respectively.

A second key distinction from Mirrlees (1971) is that we allow for stochastic output, introducing
a moral hazard component into the planner’s problem. The importance of incorporating income
risk into taxation models has long been recognized (Mirrlees, 1974; Varian, 1980).* Most prior
studies addressing income risk focus on homogeneous workers, framing the problem as one of
balancing incentives and insurance provision.” In contrast, our framework jointly accommodates
moral hazard and adverse selection, both of which represent realistic informational constraints
faced by tax authorities. Additionally, relative to the canonical Mirrlees framework, we allow for
considerably richer worker heterogeneity: instead of modeling “productivity” as a one-dimensional
type, we represent it as a set of income opportunities available to each worker.

More broadly, our work relates to mechanism design with redistributional concerns. Recent
contributions to this topic include studies on dynamic income taxation (Farhi and Werning, 2013;
Golosov et al., 2016; Stantcheva, 2017; Makris and Pavan, 2021), redistribution in two-sided markets
(Dworczak et al., 2021), allocation of public resources (Akbarpour et al., 2024; Kang, 2023), and
taxation of externalities (Pai and Strack, 2023).

Additionally, we contribute to the literature on robust contracting and mechanism design with
a worst-case objective, surveyed by Carroll (2019). We build on the framework of Carroll (2015),
who studies robust contracting under moral hazard and ambiguity about the agent’s production
technology. Our model differs by incorporating both moral hazard and adverse selection, with the
latter arising from heterogeneous sets of feasible actions across workers. Furthermore, our princi-
pal’s objective combines welfare and revenue maximization, unlike the purely revenue-maximizing
principal in Carroll (2015). We extend Carroll’s result on the optimality of linear contracts by

showing that adverse selection justifies the use of concave contracts.

3This contrasts with studies on taxation with max-min preferences, where the government has complete information
about the economy but adopts a Rawlsian welfare criterion (Phelps, 1973; Boadway and Jacquet, 2008).

“See Chapter 11 in Tuomala (2016) for a review.

®An exception is Boadway and Sato (2014), who show that introducing moral hazard into the Mirrlees (1971)
framework with adverse selection may result in negative marginal taxes at the top, leading to an extremely regressive
optimal tax.

6Here, concave contracts correspond to convex (progressive) taxes.



A related point is made by Barron et al. (2020) (see also Diamond (1998a)) in a Bayesian
moral hazard model without adverse selection. In those papers, the principal knows the production
technology and assumes the agent can garble any output realization at zero cost. This introduces
a “no gaming” constraint, requiring the principal to anticipate the agent’s gambles by concavifying
the offered contract. In our model, worker heterogeneity and richer uncertainty lead the principal
to hedge against additional distortions—beyond mean-preserving spreads—that different worker
types might use to alter the output distribution.”

Although our primary focus is income taxation, our results apply to broader models of robust
contracting with moral hazard and adverse selection. For instance, Carroll and Meng (2016) pro-
vide a foundation for linear contracts in a model in a model where ambiguity over income shocks
interacts with private information held by the agent. The nature of ambiguity in their paper differs
considerably from ours, leading to qualitatively different results about the optimal contract. We
also relate to the work by Garrett (2014), who studies robust contracting for cost-based procure-
ment. Like ours, that model features a principal who must jointly address worst-case uncertainty
and the classic Bayesian trade-off between efficiency and information rents. In Garrett’s setting,
the optimal mechanism involves fixed-price cost-reimbursement contracts, whereas progressivity

achieves the optimal trade-off in our taxation model with uncertain production technology.

2 Model

Preliminaries. In what follows, for a metric space X we use A(X) to denote the set of Borel
probability distributions on X, and we equip A(X) with the topology of weak convergence. For any
x € X, we use d, to denote the Dirac measure on {x}. The real line is endowed with the Euclidean
topology and the product space A(X) x R is endowed with the respective product topology. Any

space of functions from X to R is equipped with the sup-norm topology.

2.1 General framework

There is a social planner (she), and a non-atomic unit mass of workers (he, for the singular) indexed
by i € T = [0,1] uniformly distributed on the unit interval.® Each worker i produces income
yi € Y =1[0,7], where y € Ry ;. The social planner designs an income taz rule, mapping income
realizations into payments made by the worker. Formally, a tax rule is a function T': Y — R. A
worker’s consumption, as a function of his earned income, equals after-tax income y — T'(y). A tax

rule 7 is said to be feasible if it is continuous and satisfies y — T'(yy) > 0 for all y € Y2 In line with

"In their Online Appendix, Walton and Carroll (2022) examine a moral hazard setting where the principal’s
robust concern is limited to the agent’s garbling of output. They show that this results in the optimality of a concave
contract.

8Because an agent’s index i does not carry any meaning, this is a normalization of an arbitrary population of
workers described by a non-atomic measure space (G, G,~) where G has the cardinality of R.

9We restrict to continuous tax schedules to simplify exposition: With some extra verifications, our results can be
extended to the case in which only lower semi-continuity of 7" is required.



the bulk of the optimal taxation literature, we restrict attention to deterministic tax rules.'® We

let Ty denote the set of feasible tax rules.

Workers’ labor decision. Conditional on the tax rule, workers make labor decisions to maximize
their utility. Specifically, a worker’s income choice consists of a pair (F, ¢) where F' € A(Y) is the
worker’s stochastic earned income and ¢ € Ry is the labor disutility associated with the income
lottery F.1!

The economy’s production technology determines the income choices that are available to every
worker. Specifically, let M be the set of non-empty, compact subsets of A(Y) x Ry. Each worker
1 € 7 is endowed with a set of income choices M; € M that he can choose from. The economy’s
production technology is a collection of workers’ feasible sets M = {M; };er € MZ.

Workers’ preferences are assumed to be quasilinear in consumption, and additively separable in
consumption and labor. Therefore, given the tax rule T" and the technology M, the income choice

of worker ¢ is described by

Vu(T|M;) = max {Eply —T(y)] - ¢}, Xu(T|M;) =argmax {Eply — T(y)] — ¢}.
(F,¢)eM; (F,9)eM;
The following example illustrates that the canonical model by Mirrlees (1971) can be described

using our terminology and therefore is a special case of the environment described so far.

Example 1 (Mirrlees economy). Suppose that 6; € © C R, represents the wage of worker i. Let
i € A(O) be the population-distribution of 6; and let [; € [0, 1] denote the units of labor provided
by worker i. Given his wage 6; and his labor choice I;, worker ¢’s earned income is assumed to be
deterministic and equal to y; = I; x 6;. There is a continuous, increasing function @ : [0,1] — R4
that governs workers’ labor disutility. This setting can be embedded into ours by writing the

production technology as

Social planner’s information. Our main point of departure from Mirrlees (1971) is our as-
sumption that the social planner faces uncertainty about the production technology. We model
this uncertainty by assuming that she only knows a baseline technology M = {Mio}iez € M? which
describes a minimal set of actions available to each worker. Formally, we assume the social planner

entertains any production technology M belonging to the plausible set as defined in Definition 1.

Definition 1 (Plausible technologies). The set of plausible technologies M, consists of all {M;};cz €

10As shown by Kambhampati (2023) and Kambhampati et al. (2024), this restriction will typically entail a loss of
optimality in the type of setting that we study.

1 This framework is consistent with a more standard interpretation in which workers choose a level of effort e which
leads to a pair (F'(e), ¢(e)) € A(Y) x R4. To save on notation, we do not explicitly model effort and instead assume
that workers directly choose a pair (F, ¢) from their feasible set described below.



MZ such that: (i) the correspondence i = M; is weakly measurable,'? and (i) for all i € Z,
M; O M.

The first condition in Definition 1 is a mild technical requirement to ensure that the social
planner’s objective is well-defined. The second part of the condition states that there is a known
minimal set of income choices that is available to every type of worker which is described by the
baseline technology. We make the following assumption on the baseline technology, ensuring that
M0 is itself plausible.

Assumption 1 (Baseline technology). The correspondence i = Mi0 is weakly measurable.

2.2 Social planner’s problem

We now turn to describing the social planner’s problem of finding an optimal tax rule. Her objective
is a weighted sum of average workers’ welfare and tax revenue. Specifically, for a given plausible
production technology M = {M;};cz € M, and a feasible tax rule T" € Ty, let (Fj,¢;) € M;
be the equilibrium income choice of worker ¢. The planner values worker i’s welfare according to
the welfare function W(Eg, [y; — T'(v:)] — ¢i,7). Throughout, we assume that u — W (u, 1) is non-
decreasing and differentiable for every i € Z, and that ¢ — W (u, ) is measurable and bounded for
every u € R. The second component in the social planner’s objective is expected revenue, which
we assume for simplicity that she values linearly with a constant marginal value that we denote
by a € Ryy. We discuss the role of this assumption and provide an interpretation for « as the
government’s marginal value of public funds in the following subsection. We assume that, when
indifferent, workers break ties in favor of the income choice that maximizes tax revenue.'?

As a result, the planner’s payoff when she offers the tax rule T € T; and the production
technology is M € M,, is given by!?

Vp(T|M) E/I{W(Vw(T]Mi),i) +a Epi[T(y)}}di. (2.1)

max
(Fi 1) € X (T| M)
We refer to Vp(T'|M) as total welfare, to its first component as total worker-welfare, and to its
second component as total revenue; and oftentimes omit the word “total” for conciseness.

The planner’s problem is to choose a feasible tax rule that maximizes her worst-case payoff

across all plausible M’s. Formally, the planner’s problem is

sup inf Vp(T|M). 2.2
S ot VeI (22)

12To define weak measurability of M;, let A C A(Y) x Ry and M'(A) = {i € T: M; N A # 0} be the lower inverse
of M;. We say that i = M; is weakly measurable if M'(A) is Lebesgue-measurable for every open A C A(Y) x R.

13This assumption ensures that the maximum in the planner’s problem is attained. If the workers were instead to
break ties adversarially, the supremum in the planner’s problem is the same, but is not necessarily attained by some
tax rule.

" Weak measurability ensures that the integral in (2.1) is well-defined for all M € M, and all feasible T by the
Measurable Maximum Theorem (Theorem 17.18 in Aliprantis and Border (2006)).



We refer to a tax rule as being worst-case optimal if it is feasible and attains the value in (2.2).
To ensure the existence of a worst-case optimal tax, we make the following assumption regarding
the relative weights of workers’ welfare and revenue in the planner’s objective. Let Wj(u,%) denote

the partial derivative of W (u,7) with respect to w.

Assumption 2 (a-bound). There exists C' € Ry such that for any Lebesgue-measurable function
i — ¢; such that ¢; > C for all i € Z,' it holds that Sz Wi(ei,i)di < o

2.3 Discussion of the model

In this section, we provide an interpretation of the model and its assumptions. We resume this

discussion in Section 5, where we comment on the robustness of our results.

Income risk. One point of departure of our model relative to the standard Mirrleesian framework
is that workers are allowed to make labor choices that lead to stochastic income. An interpretation
of this assumption is that workers may choose occupations that intrinsically involve income risk.
Examples of such jobs abound in practice: e.g., bonus-based compensation schemes, entrepreneurial
activity, or freelance work are a few salient ones. Additional sources of randomness in workers’
reported income, not stemming from occupational choices, are given by workers’ decisions to fi-
nancially invest part of their labor income, as well as income spreading which is the practice of
splitting reported income over different years to reduce the tax burden.'® Therefore, we view this
assumption not as a limitation but as a realistic feature of the model. Importantly, our model
does not rule out deterministic income choices by workers: We only assume that the social planner
entertains the possibility that the worker’s choice set includes non-degenerate income lotteries.

As mentioned in the discussion of the literature, it has been recognized by Mirrlees (1974)
that income risk is an important aspect of workers’ labor decisions that the original framework in
Mirrlees (1971) does not accommodate. Aside from the technical difficulties stemming from the
combination of moral hazard and adverse selection, allowing for the possibility that workers’ income
is random poses the additional challenge of having to take a stance on, first, what set of income
lotteries is available to each worker, and second, on workers’ labor disutility as a function of these
lotteries. In the absence of a well-founded assumption on preferences and technology over income

risk, our robust approach arises as a natural, non-parametric way to study the problem.

Assumptions on workers’ payoffs Our assumption that workers’ preferences are quasilinear
in consumption has two implications: First, workers are risk-neutral, and second, there are no
income effects in workers’ income choices. Under a Bayesian objective, the optimal income taxation
problem with quasilinear preferences was first studied by Atkinson (1995) and Diamond (1998b),
and has ever since been commonly used by theoretical and empirical work. As in those papers,

this (restrictive) assumption enhances the model’s tractability and allows us to make progress in

5 Throughout, we use the expression “for all i € Z” as a shortcut for “for a set of i € Z of Lebesgue measure one”.
16Relatedly, Landier and Plantin (2017) study optimal taxation, considering the possibility of tax evasion, which
they model as the introduction of random noise to workers’ income.

10



studying the question at hand. We discuss in more detail what happens when the workers’ utility

of consumption is allowed to be strictly concave in Section 5.

Information structure. Our modeling of the social planner’s uncertainty about the production
technology builds on Carroll (2015) by introducing worker-heterogeneity. Within the taxation
application, this framework can be interpreted as follows. Workers are heterogeneous with regard
to their productivity, which in our model is represented by their feasible set of income choices
M;. The critical piece of information that the planner has about the technology is that there is
a minimal set of choices available to each worker, as described by the baseline technology MV.
This baseline set of income choices may vary across workers, and we assume that the planner
knows how this heterogeneity is distributed in the population. This assumption is reasonable
if we interpret AMi0 as capturing information about workers’ demographic characteristics such as
education level and wages. Under this interpretation, our assumption is that the planner knows
the distribution of demographic characteristics but does not perfectly know the mapping between
workers’ characteristics, and how much income they can produce and at what cost.

In addition, the uncertainty faced by the planner is rich: Any technology, so long as it contains
the baseline and satisfies a mild measurability condition, is plausible. In Section 5, we argue that our
main result continues to hold under an alternative information structure in which the uncertainty

about M is considerably smaller.

Assumptions on the social planner’s objective. Our assumptions on how the planner values
workers’” welfare are standard. As in Saez and Stantcheva (2016), we allow for a general welfare
objective that may depend both on workers’ utility and their identity. In this setting, inequality
aversion by the planner would be captured if, for example, W (u,i) is concave in u. However, we
have not imposed such assumption and in fact, our main result (Theorem 1) does not rely on any
assumptions about the planner’s preference for redistribution.

The assumption that the planner values revenue linearly, on the other hand, differs from the
standard Mirrleesian model: There, the social planner faces a budget constraint and revenue does
not directly enter her objective. In that setting, society’s marginal value for revenue is endogenously
described by the shadow value associated with the budget constraint.

Under the max-min approach, it is not immediate how to incorporate a hard budget constraint
to the problem because whether or not the constraint holds depends on workers’ income choices and
thus on the technology M, which the planner does not know at the time of designing the tax code.
Instead of using the conservative approach of requiring the budget to balance for every plausible
technology M, we assume that the government tolerates running a budget deficit and strictly values
raising more funds. Allowing the government to run a deficit is, in our opinion, a more realistic
assumption. For simplicity, we assume that the government’s marginal value for public funds is
captured by the constant o > 0.'7 This assumption is not crucial and our main result (Theorem

1) continues to hold if the planner values total revenue using any non-decreasing function, so long

"The same approach is used, in a different setting, by Akbarpour et al. (2024).

11



as the appropriate version of Assumption 2 is satisfied.'®

We may interpret « as the value of allocating an additional dollar of tax revenue to alternative
projects. Assumption 2 ensures the problem is well-defined by requiring that the planner’s marginal
value for revenue is not too low compared to the value of lump-sum payments to the average worker.
For instance, if W (u, 1) = w(i)u, the assumption implies fIw(z’), di < a, meaning the planner prefers
to use extra revenue for other projects rather than redistributing it as lump-sum payments.'® This
prevents the planner from optimally giving infinite lump-sum payments, enabling the existence of
a worst-case optimal tax rule. If W (u,4) is nonlinear in u, the assumption holds under a standard
Inada condition, where the marginal value of giving workers an additional dollar approaches zero

as after-tax income becomes arbitrarily high.

Available tax rules. We have simplified the social planner’s problem by restricting to tax rules
that are deterministic and only depend on realized income. We believe that this restriction is in
line with real-life tax systems, but in principle, entails a loss in optimality. In particular, because
workers effort is not-contractible (i.e., income is random) and workers have private information
about the production technology, the planner could benefit from screening this information by

offering a menu of tax rules. We explore this possibility in Section 5.

3 Main results

In this section, we state our main result regarding the optimality of progressive taxation (Theorem
1), and provide an intuitive discussion of its proof. In all of our discussions, we use the term
progressive informally to refer to a tax rule T'(y) which is convex. We discuss the implications of
Theorem 1 in relation to the literature in Section 3.2. Following this, Proposition 1 establishes a
sense in which progressivity is necessary for optimality and Proposition 2 provides conditions under

which the optimal tax is “strictly” progressive.

3.1 Optimality of progressive taxation

Theorem 1 establishes that there exists an optimal tax that is progressive, and that features non-
decreasing tax payments and non-decreasing consumption. We refer to a tax schedule satisfying
the latter property—mon-decreasingness of tax payments and consumption—as double-monotone.
Double monotonicity is also satisfied by the optimal tax that arises in the canonical model of
Mirrlees (1971). On the other hand, as we argue in Section 3.2, the convexity property is novel and

does not arise in that framework.

Theorem 1 (Progressivity). There exists a worst-case optimal T such that: T(y) is non-decreasing

and convezx, and y — T(y) is non-decreasing.

8For example, a hard budget constraint can be incorporated by assuming that the value for revenue is zero if the
budget is balanced, and —oo if it is not. More generally, we could set the planner’s value for revenue to capture any
non-linear costs of government debt.

19Tn Mirrlees (1971), with no alternative public uses for funds, this condition holds with equality.
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The formal proof of the theorem is in Appendix A. In this section, we give an intuitive discussion
of the proof by proceeding in two steps. First, we provide a simple characterization of the worst-case
payoff of the planner (Lemma 1). Second, building on this characterization, we give a graphical
description (Figure 3.1) of the other main part of the argument in the proof of Theorem 1. That
part consists of constructing a worst-case welfare-improving convex version of an arbitrary tax

function. A final step, relegated to the Appendix, establishes that a worst-case optimal tax exists.

Characterizing the worst case. As a key step towards establishing the main result, Lemma 1

describes worst-case welfare under a given tax rule T' € Ty, which we denote by
Vp(T) = inf Vp(T|M).
P(T) vf, P(T|M)
Lemma 1 (Worst case). For any feasible T,
Ve(T) = [ (W (Vu(TIMP).0) + 0B 7))} di (31)
z

where F; € A(Y') is defined by one of the following two cases:

(i) If Vo (T| M) < max{y — T(y)}, then
yey

F; € argmin Ep[T(y)], subject to Exly — T(y)] > Vi (T|M?); (3.2)
FEA(Y)

(ii) If Vio(T|M?) = max{y — T(y)}, then
yey

F,e argmax Ep[T(y)]. (3.3)
(FL0)€ X (T|M7)

According to the first term in (3.1), given the tax rule 7', the equilibrium utility of worker ¢
under the worst-case technology is equal to the lower bound on their equilibrium payoff as given by
Vi (T|MP).2° The intuition for this part of the result is simple: If workers’ welfare was strictly higher
than the welfare-lower-bound V,, (T|MZ-0), it would be possible to construct a plausible technology
that uniformly increases their labor cost ¢ € R for every income lottery in their choice set. This
constant shift strictly reduces workers’ welfare without affecting their incentives to produce income,
and hence overall reduces the planner’s objective. Therefore, this lower bound is achieved under a
worst-case technology.

The second term in (3.1) describes worst-case revenue by distinguishing two cases. The first case
pertains to workers who cannot attain maximal consumption at zero cost under 1" and Mio. Loosely
speaking, Lemma 1 states that under the worst-case scenario, these workers’ income choice (Fj, ¢;)

minimizes their expected tax payment, with ¢; defined so that the worker ¢ is indifferent between

*0The fact that M; D My for all i € T and M € M,, implies that Vi, (T|M;) > Vi (T|M?).
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choosing (F}, ¢;) and choosing the best element in M. Intuitively, the choice (Fj, ¢;) clearly gives
a lower bound on the planner’s revenue: Under any plausible technology, worker i’s income choice
(F, ¢) satisfies Ep[y — T'(y)] > Erly — T(y)] — ¢ > Vi (T|M?). Thus, worker i’s “worst-case income
choice” is feasible for the minimization program defined in (3.2). To complete the argument, in
the proof, we construct a sequence of plausible technologies under which workers’ income choice
becomes arbitrarily close to (Fj, ¢;) as defined above, and in that way, we show that the identified
lower bound on the planner’s payoff is attained in the limit by some plausible technology.?! The
second case in Lemma 1 concerns workers whose equilibrium payoff is constant in M; and equal
to the highest possible utility that can be attained in the economy. Given that, when indifferent,
workers make the income choice that maximizes tax revenue, the adversarial scenario for these
types is attained when they face Mi0 since this minimizes their ability to break ties favorably.

In summary, the worst-case technology is effectively
M; = M U{(F;, Erly — T(y)] — Vu(T|M))},

with F; defined as in Lemma 1, with a qualification that we formally deal with in the proof which is
that, as mentioned above, M; need not attain the worst-case payoff in (3.1), but as we show there
is a perturbed version of it that approximates it arbitrarily well.

Lemma 1 reduces the objective of the planner in two important ways. First, we have transformed
the problem of finding the worst-case payoff under 7', which was originally a problem of finding the
infimum across plausible correspondences ¢ = M;, to a much simpler one which consists of finding,
for every ¢ € Z, the distribution F; that satisfies the conditions in the lemma. Second, there are no
interactions across workers, and therefore the worst-case scenario can be computed independently
for every i € Z. As a result, in the non-trivial case (case (i)), the worst case can be computed by
pointwise solving a simple prior-free constrained information design problem.?? Building on this, in
the next step of the intuitive proof, we use simple concavification arguments to graphically depict

workers’ worst-case income choices.

Construction of a welfare-improving convex tax: A special case. In the proof of Theorem
1, we consider an arbitrary feasible tax T', and use it to construct a convex tax T that satisfies
Vp(T) > Vp(T). Here, we informally discuss this construction for the following special case of our
framework. Suppose that each worker i € T has a binary type 6; € © = {0, 0}. A worker’s type fully
determines his baseline technology. Formally, there exists a correspondence M° : © = A(Y) x R,
such that M? = M°(6;) for all i € Z. Suppose that the social planner uses a tax rule T(y), with
associated consumption rule ¢(y) = y — T'(y) as the one depicted in the left-panel of Figure 3.1.
The shaded area in the figure consists of all the pairs (Ep[y], Ep[c(y)]) that can be attained by
some income choice F' € A(Y"). Formally, it is the convex hull of the graph of ¢(y).

21The reason why the lower bound is not necessarily attained stems from the fact that workers break ties in favor
of the social planner. This feature implies that we have to perturb (F, ¢) so as to ensure that the worker is strictly
willing to choose it over choosing an element of M?.

*2T,e Treust and Tomala (2019) and Doval and Skreta (2023) develop techniques for solving this type of problem.
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According to Lemma 1, in the worst case, a worker with type #; € © makes an income choice
Fy, € A(Y) that minimizes expected tax revenue subject to the constraint that expected con-
sumption has to be weakly greater than V,,(T|M?(6;)).2* Tt follows from well-known arguments
(Aumann and Maschler, 1995; Kamenica and Gentzkow, 2011) that, for every 6 € ©, the revenue
minimizing pair (Eg,[y], Ef,[c(y)]) is a point in the graph of the upper concave envelope of ¢(y),
which corresponds to the upper boundary of the shaded area in the figure. If, as the example in the
figure illustrates, the constraint in the revenue minimization problem binds, then the exact location
of (Eg,[y], EFp,[c(y)]) is pinned down by the intersection between this upper concave envelope and
the horizontal line passing through V,,(T|M°(0)).

;(Z)sz) t0). ;(Z)Tfy) I

~ e (o162}
Vi, (TIM°(8)) | —

____________ supiesVy (T|MP)

infieqViy (T|MP)

>

y Yy

Figure 3.1: An arbitrary consumption rule (solid black line) and a concave consumption rule that dominates
it (dashed red line) under a baseline technology with binary types (left-panel), and under an arbitrary baseline
technology with a continuum of realizations (right-panel).

Thus, for each 6 € ©, (Ef, [y, Er,[c(y)]) belongs to the boundary of the convex hull of the graph
of ¢(y). Building on the arguments in Carroll (2015), the supporting hyperplane to this set passing
through the point (Ef,[y], Er,[c(y)]) defines an affine consumption rule that leads to weakly higher
revenue conditional on 6; = 6. These f-specific consumption rules are depicted by the dashed gray
lines in the left-panel of Figure 3.1. In order to construct a consumption rule that outperforms
the original one, we seek to aggregate these two affine functions into a single one that outperforms
c. We show that this goal is attained by taking the pointwise minimum between the two lines,
as given by the red dashed function in the figure. The resulting consumption (tax) function is a
two-piece affine function that is concave (convex), and gives weakly higher worst-case revenue than
the starting point. Also, as the figure shows, the new consumption rule is pointwise higher than
the original one, thereby improving workers’ welfare at the same time.

For an arbitrary baseline technology M?, we apply a similar argument and take the pointwise in-
fimum over the family of i-specific affine consumption rules that support the point (Eg, [y], Er, [c(y)]),
where F; is worker ¢’s worst-case income choice, as established in Lemma 1. The right panel of Fig-

ure 3.1 illustrates this construction for the case in which minimizing over a continuum of i-specific

ZIn Figure 3.1, the consumption rule is increasing and thus, has a unique global maximizer, which implies that
Case (ii) in Lemma 1 does not apply. Our formal proof of Theorem 1 accounts for this case when it arises.
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dominating affine rules results in a smooth dominating consumption schedule.

3.2 Discussion and implications of Theorem 1

In this section, we discuss the intuition behind the optimality of tax progressivity and contrast
this finding with the canonical optimal taxation model. The intuition can be conveyed through
the graphical argument presented in Figure 3.1. The argument highlights two forces that favor the
optimality of a convex tax schedule.

The first force arises from workers’ incentives to make risky income choices. As shown in the
figure, strict concavity of the tax schedule implies that, in the worst case, workers engage in income
risk-taking, reducing tax revenue. Intuitively, the concavity of T creates a wedge between the
planner’s and workers’ preferences over income risk: the planner becomes effectively risk-averse
(since tax revenue is concave), while workers exhibit risk-loving behavior (because after-tax income
is convex). Moreover, whether a worker’s income choice is random does not affect the welfare
component of the planner’s objective. By Lemma 1, this component depends only on the lower
bound of workers’ payoffs, V,,(T|M?). Thus, the planner should anticipate this adversarial income
risk by replacing T" with a suitable weakly convex version, as constructed in the theorem’s proof.
In fact, in the absence of worker heterogeneity, a similar intuition to that of Carroll (2015) implies
that an affine tax schedule best aligns the workers’ and planner’s incentives.

The second force arises from heterogeneity in workers’ feasible choices, which favors strict con-
vexity of the tax schedule. To illustrate this, consider again the special case where workers have
types 0; € © and M? = M°(6;) for a known correspondence M? : © = A(Y) xR;. Further, assume
that © C R and that M? is monotone in the sense of set inclusion. This implies that Vi, (T|M°(6;))
is non-decreasing in #;. In this context, workers with higher 6; can be interpreted as having higher
baseline productivity.

As shown in Figure 3.1, the slope of the dominating type-specific affine tax increases with ;.
This suggests that if the planner could observe and directly condition taxes on workers’ types, it
might be optimal to impose steeper taxes on workers with higher 6;. For further intuition, consider
a worker who can achieve any level of income production at zero labor cost under the baseline

technology. This worker’s baseline utility equals the maximum possible utility, max ¢(y). From the
ye

planner’s perspective, taxing such a worker while incentivizing income production involves no trade-
offs, as the worker’s income choice is highly inelastic. Thus, in the absence of adverse selection,
the planner would optimally impose very steep taxes on this highly productive worker. Moreover,
Lemma 1 implies that, in the worst-case scenario, a worker with higher baseline productivity 6;
selects an income level leading to higher expected income. Therefore, by introducing some curvature
in the tax—i.e., by offering a non-affine convex tax schedule—the planner can effectively target
more productive workers with higher marginal tax rates, thereby partially replicating the optimal
schedule she would implement if workers’ baseline productivity were directly taxable.

This intuition is framed primarily in terms of maximizing tax revenue, as most worst-case

forces act through the revenue component of the planner’s objective: According to Lemma 1, the
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worker-welfare component is fixed at the value arising under the baseline technology. However, as
Theorem 1 demonstrates, any non-progressive tax rule can be replaced with a progressive one that
simultaneously improves both workers” welfare and revenue. Thus, there is no conflict between the
two components of the planner’s objective in this argument.

Crucially, our arguments hold regardless of the planner’s preferences for redistribution among
workers or the weight she places on workers’ welfare relative to tax revenue. They also do not rely
on specific assumptions about the distribution of workers’ heterogeneity. In this sense, progressivity
is a qualitative feature of an optimal tax, independent of the details of the environment. However,
as we will argue in Section 3.4, these details do influence the curvature of the optimal tax and,

consequently, its degree of progressivity.

Welfare-improving tax reform. Building on the above logic, starting from any non-progressive
tax, we can design a tax reform—similar to the one outlined in the proof of Theorem 1—that
yields a weak improvement in both (worst-case) workers’ welfare and tax revenue, while remaining
independent of the specifics of the environment, such as the choice of the baseline technology MPO.
To state the result formally, let T'(y) denote the prevailing tax system, and define ¢(y) =y — T'(y).
Let ¢(y) be the concavification of ¢(y)—i.e., ¢ is the smallest concave function that majorizes c—and
define T(y) = y — é(y).>* By construction, T(y) is a progressive tax. We refer to the policy of
substituting T'(y) with T'(y) as a basic progressive tax reform of T

Theorem 1* (Basic progressive tax reform). For any feasible tax T, the basic progressive tax

reform of T' leads to a weak improvement in both (worst-case) workers’ welfare and revenue.

Theorem 1* provides a detail-free tax policy that improves upon any non-progressive tax system.
We refer to it as a basic reform because it represents, in a sense, the minimal way for the government
to replace the prevailing tax policy with one that yields better worst-case outcomes across all
dimensions. However, the planner could achieve even better results by incorporating her knowledge
of M?: as shown in Figure 3.1, further (weak) improvements in both workers’ welfare and revenue

are possible by adopting the alternative consumption rule constructed in the proof of Theorem 1.

Relationship to results in canonical Mirrlees model. We now contrast our findings with the
most salient results about tax progressivity in the Mirrleesian framework. As in that framework,
suppose that the planner knows the production technology and that this technology corresponds
to the one described in Example 1. If the distribution of workers’ productivity is assumed to be
bounded, it is well known that the optimal tax is flat at the top of the income distribution (Sadka,
1976; Seade, 1977). This result follows from a standard no-distortion-at-the-top argument, which
we illustrate in the left panel of Figure 3.2 below. There, ¢(y) represents a consumption schedule
in which the marginal tax rate faced by the most productive worker (in the figure, type 6 who
produces income ¢ in equilibrium) is strictly positive. By moving to a tax schedule such as the

one depicted by é(y), where the tax rate above income ¢ is strictly lower than that under ¢(y), the

24The result also goes through if we define & as the monotone concavification of c—i.e., the smallest non-decreasing
concave function that majorizes c.
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planner can strictly improve total welfare. This is because this change in the tax schedule leads to a
weak improvement in type 0’s utility and a strict improvement in his income production (from § to
7'), without affecting the income choices of less productive workers. Consequently, the tax schedule

associated with ¢(y) cannot be optimal in the Mirrleesian framework with bounded productivity.

Indifference curves of §

c®) N c»)
""" /\E(y) Vo (T1M° (6))
7L
c»
y ¥ y y ¥ y

Figure 3.2: A classical no distortion at the top argument in the Mirrlees model with § = max © (left panel)
and its unraveling in our setting (right panel).

The reason this argument fails in our model is that the perturbation of ¢(y) we just described
does not preserve the concavity of consumption. In our setting, if the non-convex tax schedule
associated with ¢(y) were implemented, then, in the worst case, workers on the higher end of the
income distribution would make random income choices, as depicted in the right panel of Figure 3.2,
and typically would not lead to an improvement in revenue. This outcome follows from the logic
outlined above: strict convexity in the tax schedule implies that, under the worst-case technology,
workers find it optimal to take on income risk at a low labor disutility cost, which drives down
expected revenue. Consequently, by the argument in Theorem 1, é(y) is dominated by a progressive
tax, such as the one illustrated by the green line in the figure. In contrast, in the Mirrleesian
model with a known production technology, the worst-case random income choice depicted in the
figure is assumed to be unavailable to workers, as income is restricted to being deterministic (or,

alternatively, income randomness is assumed to be prohibitively costly for workers).

3.3 Is progressivity necessary?

Given that the worst-case optimal tax need not be unique, we now turn to the question of whether
tax progressivity is necessary for optimality. Unsurprisingly, the answer depends on the choice of
the relevant set of income realizations over which the convexity of T is required. In Proposition
1, we show that, at the optimum, 7" must be convex over the range of incomes that may arise
in equilibrium, in a sense we define precisely below. Accordingly, the proposition provides an

endogenous (T-dependent) range of incomes over which tax progressivity must be satisfied at the
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optimum. Building on this result, Corollary 1 offers a condition on the model’s primitives that
ensures this endogenous range coincides with the full income domain Y. Loosely, this condition
requires that the set of income realizations feasible under the baseline is sufficiently rich.

For any feasible T, let F2(T) C A(Y) be the set of optimal income lotteries for worker i

under T and M) subject to favorable tie-breaking, i.e., FO(T) =  argmax Er[T(y)], and let
Fi(F,¢)€ Xy (T| M)
F,(T) € A(Y) be his income choices under the worst-case scenario as defined by F; in Lemma 1.

Let
FOT) = {/Eodizﬂoe]:?(T),WEI}, F(T) = {/Fidi:Fi efi(T),ViGI}
T T

be the sets of aggregate income distributions that may arise under, respectively, M? and the worst-
case scenario. Observe that all of the elements in F°(T) are outcome-equivalent, in that they
lead to the same distribution over worker-welfare and revenue, and the same is true among the
elements of F(T'). Let c¢(y) = y — T'(y) be the consumption rule associated with T'(y), let ¢(y)
be the dominating concave consumption rule depicted in Figure 3.1 (which is formally defined by
(A.9) in Appendix A.2), and let é(y) be the concavification of ¢(y).

Proposition 1 (Necessity). Suppose that W (-, 1) is strictly increasing for all i € Z. Then, for any
worst-case optimal tazx rule T and any F € FO(T)UFE(T), it holds that c(y) = &(y) = &(y) F-almost

everywhere.

As a consequence of Proposition 1 and the definition of ¢, any optimal tax rule must be convex in
a neighborhood of every y € (0,7) that may arise with positive probability under either the baseline
or the worst-case technology. The following Corollary shows that this set of income realizations
covers the entire range of income possibilities Y if the baseline technology satisfies the following
richness condition: Say that M satisfies the richness condition if, for any selection {(Fj, ¢;)}ier
such that (Fj, ¢;) € M; for all i € Z, the distribution F' = fI F; di has full support on Y.?

Corollary 1 (Richness). Suppose that W (-,i) is strictly increasing for all i € T. If MY satisfies

the richness condition, then any worst-case optimal tax rule is convexr on Y .

The result follows immediately from Proposition 1 and the fact that, if M satisfies the richness
condition, then F° has full support on Y for all F* € F°(T) and every feasible T. Intuitively,
if MO satisfies richness and if ¢(y) > c(y) for a non-degenerate interval of incomes, then V(¢ |
M?) > V(e | MP) for a positive measure of i. By the arguments given in the proof of Theorem
1, ¢ allows the planner to raise weakly higher revenue than ¢ while yielding a strict worker-welfare
improvement over ¢, and therefore ¢ cannot be worst-case optimal.

For example, MY satisfies the richness condition if there exists a positive measure of workers

for whom every F; available in Mi0 has full support on Y. However, non-degenerate lotteries are

25In the special case where M; is constant in ¢, richness is equivalent to the “full-support” condition in Carroll
(2015) which ensures that the optimal contract has to be linear.
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not required for the condition to be met. To illustrate this, consider a simple example where
Y =7 = [0,1] and M? = {(;,¢:)} for some {¢;}icz. In this case, workers may only make
deterministic income choices, but sufficient baseline heterogeneity across workers ensures that the

aggregate income distribution in equilibrium under M° spans the entire set Y.

3.4 Affine taxes and strict progressivity of the optimal policy

Theorem 1 states that there exists a worst-case optimal tax that is weakly convex, thereby leaving
open the possibility of a worst-case optimal affine tax. Within the optimal taxation literature, affine
taxes have received significant attention due to their simplicity, especially given that the optimal tax
schedule in Mirrlees (1971) can be highly intricate. Furthermore, in the robust contracting model
of Carroll (2015) that we generalize, it is known that, in the absence of adverse selection, affine
tax schedules are worst-case optimal. With these considerations in mind, this section characterizes
the optimal tax schedule within the affine class and identifies conditions under which the optimal
tax rule (within the convex class) is strictly progressive meaning that it is convex but not affine.
Formally, for any convex tax rule T, let T'(y—) and T"(y+) denote the left- and right-directional

derivatives, respectively. We define strict progressivity as follows:
Definition 2 (Strict progressivity). T'(y) is strictly progressive if it is convex and 7"(0+) < T"(g—).

Let T(y) =t + Ty be an affine tax schedule. Let F2(7) € A(Y) be the set of worker i’s chosen
income lotteries under M?,?¢ and let F(7) € F2() and y?(7) = Eroylyl. Let #Y(7) be such that
(FP(7),¢9(7)) is optimal under M? and 7. Let w;(t,7) = Wi(—t + (1 — )32 (1) — ¢?(7), ), which
is the social welfare weight of worker i under 7. With some abuse of notation, we write Vp(t, 7)
to refer to worst-case welfare under the affine schedule 7. We say that the tax schedule T'(y) is

worst-case optimal within the affine class if (t, ) solves®

max  Vp(t,7).
teR_,7€[0,1]
Proposition 2 provides a condition (equation (3.4)) under which any such rule is strictly sub-
optimal, and therefore any worst-case optimal progressive tax has to be strictly progressive. For
simplicity, we drop the dependence of the above objects with respect to (¢, 7), which are understood

to be evaluated at their optimal values (t*, 7).

Proposition 2 (Suboptimality of affine taxes). There exists a tax schedule T,(y) = t* + 7"y that
is worst-case optimal within the affine class. For any such T, with ™ < 1, if for some y € Y, it
holds that

J

26This choice is independent of t.
2TBy building on the proof of Theorem 1, it is straightforward to show that it is without loss of optimality to focus
on double-monotone affine tax rules, which requires that 7 € [0, 1].

-y +)/(1—1)
1—7*

di A4
T i >0, (3.4)

(wi+a . )EFlo[min{g—y,O}] - al(yf > )
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then there exists a strictly progressive tax rule that yields strictly higher worst-case welfare than T,.

To better understand the logic behind condition 3.4, it will be convenient to first characterize
the optimal values of (t*,7*) and discuss their derivation. To simplify exposition, we focus on the
case in which (¢*,7*) can be obtained through first-order conditions, for which we introduce the

following free-option assumption.
Assumption 3 (Free option). For each i € Z, there exists F; € A(Y) such that (F;,0) € M.
Our next result characterizes a worst-case optimal tax within the affine class.

Proposition 3 (Worst-case optimal affine tax). Suppose that Assumption 3 holds. Any tazx function

T.(y) = t* + "y that is worst-case optimal within the affine class satisfies the condition
/(wi(t*,T*) —a)di <0, with equality if t* < 0. (3.5)
A
Furthermore, if there exists a pair (7°,t°) € [0,1) x R_ that satisfies (3.5) and the following

conditions:
0 o
7 —max{1— o Jr o ol and (3.6)
fI a — w;(t° TO))yi (1°) di

) > Vp(t,1) forallt <0, (3.7)

then (t°,7°) is worst-case optimal within the affine class. Otherwise, the pair (t(1),1), where t(1)

satisfies (3.5) for ™ =1, is worst-case optimal within this class.

Condition (3.5), which pins down the lump-sum payment t* = T'(0) for every value of 7*,%% is
intuitive: If t* < 0 (workers receive a positive lump-sum payment), then the transfer amount has to
be such that the marginal benefit of redistributing an extra dollar—which is given by the average
social welfare weight—is equal to the marginal cost—which is represented by the marginal value of
public funds, c. Otherwise, the non-negativity constraint on consumption is binding and optimal
lump-sum payments are equal to zero. An analogous condition arises in the canonical model if we
substitute « for the Lagrange multiplier associated with the government’s budget constraint.
Next, consider the worst-case optimal marginal tax rate 7*. Let us focus on the most interesting
case in which 7* € (0,1). Applying Lemma 1, the worst-case income choice of worker i under the

marginal tax rate 7, whose mean we denote by y;(7) € Y, is such that

& (7)

1—171

Vo(TIM]) = (1= 1)yl(r) =t = ¢)(7) = (L= )yi(7) —t = yil7) =y](7) - ;o (38)
and worst-case consumption is equal to Vi, (T'|M?).
Following the discussion in Saez (2001), we can use (3.8) to informally decompose the first-

order worst-case welfare effect of changing the tax rate 7 into two parts. First, the mechanical

28 Assumption 2 ensures that a solution exists for every 7* € [0,1].
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effect reflects that, holding workers’ income choices fixed, their worst-case consumption and tax

payments change proportionally to y?(T). This yields the mechanical effect on total welfare:

[ (@~ ittt
A

Second, there is a worst-case behavioral response, which captures the fact that workers’ worst-case
income choice is affected by the change in 7. According to (3.8), the first-order effect on worker i’s

income production is equal to —¢?(7)/(1 — 7)2.2° Thus, the behavioral welfare change is equal to

o) .
—oz/Z -7 di.

Setting the sum of the two effects equal to zero gives the tax rate in (3.6). The reason why we need
to verify the additional condition (3.7) is that, due to workers’ favorable tie-breaking, Vp(7) has a
discontinuity at 7 = 1.

We note that the expression for the worst-case behavioral response is qualitatively different—
i.e., it depends on different model primitives—compared to its analog in the canonical framework
studied by Saez (2001). Unlike that setting, our behavioral effect accounts for the fact that the
worst-case production technology is not fized as the tax rate changes. The key implication is that the
behavioral effect is no longer described in terms of labor supply elasticity, as in Saez (2001). Instead,
in our model, the behavioral response is governed by the level of workers’ labor disutility under the
baseline technology. Intuitively, gb?(T) captures the extent to which revenue can be lowered through
an adversarially chosen technology that introduces a new “low-cost” income option into MZ-O.

By applying a similar logic, we can derive condition (3.4) in Proposition 2, which rules out
the possibility that an affine tax is (fully) worst-case optimal. For the sake of exposition, suppose
momentarily that workers’ optimal income choice under T, and M?—i.e., F?(7*)—is single-valued
and deterministic for all ¢ € Z. Consider the perturbation around 7, (y) given by T°(y) = T,(y) +
emax{y — §,0}, with § € (inf;ez y?(7*), sup;ez ¥2(7*)) and ¢ > 0. In words, T¢(y) is a strictly
progressive perturbation that involves increasing the tax rate by € above the income level §. We
show in Appendix B (Lemma 6) that the planner’s objective is directionally differentiable with
respect to € and that the marginal effect on total welfare as € | 0 is given by the left-hand-side of

(3.4). Under the simplifying assumptions made here, that condition reduces to

0/, _* ~ T O/ %\ _ ~\ _ ¢?(T*) .
L1686 > ) (0 =t 7)) — ) = o g ) di > 0 (39)
T

Intuitively, an increase in the tax rate above g only affects workers whose baseline income y? (%)

is above this cutoff. Within that region of the income distribution, an analogous intuition to the

29We show in the proof of Proposition 2 that the behavioral effect through a change in (y?(7), ¢?(7)) is of second
order.
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one given in Proposition 3 yields that the mechanical welfare effect is
J1686) > )0 = wt T ) =) d
and the worst-case behavioral one is
—o [ 168 > D)) (0 = P di

Thus, if condition (3.9) is satisfied, T¢(y) yields a strict improvement over T, (y).

Recall from our discussion of the proof of Theorem 1 that an affine tax is optimal in the
benchmark with a single type. Thus, a minimal amount of heterogeneity with respect to 7 is
required for (3.4) to hold. Indeed, the definition of 7* ensures that (3.4) is never satisfied whenever
MY is constant in i.

A natural question is whether the negation of (3.4) is sufficient to ensure that an affine tax
rule is optimal. Unfortunately, the perturbation argument that we provide in the proof does not
enable us to derive sufficient conditions for the optimality of T}, (y). The reason is that the planner’s
objective is neither differentiable with respect to all perturbations nor concave in T'. In the binary-
type model that we study in Section 4.1, condition (3.4) is indeed necessary and sufficient to rule

out optimality of an affine tax.

Example 1 (cont.). To further illustrate the intuition behind (3.9), consider the special case
where M is defined as in Example 1, so that y?(7*) is increasing in ;. In this case, condition (3.9)
is always satisfied if 7* < 1 and there exists a cutoff 6 such that E[¢?(7*)|6; > 6] is arbitrarily close
to zero and Ela — w;(t*, 7%)|0; > 6] > 0—i.e., if the cost of income production is negligible for the
most skilled workers, and the government assigns relatively low social welfare weight to them. The
first condition holds when the worst-case income elasticity of the most skilled workers is relatively
low. In this scenario, the planner can impose heavy taxes on these workers while still incentivizing
high income production. This logic aligns with our intuition in Section 3.2 that an increasing slope
of the revenue-maximizing worker-specific affine tax with respect to baseline income y9(7) pushes

for strict convexity of the optimal tax.

4 Optimal tax under one-dimensional finite-support types

To make progress in characterizing optimal tax schedules, we specialize the model in three main
ways in this section. First, as in the intuitive proof of Theorem 1 in Section 3, we assume that
workers have a one-dimensional type governing their baseline set of actions. Second, we assume that
the set of possible type realizations is finite. Third, we impose assumptions on workers’ baseline
labor disutility that ensure that, for any progressive tax schedule, workers’ baseline income choices
are deterministic and increasing in their type.

The goal of this section is twofold. First, we illustrate how optimal taxes can be computed in our

framework once all the information that the planner may have about the production technology is
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incorporated into the problem—this information is captured by the details of the baseline technology
M. Second, the closed-form solutions derived in this section can be applied to analyze how the

details of the economy affect the curvature and other features of the tax schedule.

Framework. We assume that each worker 7 has a type 6; that takes on values in © = {6*,...,0"} C
R.30 We label the elements of © so that ' < ... < #™. We assume that, for each ©’ C O, the set
{i € T:6; € ©} is Lebesgue-measurable. For j € N, we write p/ = [ 1(6; = 67) di which is the
mass of workers with type 67, and without loss assume that p’ € (0, 1) for all j. We assume that the
distribution (p',...,p") is known by the social planner. Furthermore, we assume that there exists
a correspondence M : © = M such that the baseline technology is described by M°(6;) = M) for

all i € Z. We impose the following assumptions on M.

Assumption 4 (Baseline risk preference). For every § € © and (F, ¢) € M°(9), there exists ¢’ < ¢
such that (dg,(,),¢') € M 9(0), with the inequality being strict whenever F # OB p[y]-

Assumption 4 says that, for every non-degenerate income choice that is available under the
baseline, there is also available a degenerate lottery with the same mean that is strictly less costly.
This assumption implies that, for any weakly concave consumption schedule, workers’ income choice
under the baseline technology is always deterministic. Given this, we define the effective cost of
producing deterministic income y € Y as ®(y, ) = min{¢ : (,,¢) € M°(8)}, with the convention

that ®(y,0) = +00 whenever we are minimizing over the empty set.

Assumption 5 (Baseline labor disutility). ®(y, ) satisfies the following conditions:

(i) Groundedness and positivity: For every § € ©, ®(0,6) = 0 and ®(y,0) > 0 for all y > 0;
(ii) Non-triviality: There exists # € © and y € Y such that y — ®(y,6) > 0;

(iii) Decreasing differences: For every y,y' € Y and 0,6 € © such that ¢ > y and 6’ < 6, it holds
that
oy, 0) + (y,0) = (. 0) + (y. 0"),

with strict inequality if ®(y/,0) + ®(y,0') < +oc.

The first part of Assumption 5 is a strengthening of the free-option assumption (Assumption 3).
The second part ensures that there exists a positive measure of workers who can produce positive
welfare under the baseline. The third part is a standard decreasing differences condition, stating
that an increase in income production is more costly for lower types.!

Although stylized, this version of the model allows us to derive closed-form solutions for the
optimal tax schedule and to perform comparative statics on the model’s primitives. A possible

interpretation of this framework is one where the social planner has some coarse information about

39A similar analysis would also apply if the type space were continuous but the planner was restricted to using a
piecewise affine tax rule with finitely many income brackets—as is always observed in practice.

313We write the condition as a sum, instead of using the more common condition ®(y’, ") — ®(y,0) > (v, 6) —
®(y,0), in order to avoid dealing with the operation +00 — (+00).
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workers (e.g., their wage or level of education), and can use that information to infer workers’
baseline labor opportunities through M°(6;).

Our assumptions on ®(y, 0) are weaker than those typically imposed in the standard Mirrleesian
framework—e.g., we do not impose smoothness, monotonicity or convexity of ®(-,6), or require
workers’ available income choices to be an interval. Yet, Assumptions 4 and 5 yield a simple
characterization of workers’ equilibrium choice under the baseline technology, which is similar to
the equilbrium structure that arises under the standard model. Namely, workers’ equilibrium

income choices are deterministic, and income and workers’ indirect utilities are increasing in 6.

Lemma 2 (Baseline equilibrium). Suppose that Assumptions 4 and 5 hold. For any convex taz rule,
T(y), the income choice for type 67 under the baseline technology, (Fg,gb{)), satisfies the following

properties:
(i) Fg = (5%, where yg = EFS [y];
(ii) For all > ', g > i and Vi (TIMO(87)) > Vo, (T|MO(67)).

Simple tax schedules. As a final preliminary toward characterizing the worst-case optimal tax,
we introduce a definition that allows us to focus on taxes that do not contain any “artificial” income
brackets, meaning income brackets that are never chosen by workers in equilibrium and that play
no role in shaping workers’ incentives.

As a first step toward this, we specialize to at-most n-piece affine tax schedules. The fact that
this restriction entails no loss of optimality can be deduced from the intuitive proof of Theorem 1
discussed in Section 3. There, any consumption schedule that uses more than n different marginal
rates is weakly dominated by the at-most n-piece affine consumption schedule obtained by taking
the pointwise minimum across the n relevant type-specific affine functions described in the proof.

Thus, for any k <n, § € Y*~1, t € R_ and 7 € [0, 1]*, we define

t+7ly, ifye(0,9!]

t+rgt + 2y - 9%), ifye g,
T*(y;9,t,7) = (4.1)

k—1
t+ E Tl(gl_glil)—i_Tk(y_Ql)’ 1fy€ [Qki%g]a
\ =1

to be the tax schedule with k income brackets defined by the cutoffs (§',...,9*"!), a lump-
sum transfer equal to ¢, and bracket-specific marginal tax rates given by (7!,...,7%). We write

F(y;y,t,7) = y — TF(y;§,t,7). For convenience, we will denote §° = 0 and §* = 7. Let
(Yg, - yy) € Y™ and (y',...,y™) € Y™ denote the vectors of type-dependent expected income
production under, respectively, the baseline and the worst-case technology from Lemma 1. Set
ygﬂ = y"*t! = . Throughout the rest of this section, we will use boldface font to refer to any

vector of the form x = (2!, .., 2%) € R¥.
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Our second simplification of the space of relevant taxes is twofold: First, our definition of an
income partition § € Y*~1 does not rule out the possibility that two different partition cells have
the same marginal tax rate. We get rid of redundant partition elements by merging all income
brackets with the same rate into one. Second, we know from the proof of Theorem 1 that it is
without loss of optimality to restrict attention to tax schedules with a marginal tax rate that is
constant on each interval [y/, 3’ T!] for each j € {0,...,n}.

We refer to a tax schedule satisfying these conditions as simple. A formal definition of simple
tax schedules is provided in Online Appendix OA.1. In words, for any feasible tax 7', let T be the
welfare-dominating tax schedule that obtains from applying the process described in Figure 3.1. T
is simple if 7= T. Our next result states that, without loss of optimality or existence, we may

restrict attention to the space of simple taxes.
Proposition 4 (Optimality of simple taxes). There exists a worst-case optimal tax that is simple.

Building on this finding, Proposition 5 provides necessary conditions for worst-case optimality of
a simple tax schedule. These conditions allow to compute the optimal values of (¢, 7). Proposition 4
implies that, paired with an optimally chosen income partition ¥y, the conditions in Proposition 5 are
also sufficient for worst-case optimality. To simplify exposition, we introduce the assumption that
the social planner’s welfare function W (u, i) is linear in u—so that preferences for redistribution

are captured by an exogenous Pareto weight—and that she is inequality averse.

Assumption 6 (Preference for redistribution). There exists a function i — w(7) such that W(u, i) =

w(i)u for all i € Z. Moreover, w/ = ]% x [-1(6; = 67)w(i) di is strictly decreasing in j.

Proposition 5 (Optimal rates). In any worst-case optimal taz schedule T*(y; §,t,T) that is simple,

the marginal tax rates T are defined recursively by

0, if Ela—wilyy >y =0,
k

T max {0, 1-— \/E[( AB[ (y5.07) |y) 2] Pr(y 25" 1) }, otherwise;

a—w?) (Y —Tr—1)|y >9F 1] Pr(yp>g+—1)

And, if k > 1, then forl=1,....k—1:

(

0, if Ela— wj|yg > g1 =0,

. k-1 L . N . N o N o N
ol [‘?(yév(’”)*hzl Iy >m) (1—rh 1) (min{gh+1 53} —gh) [y €[91—1,91] | Pr(ys €fg=1,5"])
E[(a—w?) (min{yg,§'}=5'~ 1) yg >9'~ 1] Pr(yg >9'~1) ’

= max{O,l—

otherwise.

(4.3)

As an application of Proposition 5, Corollary 2, states that the optimal tax rate at the top
converges to full taxation if the highest type’s marginal cost of producing income converges to zero.

Consider a sequence of labor disutility functions {®y(y, )}, such that ®y(y,0") — 0 for all
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y € Y. Under Assumption 5 (groundedness), this is equivalent to the marginal labor disutility of 6™
converging to 0. For simplicity, we keep ® (y, #7) constant in N for all j € {1,...,n—1}.3? Suppose
further that, for all j € {1,...,n — 1}, there exists § < % such that y — ®x(y,6’) < 0 for all y > 7,
which implies that the baseline income choice of all workers with type 8 < 6™ is bounded away
from y. Let Tn(y) be a simple worst-case optimal tax schedule under ®x(y,6). By compactness
of the space of simple tax schedules, we can without loss assume that T (y) has a (simple) limit,

which we denote by T (y) and its right-derivative by T2 (y).
Corollary 2 (Full taxation at the top). There exists y* <y such that T (y) =1 for all y > y*.

By definition of a simple tax schedule, type 6™’s worst-case income is above y* with strictly
positive probability and by Corollary 2, those high income realizations are fully marginally taxed.
This result stands in contrast with zero marginal taxation at the top in the canonical framework.
It follows from the assumption that the planner is inequality averse (Assumption 6) together with
our recurring intuition that, if a worker is extremely productive, the planner is able to tax him

heavily and in that way raise higher revenue with little allocative distortion.

4.1 Application: Binary types

To illustrate Proposition 5 and highlight additional features of the worst-case optimal tax, while
still accounting for the frictions arising from worker heterogeneity, let us consider the case with
binary types—i.e., n = 2. The formal results and extra computations that are specific to this
binary setting can be found in Online Appendix OA.3.

First, we discuss conditions for worst-case optimality of an affine tax. Let T, (y) = t* + 7%y be
any worst-case optimal tax within the affine class from Proposition 3, and let yg(T) be the mean of
a baseline income choice of a worker with type 67 under an affine tax with marginal tax rate equal
to 7. As shown in Proposition OA.1, in the binary setting, the affine tax T, (y) is (fully) worst-case
optimal if and only if

a 2 T* 2
(@~ a)u(r") — b)) + ST s (4.4

Condition (4.4) is a special case of the condition in Proposition 2 with § = y}(7*). Essentially, this
condition ensures that it is not beneficial to perturb the optimal affine tax by slightly increasing
the tax rate above the baseline income level of the low type. With binary types, this is the only
relevant perturbation, and thus condition (4.4) is also sufficient for worst-case optimality of T,.
Figure 4.1 depicts the worst-case optimal tax schedule for a case in which (4.4) is violated and
therefore the optimal tax is strictly progressive. At the optimum, the kink is placed at the baseline
income choice of the lower type—i.e., § = yé. The intuition for this result can be understood

as follows. By Lemma 2, increasing the kink above y} only leads to a flat reduction in the tax

32Everything goes through if instead we assume that there is a cutoff j € {2,...,n} such that ®x(y,67) — 0 for all
jedj,....,n}
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paid by type 62, which by Assumption 6, the planner values according to p?(w? — a) < 0. As a
consequence, the income choice of the lower type is distorted in equilibrium: Even if there is zero
marginal taxation below yé, type @' would like to produce more income if the marginal tax rate
was everywhere constant and equal to 7'. We also show that the distortion in yé is proportional to
the probability of the high type, and therefore disappears in the absence of worker heterogeneity.

The optimal marginal tax rates (71, 72) are given by

0, if Ejw/]=
L , if Ew/] =« L D (42, 07)
max{O,l— pla@(y(l)’el)}, if E[w’] < (a—w?)(yg —y)

(a—Elw])yg

As in Section 3.4, we can interpret the expressions for 7! and 72 in light of the mechanical and
worst-case behavioral effects of perturbing the marginal taxes. A perturbation of the tax rate above

y%, which only affects type 62, leads to a total welfare effect that can be decomposed as

@ (yg,0%)
2 2 2 1 2 0>
mechanical
behavioral

Setting the total welfare effect equal to zero gives the expression for 72. By a similar logic, a small
increase in 7! leads to a mechanical increase of the tax payment made by all workers, with an effect
on total welfare which is equal to (o — E[w/])yl. On the other hand, the change only affects the
income choice of the low type, and therefore the behavioral welfare loss of increasing 7! is given by

1 pl
pla?l(z‘;’f)z) . This explains the formula for 7L

Another pattern illustrated in Figure 4.1, which holds more generally, is that the optimal tax
schedule does not coincide with the pointwise minimum of the type-specific optimal affine tax in
a benchmark with observable types. This contrasts with the intuition suggested by the proof of
Theorem 1 and highlights the role of the Bayesian component in the planner’s objective: Even
though the ‘inf’ part of the planner’s problem can be computed type-by-type, independent of the
distribution of types (Lemma 1), the tax rule attaining the ‘sup’ involves a trade-off, as it must
tax different types using the same tax schedule. Consequently, as the figure shows, the optimal

schedule is shaped by the need to provide the high type with an information rent.

Comparative statics. We now use this simple setting to study the comparative statics of the
optimal tax with respect to the model’s primitives. We provide numerical comparative statics
results in this section, and we show in Corollaries OA.1 and OA.2 in Online Appendix OA.3 that
these results hold analytically under additional assumptions that ensure that the maximizer is
unique and differentiable with respect to the relevant parameters.

As expected, the optimal tax burden is higher when the planner’s value for revenue, «, increases.
This result is graphically depicted for the binary-type case in Figure 4.2. The figure also illustrates

1

that tax progressivity, as measured by 72 — 71, is not necessarily monotone in .

28



T 7
././
./
P
o
- / _
R _~ | — Optimal T
./ g
P i — — Optimal affine T
7 - == Optimal Tifp, =1
P -~ |
ke -~
Rd //
."///
P
=71 |
Y1 v? Y2 »? y

Figure 4.1: Worst-case optimal tax schedule under binary types: An example where strict progressivity is
optimal.
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Figure 4.2: Tax rates as a function of «, in a region where strict progressivity is optimal ((4.4) does not
hold). Parameter values: ®(y,0) = y?/(20%), 0! =1, 62 =4, p! =0.75, w! =2, w? = 0.

A similar conclusion is obtained when looking at how tax rates evolve with the planner’s prefer-

ence for redistribution, as measured by the Pareto weights w’ (Figure 4.3). An increase in w?

—i.e.,
a decrease in the planner’s inequality aversion—Ileads to a decrease in both 7! and 72, and therefore
an overall downward shift in the optimal tax schedule. Intuitively, the mechanical effect of slightly
increasing 7! and 72 is, respectively (o — E[w/])yd and p?(a — w?)(¥2 — yi), both of which are
decreasing in w?.3? Consequently, a higher w? reduces the relative gain from raising revenue and
therefore favors the use of lower marginal taxes over the entire income distribution.

Finally, as depicted in Figure 4.3, the overall effect of changing w? on 72 —7! is ambiguous. Thus,
without additional assumptions about the primitives, no definitive relationship emerges between
the planner’s preference for redistribution and the steepness of marginal tax rates.>* In Section 5,
we further discuss the potential challenges in establishing a general comparative statics result that

links tax progressivity to the planner’s preference for redistribution.

33We show in Online Appendix OA.3 that the behavioral effect is of second order.

34However, we show in Corollary OA.2 that if the planner’s average valuation of workers’ welfare, E[w?], is sufficiently
high, the intuitive comparative statics hold: the progressivity of the tax (7'2 77-1) increases with the degree of inequality
aversion (w' — w?). Specifically, if we assume, as in the canonical Mirrleesian model, that E[w’] = «, then 7% — 7!

indeed (locally) increases with the planner’s preference for redistribution.
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Figure 4.3: Tax rates as a function of w?, in a region where strong progressivity is optimal ((4.4) does not
hold). Parameter values: ®(y,0) = y?/(20%), 01 =1, 6?2 =4, p! =0.75, w! =2, a = 2.5.

5 Discussion and Extensions

We studied the design of optimal income taxes in the presence of limited information about the
technology and robust concerns by the government. Using this approach, we established that the
optimal tax rule is progressive, and that this result holds regardless of the government’s attitudes
toward inequality or the specifics of the distribution of workers’ types. More generally, our model
can be viewed as an instance of robust principal-agent contracting under moral hazard and adverse
selection, in which case our main result provides a foundation for the use of concave contracts.

To maintain tractability, our model relies on a set of stylized assumptions about workers’ utility
functions, the planner’s information structure, and the set of available mechanisms. These assump-
tions enable us to demonstrate a key qualitative feature of the optimal tax. To conclude, we discuss

their limitations and the extent to which our results hold when these assumptions are relaxed.

Other structures of uncertainty about the production technology. The uncertainty faced
by our social planner regarding the production technology M is very rich. Our main result continues
to hold even if the planner considers a smaller class of technologies, specifically those of the form
M; = MP U (F;, ¢;) with (F;,¢;) € A(Y) x Ry. In other words, this assumes that the planner
entertains the possibility that workers have a single additional income opportunity added to their
baseline choice set. As shown in Lemma 1, in the worst case, this additional income choice minimizes
revenue and does not improve the worker’s welfare relative to the baseline. Moreover, the structure
of the problem remains unchanged if, instead of minimizing over the entire set A(Y'), the worst
case is computed across all distributions on Y with binary support. Consequently, our findings do
not require workers’ income to be drawn from highly complex lotteries.

In an earlier version of this paper, we also showed that our results hold in the simpler setting
where workers have a one-dimensional type 8 € O, any technology is described by a correspondence
M : 0 = A(Y) x Ry, and the planner considers a smaller set of plausible correspondences, specif-
ically those that are continuous and monotone. That framework also accommodates uncertainty
about the distribution of #, in addition to uncertainty about M, without affecting the main results.

Overall, the set of plausible technologies assumed in this paper is a natural starting point, which
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has received considerable attention in the robust contracting literature. There are certainly other
information structures the planner may encounter in practice that could yield different insights.
For instance, one could consider a case where the planner faces a small amount of uncertainty,
contemplating only correspondences within a neighborhood of the baseline M°. If, moreover,
M?O were assumed to satisfy the typical assumptions of a Mirrlees economy, we would expect the

resulting outcomes to be similar to those in the canonical framework.

Screening. We assumed that the planner is restricted to offering a single tax rule for the entire
population of workers. This simplifying assumption is, in many cases, realistic, but it can result in
a loss of optimality. Here, we examine what happens if the planner can offer workers a menu of tax
rules, allowing each worker, knowing M;, to self-select into their most preferred option.

Formally, suppose that the planner can offer any compact menu of feasible tax rules 7 C T.

When facing 7 and the choice set M;, worker i chooses a tax and an income choice to solve

Vi (T|M;) = E -T — ¢}

(TIM) = | | AErly =T()] = ¢}

Given workers’ income and tax choices, we let Vp(T|M) denote total welfare under the menu 7 and

the technology M € M,, defined in the same way as in Section 2, and Vp(T) = Minjf/I Vp(T|M).
eMp

The problem that we studied in the paper restricted the planner to offering singleton menus of
taxes. We show that tax progressivity remains optimal even if the planner has the ability to screen:

Any menu of taxes is dominated by an alternative menu that contains exclusively convex taxes.

Proposition 6 (Menu of progressive taxes). For every menu of tax rules T, there exists a menu
T such that |T| =T, T is convex for every T € T, and Vp(T) > Vp(T).

Our next result establishes that, without loss of optimality, the planner can restrict attention
to menus whose cardinality is at most the cardinality of the range of M. This result is not trivial,
given that in principle the planner may use taxes to screen for the technology M. It generalizes
Theorem 4 in Carroll (2015), which states that screening does not help the principal whenever MiO
is degenerate. Let range(M°) = {M € M : M? = M for some i € Z} and suppose that range(M°)

is finite with cardinality equal to n—e.g., as in the case with finite types studied in Section 4.3°

Proposition 7 (Upper bound on |T|). For every feasible menu of tax rules T, there exists a feasible
menu T C T such that |T| <n and Vp(T) > Vp(T).

Providing a more general characterization of the optimal menu of taxes and identifying condi-
tions under which the planner can strictly benefit from screening remains an interesting open ques-
tion. A promising direction would be to explore conditions within the robust-contracting framework
that enable the application of the “decoupling methods” developed by Castro-Pires et al. (2024),

which simplify the analysis of problems that combine moral hazard and adverse selection.

35The result can be extended to a continuum of types if we further assume that M° : © = A(Y) x Ry is continuous.
In that case, without loss, the cardinality of an optimal menu has at most the cardinality of ©.

31



Relationship between tax progressivity and inequality aversion. A common intuition
for the use of progressive taxation in practice is that governments, potentially reflecting societal
values, may strongly favor redistribution. This intuition is not supported by the canonical taxation
model: there, regressive outcomes—such as zero marginal taxation of top incomes—can be optimal
even under strong inequality aversion, including Rawlsian preferences. This discrepancy raises an
important question: does a comparative static relationship between the degree of tax progressivity
and the planner’s preference for redistribution hold in our framework? Our analysis of the binary-
types model suggests that the answer is inconclusive and depends on additional assumptions.
Extending this comparative static analysis to more general settings presents further conceptual
challenges. Specifically, there is no universally accepted way to define an ordering of tax sched-
ules based on progressivity. Throughout this paper, we have informally linked progressivity to the
convexity of the tax schedule, but other factors also play a role. For instance, one could argue
that the most progressive tax schedule involves full taxation combined with a lump-sum payment
to all workers—a schedule that is affine, i.e., simultaneously convex and concave. To the best of
our knowledge, such questions have not been systematically explored in the existing taxation liter-
ature, leaving scope for future research to better understand the conditions under which stronger

preferences for redistribution lead to more progressive tax schedules.

Workers’ risk aversion. The assumption that workers are risk-neutral is admittedly strong. It
plays a role in our main result by enabling the sustenance of random income choices by workers,
which, in turn, motivates the planner to hedge against worst-case income risk by offering a pro-
gressive tax. We highlight that, as a consequence of the uncertainty about the technology M, the
planner effectively faces uncertainty about workers’ preferences over risk, since the cost associated
with choosing each income lottery F' is unknown to her. Because of this, there is a sense in which
our result continues to hold if the social planner does not know workers’ preferences over risk but
entertains the possibility that workers might act as if they were risk-neutral.?6

Alternatively, if we take the stance that the social planner knows workers’ risk aversion, we can
generalize our main result to the case where workers have a strictly concave Bernoulli utility over
consumption, by establishing that the optimal worker-welfare schedule is progressive (in the sense
of being concave in income). To that end, suppose that workers value consumption according to
the continuous, strictly increasing, and concave utility function @ : Ry — R. The other aspects of
the model are as described in Section 2. Any tax rule T'(y) gives rise to a utility contract u:Y — R
given by u(y —T'(y)). Since @ is invertible, any utility contract « uniquely pins down the associated
tax rule T that implements it. Hence, the problem where the planner optimizes over feasible tax
rules is equivalent to one where the planner optimizes over continuous utility contracts v : Y — R
subject to the constraint that u(y) > @(0) for all y € Y. Proposition 8 states that, if workers are

risk-averse, then the analog of Theorem 1 holds in utility space.

Proposition 8 (Risk-aversion). There exists a worst-case optimal utility contract that is concave.

36Walton and Carroll (2022) formalize this idea.
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According to Proposition 8, there is an optimal tax rule that is progressive in the sense that
the marginal utility that workers extract from their earned income decreases with their earnings.
Given that it is workers’ utility for consumption (not consumption itself) that the planner cares
about, this notion is arguably a valid way to judge the progressivity of the tax system.

Alternatively, our model can be deemed as an approximation to settings in which workers
have relatively low risk aversion. Under that interpretation, it is possible to extend our proof of
Proposition 8 to show that, as workers’ risk aversion vanishes, the optimum can be approximated
arbitrarily well by a progressive tax rule. In particular, a commonly made assumption that has
gained empirical support is that high-income earners have low risk aversion (Ogaki and Zhang,
2001). In light of this, our findings can be used to justify the use of progressive taxes, specifically

at the top of the income distribution.
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Appendix
A Proofs

This section presents the proofs of all the main results in the paper. To enhance readability, the
proofs of certain results, which involve technical details less critical to the core intuitions behind
the results, are deferred to an Online Appendix.

A.1 Proof of Lemma 1
Let V(T,i) = W (Vy(T|M),i) + aEg [T (y)], with F; defined as in Lemma 1. We seek to show that

- / V(T, i) di

We begin by showing that Vp(T') > fZ (T',i) di. To do so, we use the following claim. Let

n(T) = min Er(T(y)). subject to Erly — T(y)] > Vu(T11). (A1)

which is the value of the revenue-minimization problem defined in (3.2).
Claim 1.
WMD) +arT) = | min - (W(Ely—T()] = 0).0) + BTG (A2)
subject to Ex[y — T(y)] — ¢ > Vi, (T|M?). (A.3)
Moreover, there exists a solution to (A.2)-(A.3) in which (A.3) holds with equality.
Proof. See Online Appendix OA.2.1. O

Fix a plausible technology M € M,,. Let (Fi, QNSZ) be worker ¢’s choice under M; and let F; be
defined as in Lemma 1. First, if 4 is such that V,,(T|M?) = ma};c{y — T(y)}, then i can secure
ye

maximal consumption at zero cost under MZ-O. Therefore, under any M; 2 ]\42-0 , ’s choice F; will be
supported on a subset of Y* = argmax {y — T'(y)} and Vo, (T|M?) = V,,(T|M;). Since the worker
yey

breaks ties in favor of the social planner and M; 2 MY it follows that E 7T (y)] = E[T'(y)]. Thus,
W (Vi(T|M;), i) + aE [T(y)] > V(T,i). Second, consider i such that Vi, (T|M) < ma}zc{y —T(y)}.
i yE

Since M; D MY, it holds that (F}, ¢;) satisfies (A.3). Thus, by Claim 1,
W (Vi (T|M;),0) + aBg [T(y)] = W (Voo (T|MY), 1) + ary(T) = V(T 4).

Combining these two points and integrating across i we have
Ve(TIM) > [ V(T di = [(WVA(TIMP).0) + 0B (7)) di
z T

Since M was arbitrary, the inequality holds if we substitute Vp(T|M) for Vp(T).
Next, we show that Vp(T) < [ V(T,i) di. Let y* = argmax T(y). For e € [0,1], let (F7,¢5) =

(1 —e)F; + by, (1 — ) (Ep[y — T(y)] — Vu(T|MY))), and deﬁne the technology
M; = M7 UA{(FF, 67)}-

By the Measurable Maximum Theorem (Theorem 17.18 in Aliprantis and Border (2006)), M is
measurable and thus M* = (M7 );cz is plausible. We show that total welfare under M* approaches
[ V(T,i)di as e — 0.
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Claim 2. For any feasible T', lim. o Vp(T|M?) = [ V(T,1) di.

Proof. Consider first i such that V,,(T|M?) < y* —T(y*). Worker i’s uniquely optimal choice under
ME is to choose (FF, ¢5), which gives him a payoff of (1 —¢&) Vi (T|M?) +e(y* —T(y*)) > Vi (T|MP).
On the other hand, if V,,(T|M?) = y* — T(y*), then as argued before, worker i’s choice takes
the form (F,0) with F' fully supported on Y*. By the definition of (F;, ¢5) and y*, it holds that
Er:ly—T(y)] — ¢ = Vo (T|M) and that Ep«[T(y)] > Er,[T(y)]. Thus (F, ¢5) is an optimal choice
for worker i (after applying favorable tie-breaking) under M.

As a consequence, we have

lim Vp(T|M?) =

el0

im | (W (1= VuTIME) + =G0 = T ))0) + al(1 ~ B [T0)] + )]} i
For all € € (0,1) and i € Z, it holds that

(W((1 = e)Va(TIMp) + ey = T(y")), ) + o(1 = e)ER[T(y)] + T'(y")]]

< sup [W(y" —T(y"),i)| + amax|T(y)| < +oc.
i€ yey

Thus, by the Dominated Convergence Theorem,

lim Vo (T[M°) = / lim{W (1 = &)V (TIME) + (" = T(y")),) + al(1 = JER [T(w)] +<T(y")]} di

el0
:/V(T,i) di
z

Applying Claim 2, we have Vp(T') < lim. o Vp(T|M®) = [ V(

A.2 Proof of Theorem 1

Let T be a feasible tax rule and write ¢(y) = y — T(y). We begin by showing that, for every
feasible T, there exists an alternative feasible T, which is double-monotone and convex, such that
Vp(T) < Vp(T) (Steps 1 and 2). Then, we show that a worst-case optimal tax exists (Step 3).

Step 1: i-specific affine rules. We begin by constructing an affine tax rule for every ¢ that dominates

the original one in terms of worst-case welfare coming from worker 1.
Fix i € 7 and let F; be defined as in Lemma 1. Let

A=co{(c(y),y—c(y) eR?:yecY}, Bi={(u,v)eR?:u> Vw(T|MZO),v < Er[T(y)]},

where co(A) stands for the convex hull of the set A. The definition of F; implies that A and B;
are disjoint. Since the two sets are convex, by the Separating Hyperplane Theorem, there exists
(HZ‘,,@Z‘, i) € R3 with (,Bz, )\z) # 0 such that

ki + Aic(y) — Bi(y —c(y)) <0, VyeyY (A.4)
ki + ANu— Bv >0, V(u,v)€ B;. (A.5)

Since (Er;[c(y)], Er[T(y)]) belongs to the closure of B;, we also have
i + MEg[c(y)] — BERT(w)] = 0. (4.6)

By (A.5) and the definition of B;, we have that \; > 0 and 8; > 0. By (A.4), k; < —(X\;+5i)c(0) < 0.
Moreover, if 8; = 0, then (A.4) and (A.5) imply that Vi, (T|M?) > max c(y).
ye
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Additionally, we show that, if 8; > 0, then

Ki + /\ZVw(T|MZO)
Bi

If A; =0, then (A.7) follows immediately from (A.6). If \; > 0 and §; > 0, then (A.5) implies that

ki + ANV (TIM?) — BiER[T(y)] > 0; while on the other hand we have that Eg,[c(y)] > Vi, (T|M?)

and k; + NEg[c(y)] — BER[T(y)] = 0. The two assertions together with A\; > 0 imply that

Vi(TIMP) = Eg;[c(y)] and thus (A.7) holds.
For each i € Z, we define the following non-negative affine consumption rule

Er[T(y)] = : (A7)

By — ki

ci(y) = m (A.8)

Step 2: Constructing a dominating tax rule. We now use the collection {¢; };ez to construct a con-
sumption rule that outperforms c. Let

é(y) = inf ¢i(y), (A.9)
1€l

and T'(y) =y — ¢(y). T satisfies the properties of Theorem 1.3” By (A.4), ¢;(y) > c(y) foralli € T
and y € Y, and hence ¢(y) > c(y). It follows that Vi, (T|M?) > Vi, (T|M?) for all i € Z, and thus

worst-case worker-welfare is higher under 7.
We now show that worst-case revenue is also higher under T for every i € Z. To that end,
consider first ¢ € Z such that §; > 0. For any F € A(Y) satisfying Ezle(y)] > Vu(T|MD) (by
Lemma 1 it suffices to restrict attention to income choices satisfying this condition), we can write

Bi B Bi

Y 0
> l“lvﬁj(T’Ml)erFi[T<y>L (A1)

Exly —cly)] > Eply — ci(y)] =

(A.10)

where the final equality follows from (A.7).

Second, suppose that 3; = 0, and thus Eg,[c(y)] = Vi (T|M?) = —k;/Ni. Since c(y) < ci(y) =
—ri/N; for all y, it follows that c¢(y) = —k;/\; for all y in the support of F;. Further, since
cir(y) > c(y) for all i’ € T and y € Y, and equality holds under i = i and y in the support of F;, we
have that é(y) = —k;/A\; = c(y) for all y in the support of F;. Thus, under 7' and any M; D M),
worker i’s payoff is maximized by choosing (F;,0) € M?, and this choice yields revenue equal to
Er [T (y)] = Eg[T(y)]. Given that the worker breaks ties in favor of the planner, the revenue from
worker i under any M; and T is at least Eg,[T'(y)], that is worst-case revenue under 7.

In sum, for each i € Z, T yields a worst-case improvement over T in terms of both workers’
welfare and revenue, and thus Vp(T) > Vp(T).

Step 3: Existence. The above steps establish that, for every feasible T', there is a T' which is (%)

double-monotone and (i) convex, that satisfies Vp(T) > Vp(T). We further show in Lemma 3 that
y — T'(y) is without loss bounded above. To that end, let

& =sup{g; : (¢, F) € M7},
€L

and C' = C + ¢, where C is defined as in Assumption 2.

Lemma 3. For any feasible T' such that c(y) =y — T(y) is non-decreasing, there exists a tax rule
T satisfying T(0) > —C such that Vp(T) > Vp(T),

37Convexity of T follows from the fact that ¢, as the pointwise infimum of a family of affine functions, is concave.
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Proof. See Online Appendix OA.2.2. O
The proof is completed by the following lemma showing that the maximum exists.

Lemma 4. There exists a worst-case optimal tax rule.

Proof. Let T C T; be the set of continuous, convex, and double-monotone functions from Y
to [~C,y]. The arguments above, together with Lemma 3, imply that it suffices to show that

max Vp(T) is well-defined. The family T is uniformly bounded and equicontinuous®, and is thus
gcfripact by the Arzela-Ascoli Theorem.

Claim 3. Vp(T) is upper semi-continuous on T.

Proof. See Online Appendix OA.2.3. O

Existence of the maximum follows from the fact that the objective is upper semi-continuous
and the choice set compact. O

A.3 Proof of Theorem 1*

Take any feasible T € T and let ¢(y) = y — T'(y). Let &(y) be the concavifiction of ¢(y) and
T'(y) =y — ¢(y). Applying Claim 8 below (Section A.11) to the singleton menus of taxes 7 = {T'}
and T = {T'}, we have that for all M € M,,, there exists M’ € M,, such that Vp(T|M’') = Vp(T|M).
Thus,

Vp(T|M) = Vp(T|M') > Vp(T).

Since M was arbitrary, it follows that Vp(T') > Vp(T) as desired.

A.4 Proof of Proposition 1

Let T'(y) be a worst-case optimal tax rule and ¢(y) = y — T'(y) be the associated consumption rule.
Set ¢(y) to be the consumption rule defined in (A.9), and é(y) to be the concavification of ¢, and

write T(y) = y — &(y) and T(y) = y — &(y). We make use of the following claim.
Claim 4. ¢(y) < é(y) < ¢(y).

Proof. Recall that ¢(y) is defined as the smallest concave function that is pointwise higher than c.
The first inequality follows immediately from this definition of ¢(y). Moreover, € is itself concave
and majorizes c. Therefore, ¢(y) > é(y) follows again from the definition of . O

Let Y* = argmax c(y) and y* = argmax T(y). Take any F? € F)(T) and F,(T) € F,;(T)
yey yeYy*

for each i € Z, and let FO € FO(T) and F € F(T) be the associated aggregate distributions. Set
#Y € R, to be such that (F?,¢Y) € Xo(T|MP). Let J = {i € T : V,o(T|M?) < c(y*)}, which is
measurable under our assumptions. For all ¢ € 7\ 7, it holds that Fi0 is supported on a subset of
y* and that FP(T) = F;(T) (by Lemma 1). Since c(y) = ¢(y) for all y the support of F{ (shown
in Step 2 of the proof of Theorem 1), it follows from Claim 4 that c(y) = ¢(y) = ¢é(y) FP- and
F,-almost everywhere for any i € Z \ J.

38To prove equicontinuity, we argue that all the functions in T have a common Lipschitz constant given by K = 1.
To that end, let T € T and y1,y2 € (0,7). Convexity of T implies that we can write T'(y1) — T'(y2) = f;; T (y) dy,
where T” is the right-derivative of T.. The fact that y — T'(y) is non-decreasing then implies that 7”(y) < 1 and thus
|T(y1) —T(y2)| < |y1 —y2|- The argument for the case in which y; € {0,7} for some i = 1,2 follows from the previous
step and continuity of 7T'.

39



Next, consider i € J. As we showed in Step 2 of Theorem 1, 3; > 0 for all i € 7. We then have

wm—wm>/

(W(Vw(T]MZQ),i) — W (Vi (T| M), )]+
J

Ai[Vio(T|MO) — Vi (TIMO)] . _ . .
ulac ;' 7] ”)mz[ﬁvmwwmrwﬁw—wmwk@n—ﬁ»mm
where the first inequality follows from (A.10) and (A.11) and the fact that T yields a weak welfare
improvement conditional on each i € Z, and the second inequality uses the fact that Vi, (T|M?) —
Vi(TIM?) > 0 and Vi, (T|M?) > }E%Z_ [e(y)] — ¢? for all i € Z. If W (-,4) is strictly increasing for all
i € Z, optimality of T requires that Ero[¢(y)] = Epo[c(y)] almost everywhere in ¢ € J. Combining

everything and applying Claim 4, we obtain that ¢(y) = &(y) = c(y) F'-almost everywhere.
It remains to show that [ [, [¢(y) —c(y)] dF;(y) di = 0. We know from optimality of 7" and the

previous paragraph that for all i € J, Vi, (T|M?) = Vi, (T|M?) < max c(y) < ma}gé(y). Moreover,
ye ye
optimality of T requires that [ glri (T) — r,(T)] di =0 with r;(T) as defined in (A.1). Thus,

/j ri(T) di < / Ep, [T(y)]di < /j Ep [T(y)] di = /j ri(T) di = /J rs(T) di,

J

where the first inequality follows from the definition of r;(T) and the fact that Ep [y — T(y)] >
Er. [y — T(y)] = Vu(T|M?) = Vo (T|M}) almost everywhere in i € J, and the second inequality
from the fact that T'(y) < T'(y) for all y € Y. Hence, it must be that Er [T (y)] = Ep, [T'(y)] almost
everywhere in i € 7, which together with Claim 4 yields the result.

A.5 Proof of Proposition 2

Existence of a worst-case optimal tax within the affine class follows from a straightforward gener-
alization of the arguments in Lemma 6 of Carroll (2015). We omit this step for brevity.

Let the tax rule T,(y) = t* + 7%y be worst-case optimal within the affine class. Suppose that
7" < 1. For T, to be fully worst-case optimal, it has to be the case that Ty is not strictly dominated
by any feasible perturbation of the form

T*(y) = T(y) +eD(y),

where € € R and D(y) is a continuous function.

In Appendix B, we show that Vp(T*) is directionally differentiable at ¢ = 0 and provide an
expression for its derivatives. Here, we consider the perturbation with D(y) = —min{y —y, 0} and
g > 0. Observe that T¢(y) is strictly progressive. The fact that 7* < 1 and § > 0 ensures that
non-negativity of consumption is still satisfied under T for € > 0 sufficiently small, and thus 7 is
feasible. Claim 5 describes the effect of this perturbation.

Claim 5. If T(y) = t + 7y with ¢ < 0 and 7 € [0,1), and if D(y) = —min{y — y,0} for some
7 € (0,7], then

OVp(T?)

Oe+

max Ep[min{g — y,0}] — min{y — y;, 0}

FeF?
/ [(wZ — a) max Ep[min{g — y,0}] + « il di.
T FeF? 1—-7
Proof. See Online Appendix OA.2.4. O
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We then have the following necessary condition for worst-case optimality of Tj:

oVp(T®)

<0.
Oe+

e=0

By Claim 5, the derivative is bounded below by

2

<wi tagT )EF min{g -y, 0}] - aT(s} > 7)

oVp(T?)
Os+

),

. i aVp(T°)
Then, if condition (3.4) holds, =5+

min{j — y? +¢%/(1 - 1), 0}] i

1—7*

<wi + aliT*)EF'O min{y — y,0}] — «

§—y? +0%/(1 - m] i

1—r7*

> 0, contradicting worst-case optimality of Tj.

e=0

A.6 Proof of Proposition 3

Let T,(y) = t* + 7"y be worst-case optimal within the affine class. We begin by computing
the planner’s payoff from any affine tax T'(y) = ¢ + 7y. We slightly abuse notation by writing
(v, ¢Y) € M? when there exists (F?, ¢?) € M? such that Epo[y] = .

Claim 6. If T'(y) =t + 7y with 7 € [0, 1], then

—t+ (1 —7)yd(1) — ¢? t
Vp(T) = / [W(—t + (1= 7)(r) — (1), 4) + ocT[ * T)ly" (:) di(7)] + di,
I _
with the interpretation that if 7 = 1, then
Tt + (L=l =¥+t [t+40 ife? =0,
Proof. See Online Appendix OA.2.5. O
Applying Claim 6, a necessary first-order condition for an optimal (¢, 7) is
/[wi(t,T) —a]di <0, with equality if ¢ < 0. (A.12)
T
Assumption 2 ensures that, for every 7 € [0, 1], there exists t(7) € R_ satisfying (A.12). Also,
whenever 7 < 1 we obtain the following additional necessary condition,3’
0 3(7) . . . o
(wi(t(T),7) — a)y; (1) + aﬁ di >0, if 7 € [0,1), with equality if 7 > 0. (A.13)
T — T

Rearranging terms in (A.13) we obtain (3.6).

Suppose that there exists 7° satisfying the first-order condition (A.13). Because the objective
has a discontinuity at 7 = 1, we need to verify that 7° is not dominated by choosing 7 = 1. Thus,
79 < 1 is optimal only if (3.7) is satisfied. Otherwise, if there is no 7° € [0, 1) satisfying (3.6) and
(3.7), then it must be that 7% = 1 (recall that existence of an optimal pair (¢*,7") was established
in Proposition 2).

OV (T | M?
Ml — (7).

39This expression uses the fact that, by the envelope theorem (Milgrom and Segal, 2002),
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A.7 Proof of Lemma 2

(i) Suppose by contradiction that Fg is not a degenerate lottery. By Assumption 4, there exists
@' < ¢} such that ((5%, @) € M°(6). We then have

Eply—T()] — 66 <wp— &) < — ¢,
where the first inequality is a consequence of Jensen’s inequality and convexity of T(y). This
contradicts optimality of (Fj, ¢{) for the worker.

(ii) Suppose by contradiction that j > j’ and yg < ygl. Incentive compatibility of types 67 and 67’
implies that

Oy, 07) + (3, 07) > @y ,07) + D(h, 07). (A.14)
On the other hand, if yg < yél, Assumption 5 implies that
B(y), 07) + @(yh,07) < R(yh,07) + B(y, 0%).

Further, since yg is feasible for type 67 and yé/ is feasible for type Hj/, the right-hand-side of this
inequality is finite and therefore, @(yg/, 67) + @(yg, 67") < +o0. Applying Assumption 5 again, we
thus have L o L o
O(yp ,07) + Dy, 07) < By ,07) + (1, 67),
which stands in contradiction with (A.14).
Additionally, if yd = 0, then Assumption 5 implies that 0 = V,,(T|M°%(67)) = (T|M0(9j/))
Suppose now that y? > 0. Applying Assumption 5 evaluated at y = 0 and 3/ 6 {yO, w } we have

that ®(y/,0) < ®(y,0") and the inequality is strict if ¥’ > 0. In particular, yo is feasible for type
7. Therefore,

Vi (TIMO(07)) = e(y) — ® (3, 0) > el ) — Dy . 67) = e(y) ) — By ,0) = Vo (T|MO(65)),

and the second inequality is strict if yé/ > 0.

A.8 Proof of Proposition 4

Let T be a worst-case optimal tax schedule (which we know exists from Theorem 1) and let T be
defined by (A.9). By definition, under the assumptions of Section 4, T is at-most n-piece affine.
As we showed in Theorem 1, Vp(T) > Vp(T). Thus, the social planner’s problem can be reduced
to choosing (k,¥,t,T) to maximize worst-case welfare and using the tax schedule T*(y;¥,t, 7).

We also know from Theorem 1 that we can restrict attention to t € [~C, 0] for some constant
C € R, (see Lemma 3) and to T € [0, 1]* (by double-monotonicity). The convexity property in the
theorem implies that we can restrict attention to 7! < ... < 7%. As a result, for each k € {1,...,n},
the set of tax schedules of the form of (4.1) that satisfy the conditions in Theorem 1 is isomorphic
to a compact subset of Y*~1 x [—~C, 0] x [0, 1]* which is compact. By standard compactness and
upper semi-continuity arguments, it follows that there exists k € {1,...,n} and a worst-case optimal
tax that is convex, double-monotone, and k-piece affine.

Moreover, starting from a worst-case optimal tax schedule T* that is k-piece affine, it is possible
to construct a simple tax schedule 77 with j < k that satisfies Vp(T7) > Vp(T*): This is obtained
by iteratively applying the procedure described by (A.9) until the resulting schedule is simple.*’
Thus, 77 is a simple tax schedule that is worst-case optimal.

49The process always concludes after at most k — 1 steps, given that any affine tax schedule is simple.
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A.9 Proof of Proposition 5

We make use of the following lemma describing the planner’s objective under a k-piece affine tax.
Lemma 5. Any worst-case optimal tax rule T*(-;¥,t,7) must solve

max V (yo), (A.15)
Yo

0 YW (" (3,1, ) — (5, 07),4) di + ap! TH(y7; 3,1, T))

<<
—~~
<
o
S~—
Il
<>
'E
&
NN
N
S
=
IS
Il

(Optﬁn)
, i k(T Bl I — k(o .
Subject tO y] — y07 ch (y(]?y;cta Tz (I)(yovek) ] (i (y7Y7 taT)7 ] ) ) ) (A16)
min{y € Y : c*(y;9,t,7) > (v}, ¥. ¢, 7) — (v, 67)}, if otherwise;
<. <glr<oo<ri<. << (A.17)
Proof. See Online Appendix OA.2.6. O

Using Lemma 5, we can derive necessary conditions for worst-case optimality of the simple tax
schedule T*(y;§,t,7) for a fixed choice of yo. First, it cannot be that there is a strict welfare
improvement from slightly perturbing the value of ¢. Because changing ¢ does not affect worst-case
income choices as defined in (A.16), we obtain the following necessary condition for optimality:

n
ijwj — a <0, with equality if ¢t < 0.
j=1

Similarly, we derive necessary conditions for 7 by differentiating the objective in (Optg,). First,

if 7k < 1, the condition ensuring that it is not strictly beneficial to perturb 7% by a small amount
is

. - N . - N a . A - . . . .
ZPJ (H(yé > 9" (e — o)y -9 - mﬂ(y] > g* l)q)(yéﬁj)) < 0, with equality if 7% > 0.

(A.18)

We now rule out the possibility that 7% = 1 is optimal. It follows from equation (A.18) that
7F = 1 being optimal would imply that ®(yd,07) = 0 for all j € {1,...,n} satisfying 3’/ > Ta
If not, it would be strictly beneficial to slightly reduce 7% mnote that the fact that T* is simple
implies that 3/ > §*~! for some j € {1,..,n}. Then, by part (i) of Assumption 5 and the
definition of a simple tax schedule, it follows that §*~! = vy =1y =0forall je{l,.,n}—ie,
T*(y; §,t,7) is affine with slope equal to 1. Then, worst-case welfare under T%(y; §,t,T) is equal
to [ W(—t,i)di+ at.

Consider using the the alternative tax schedule T'(y) = t + ey where € > 0 is arbitrarily small.
By part (ii) of Assumption 5, there is a strictly positive measure of types that would choose to
produce 3/ > 0 under any technology. Thus, worst-case welfare under the new tax schedule is

]Zl/zﬂ(ei :Hj)[W(—t—l—(l—g)yj,i)+a(t+€yj)] di > /IW(_tai) di + at,

which contradicts optimality of T%(y; ¥, 1, 7). Thus, 7% =1 cannot be optimal, and the optimal 7%

is described by the first-order condition (A.18), which after rearranging, yields expression (4.2).
We can derive the necessary condition for optimality of 7% with | < k analogously, by differen-

tiating (Optg,) with respect to 7'. By definition of a simple tax schedule, 7/ < 7/*1 and, if I > 1,
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7t > 7171 This implies that either 7' = 0 or the first-order condition has to hold with equality (if
not, perturbing 7! in either direction would be beneficial). This gives the formula in (4.3).

A.10 Proof of Corollary 2
Set en(y) =y —Tn(y). Let VOjN = mag{cN(y) — ®xn(y,67)} be the baseline utility of type 67, and
) ye

let yg ~ = argmax {cy(y) — ®n(y,67)} be his baseline income choice. Suppose by contradiction
’ yey

that T (y) < 1 for all y € Y. Then, for N sufficiently large, we have that Ty (y) < 1 forally € Y

and that

Voon = y{}jvl - TN(yF}jvl) - <I>N<y6‘jvl,0”) > Z/gjvl - TN(yZ}jvl) - <I>N(y6‘jvl, 0" 1) = Vo%lv (A.19)
where the first inequality follows from type-0"’s revealed preference and the second one from the
fact that @N(ygjvl, ") < @N(ygjvl, 6m~1) for N sufficiently large.

Let 7y < 1 be the left-derivative of T (7). Let yg\, be the worst-case deterministic income
choice of type 6 under T (y) as defined by equation (A.16). By monotonicity of VOJ; N With respect
to 7, it holds that y]l\, < ... < yR. Moreover, the fact that y — Ty (y) is strictly increasing combined
with (A.19) imply that, for N sufficiently large, y}(fl < yp-

We show that § —yy y — 0 as N — co. This is because the worker’s revealed preference implies
that

SN (7,0") — PN (Yo N, 0") = en(Y) — en(yon) = (1= 78) (¥ — Yo )
where the final inequality follows from concavity of cn(y). Thus, 0 < § —yyn < (PN (7,0") —
PN (yYyn,0"))/(1 —7n) = 0 as N — oo. A very similar argument, shows that ygy y — yx — 0 as

N — 0.
To find a contradiction with optimality of T, consider the perturbation of T that involves

slightly increasing T\ (y) to the right of ygj\,l < ¢ < y. Formally, consider the perturbed tax
schedule T5(y) = T (y) + emax{y — y5 1}, 0}. The following claim describes the welfare effect of
this perturbation. The proof is a straightforward application of Lemma 6.

Claim 7.

oVp(T*)
Oe+

—1 n n—1
_ Yon —Yon —max{yy —yy N0}
=p" (e —w")(WiN — YN ) — a— ’ ’
— [ ’ o 1—Ty(yy)

Applying the above results, for any arbitrarily small n > 0, there exists N sufficiently large to
ensure that

oVp(T*) . Yon — YN
R > T _ n n _ n _ et e e >
P (@ =) G-y — et | >
’ 1-Tx(yx)
P (0= WG =0~ §) — e | >0,
1- TN(?JN)
where the strict inequality follows from Assumption 6 that implies that w™ < «. Thus, a‘/ge(fg) . >
e=

0, which contradicts optimality of T (y).
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A.11 Proof of Proposition 6

Fix any feasible menu of taxes T C T . For each T € T, let Tr(y) = y—cav(y—T(y)), where for any
f:Y =R, cavf(y) stands for the concavification of f. Let cr(y) = y—T(y) and ér(y) = y—Tr(y).

Consider the menu of convex taxes given by 7 = |J {Tr}. Let
TeT

ROTIM)= | max  (ER(T(y)). sublect to Eply —T(y)] ~ ¢ = Vi(TIM,)}

which is tax revenue from worker i under the menu 7 and the technology M.

Claim 8. For every M € M,, there exists M’ € M,, such that, for all i € Z, V,,(T|M;) = V,,(T| M)
and R(T|M;) = R(T|M)).

Proof. We follow an approach similar to Proposition S-5 in Walton and Carroll (2022).*' For
any T € T,let lp : Y = Y and ur : Y — Y denote the endpoints of the relevant intervals of
concavification of ¢p. By definition, Iz and up satisfy I7(y) <y < up(y) for all y € Y, ép is affine
on [l7(y),ur(y)], and ér and cp coincide at points I7(y) and ur(y).

Fix any M € M,, and let T; € T and (F;, ¢;) € M; be the tax and income chosen by worker

i under the menu 7. Let T, € T be such that TTi = T,. Let Y; be the random variable with
distribution Fj, and consider the income lottery F] and associated random variable Y; whose
distribution conditional on Y; is given by

P = IV =y) = BT PO =Y = ) =

setting Pr(Y; = y|Y; = y) = 1 whenever ur,(y) — i;(y) = 0. Observe that, for all y € Y,
E[Y/|Y; = y] = y and therefore F’ is a mean-preserving spread of F;. Moreover, since ¢7; is affine on

[i7.(y), ur ()], it holds that E[T; (Y’)\Y —y] = T;(y) for all y € Y, and thus E[T;(Y/)] = E[T;(Y;)].
Given thls consider the technology M’ € M,, defined by

M; = M; U{(F], ¢:)}-
Let us derive workers’ choices when they face M/ and the menu 7. First, we have that
Vio(TIM;) < Vio(T|M;) = E[T(Y:)] = ¢i = Vi (T M),

where the two equalities follow from the fact that E[T;(Y/)] = E[T;(Y;)] and E[Y/] = E[Y;]. More-
over, since ¢r(y) > cr(y) for all T € T and y € Y, it holds that V,,(T|M/) < V,,(T|M]). Since ér,
and cr, coincide on the support of F/, we have that

Vio(TIM}) = Eler, (Y))] = ¢i = Eler, ()] = i = Vi (TIM}) = Vao(TIM;),

and thus (7, ¢;) and T; are optimal for the worker under M/ and 7. This implies that V,,(T|M/) =

Vi (T|M;) as stated in the claim.
Moreover, for any choice (F,¢) € M/ and T' € T which is optimal for the worker under M/ and
T, it must be that

Vo(TIM]) = Epler(y)] — ¢ < Epler(y)] — ¢ < Vu(T|M]) = Vi (T M),

and thus Er[cr(y)] = Eplér(y)]. This, together with the fact that cr(y) < ér(y) for all y € Y,
in turn requires that ér(y) = cr(y) for all y € supp(F), and thus, Er[T(y)] = Er[Tr(y)] for any

4IThis approach can also be used to show convexity of the optimal singleton tax in Theorem 1. However, our
original approach allows us to derive further characteristics of the optimal tax which are used later in the paper, like
double monotonicity and piecewise linearity in the finite-type case.
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worker-optimal choice under M, and 7. The fact that the worker breaks indifference in favor of

the planner and that he chooses (F}, ¢;) when facing M; and 7, implies that (F!, ;) and T; is a
revenue-maximizing income and tax choice among those that are optimal for the worker under M/
and 7, and therefore

R(T|M;) = Ep[T3(y)] = Ep[Ti(y)] = Er,[T;(y)] = R(T|M,).

Applying Claim 8,
Vp(T) < Vi (TIM') = / W (Vo (TIM2), 1) + aRy (T|M!)] di =
A

/I (W (Vi (FIM:). ) + aRi(TIM;)] di = Vio(TM).

Since M is arbitrary, this establishes that Vp(T) > Vp(T) as desired.

A.12 Proof of Proposition 7

Fix a menu of tax rules 7. For each M € range(MV), let T, € T and (FY;, #%,) € M be an optimal

choice (of tax and income) under the menu 7 and the baseline technology MO for all workers i

such that M = M. Let To(T) = U {TY,}. This menu of taxes is finite (by finiteness of
M éerange(MP)

the range of M?) and therefore, compact. We will show that Vp(To(T)) > Vp(T).

Fix a technology M € M, and let (Fj, ¢;) € M; and T; € To(T) be worker i’s choice when

facing M; and To(7T). Put T} € argmin Eg [T(y)]. Consider the following technology M’ € M,,:

TeT

M, = MY U{(F;, ¢i +Ep[Ti(y) — T, (y)])}-

We argue that Vp(T|M') < Vp(To(T)|M).

To that end, let us characterize workers’ choices under 7 and M’. Observe that, if worker ¢
chooses (Fj, ¢; + Er,[Ti(y) — T!(y)]) € M/, the optimal associated tax choice in T is T/. Thus,
worker i’s payoff from making this income choice is

Erly — T/ (W)l — éi = Er[Ti(y) = Ti(y)] = Erly — Ti(y)] = ¢i = Vao(To(T)[M).

Suppose first that Vi, (To(T)|M;) = Vi(T|M?). Then, both when facing 7 and M}, and when
facing To(7) and M;, worker ¢’s indirect utility is the same. When facing 7 and M/, worker
i can achieve his optimal utility by either picking the best income choice in ]\42'0 and the tax

T](\)J?, or by picking (Fj, ¢; + Eg,[Ti(y) — T} (y)]) and the tax T/. In both cases this choice leads

to lower tax revenue than what obtains under 7p(7) and M;: In the former case, this holds
because of the worker’s favorable tie-breaking, and in the latter case because of the definition of
T! which implies that Eg, [T/ (y)] < Eg,[T;i(y)]. Therefore, total welfare conditional on the event
Vo (To(T) | M;) = Vi (T| M) is weakly lower under 7 and M/ than under 75(7) and M,;.

Second, suppose that Vi, (To(T)|M;) > Vi (TIMP) = Vi (To(T)|MY?). Then, worker i’s uniquely
optimal choice when facing M/ and T is (F}, ¢; + Er[Ti(y) — T!(y)]) and the tax T]. As argued
above, this gives him a payoff of Eg, [y —T;i(y)] — ¢i = Vi (To(T)|M;), which by assumption is strictly
greater than his optimal payoff when choosing an element of Mio. Moreover, expected tax revenue
from the worker’s optimal choice under 7 and M/ is E, [T} (y)] < Eg,[T;(y)], where the inequality
follows again from the definition of T7.
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Combining everything and summing over workers, we have

Vp(T) < Vp(TIM') < /I[W(Vw(%(T)IMi),i) + aBg[Ti(y)ll di = Vp(To(T)|M).

Since M was arbitrary, it follows that Vp(T) < Vp(To(T)).

A.13 Proof of Proposition 8
The proof, which is a straightforward generalization of Theorem 1, is in Online Appendix OA.2.7.

B Differentiability of worst-case welfare with respect to tax per-
turbations

In this section, we establish that worst-case welfare is directionally differentiable at certain tax rules
and provide an expression for the derivative. The result can be used to derive necessary conditions
for worst-case optimality and is later applied in some of our proofs in Appendix A. The proof is
provided in Online Appendix OA.2.8.

Take any T € T that is convex. By convexity, T is directionally differentiable. We let T"(y+)
and T'(y—) denote respectively its right- and left-derivatives. Consider the perturbation

T*(y) = T(y) +eD(y),

where D : Y — R is continuous and ¢ € R. Let y; = min{y € Y : V,,(T|M?) <y — T(y)}, which is
well-defined given that T'(y) is continuous and V,,(T|M?) <y — T(y). Let § € Y be the highest y
such that 7"(y—) = 0 and set g = 0 if 7"(0+) > 0. Let Ri(¢) = Ep:[T*(y)], where Fy € A(Y) is
worker i’s worst-case income choice under 7 as defined in Lemma 1.

Lemma 6. Let T € Ty be any convez, double-monotone, strictly increasing tax rule. Then,
e — Vp(T?) is directionally differentiable at € = 0, with derivatives*® given by

OV (T7) / o1 OValT5[MY) oRe)| ] .
Z v = TIM! B S i 24 7 — B.1
Oex . Wl(vw( ‘ 1),2) Oex + o Oex dl, *€{+7 }7 ( )
e=0 e=0 e=0
where
OV (T2 | M?) OV (T¢| M?) .
WA PP E~[—D - Tt Er[—D B.2
Oe+ (F7¢)6]§I(15(};5|M?) l 2 Oe— (F,¢)6)%E?T€|M?) rl W), (B2)
OR;(e) . OV (T¢| M)
= — —(1+MNEg[D A B.3
O+ o Aerrﬁ}?mp&%){ (1+ NEr[D(y)] Oe+ o (B-3)
OR;(¢) . OV (T¢I M)
= _ —(14+MEgp|[D —_ A B.4
= mmn;((){ UHABAPWI= A g B
and
T'(yi—) T'(yi+) ]
A* 0 — 9 )
z( ) |:1 _ T/(yi_) 1— T/(yz+)

XF(0) = {{F € A(Y):Ep[T(y)] = T(v). Erly) = vi}, i yi >,
' {F e A([0,9]) - Erlyl > ui},  ifyi <.

421f oVp(T*)

e = avgs(fg), then they are both equal to the Gateaux differential of Vp at T in the direction D.
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Online Appendix

OA.1 Simple tax schedules

For any m < n, any vector of income cutoffs § € Y™~ ! and marginal tax rates T € [0,1]™,

let T0ue(§,7) € [0,1]% with k& < m be the associated vector of non-redundant marginal tax rates,
satisfying

k m
U7y = UL 7 € [571,9Y for some j € {1,...,n}}
=1 =1

and 7L(y,7) < ... < Tr’fr(y,T).

Definition 3 (Simple tax schedule). The tax schedule T' is simple if there exist (k,§,t,7) €
{1,..,n} x YA x R_ x [0,1]F with ¢! < ... < g% such that T(y) = T*(y;¥,t,T) as given by
(4.1) and

T =Ty, 7).

OA.2 Omitted proofs

OA.2.1 Proof of Claim 1

First, we argue that the minimum in (A.2)-(A.3) is attained. Let C; = maxpeayv ) {Erly —T(y)] —
V(T M?)}, which is well-defined given compactness of A(Y). Then, without loss we can restrict
the domain of minimization to the compact set (F,¢) € A(Y) x [0,C;]. Because the objective is
continuous in (F, ¢), the minimum is attained.

Second, we show that without loss of optimality, (A.3) holds with equality. Let X C A(Y) xR
be the set of income choices that attains the minimum for worker ¢ in (A.2)-(A.3). Let (F;, ¢;) € X7,
and consider (F, ¢) € A(Y) x Ry such that ¢} = Eg [y —T(y)] — Vi (T|M?). (F;, ¢}) satisfies (A.3)
with equality and, by non-decreasingness of W (-, i), attains a weakly lower value than (Fj, ¢;).
Thus, (F;, ¢;) € X7.

Finally, we show the equality stated in the claim. Let 0;(T") be the value of (A.2)-(A.3). For any
(Fy, ¢;) € X7, it holds that Ep [y — T(y)] > Vi(T|MP), and thus r;(T) < Eg[T(y)]. On the other
hand, letting F; be an argmin for 7;(T), we can define (F;, Er,[y—T(y)] — Vi (T|M?)) € A(Y) x Ry,
which is feasible in (A.2)-(A.3). Hence, r;(T) > Ep/[T'(y)] for F] such that (Fj,¢;) € X;. This
establishes the claim.

0OA.2.2 Proof of Lemma 3

Take any feasible T such that c(y) = y — T'(y) is non-decreasing and suppose that 7(0) < —C
(otherwise, the result holds trivially) and consider a feasible perturbation of T' given by T¢(y) =
T(y) + ¢ with € > 0. Since a constant shift in 7'(y) does not affect workers’ worst-case income
choice as defined in Lemma 1, the function ¢ — Vp(T°) is differentiable and we can write
oVp(T*
IVe(T7) =— / W1 (Vi (T| M) — €,4) di + a. (OA.1)
Oe T
By monotonicity of c(y), for all i € Z, it holds that Vi, (T|M?) > ¢(0) — ¢ > C — ¢ = C, where

the second inequality follows from the assumption that ¢(0) > C. Then, Assumption 2 implies that

W%i(gg) > 0 whenever ¢(0) > C. Thus, T¢ with € > 0 is a weak improvement over T'. In particular,

the tax rule T'(y) = T(y) + ¢(0) — C is feasible and satisfies Vp(T') > Vp(T).



0OA.2.3 Proof of Claim 3

Let 7% € T be a sequence of tax rules converging to 1T € T. Fix a plausible technology M € M,,
and let (FF, ¢F) € M; be worker i’s chosen action under 7% and M;. Without loss, Vp(T*) converges
(if not, replace T* by a subsequence). By compactness of M;, without loss, for every i € Z, (Fik, qﬁf )
converges to an element of M;, which we denote by (F°, ¢$°). By continuity, (F7°, ¢?°) is optimal
for worker ¢ under T and M;. Since the worker breaks indifference in favor of the planner, the
planner’s payoff under 7°° and M is bounded below by what obtains if all workers choose (F°, ¢°).
Thus,*3

Vp(T™|M) = /I {W(Eps=ly —T>(y)] — ¢7°,4) + aBpe [T (y)]} di (OA.2)
= Jlim Vp(TF|M) > Jim Vp(TH). (OA.3)

Since M was arbitrary, Vp(T°) > limg_, Vp(T*), which establishes the result.

OA.2.4 Proof of Claim 5

The fact that 7 < 1 implies that y — T'(y) is strictly increasing and thus Lemma 6 applies. We
begin by computing the directional derivative for the case with V,,(T|M?) < y — T(y). For any
such 4, Af(0) = {r/(1 — 7)}. Fix (F?,¢?) € M? to be an optimal income choice for type i under
MY and the tax T, and put y{ = Ego[y]. Then, under an affine tax, y; = y? — ¢¥/(1 — 7). If 7 =0,
then y = 7, and thus '

Xi(0) ={F e A(Y) : Er[y] = vi}.

And hence by Lemma 6,

e=0

—max{min{y —y,0}, subject to y >y;} = —min{y —y;, 0},
ye
where the second equality follows from concavity of y — min{y — y,0}.
Second if 7 € (0,1), then § = 0, and thus
X (0) ={F e A(Y) : Erly] = vi}.
Applying Lemma 6,

OR; () 1 o T V(T |MY)
= — E ~,0 1
O+ o 1—7 FEA(%:?E);[y]:yi rlmin{g -y, 03] + 1—71 Oe+
e=

e=0

1 o T OVy(T?|MY?)
BT A L A P res

)

where the second equality follows again from concavity of y — min{g — y,0}.

43The equality in (OA.2) uses the Dominated Convergence Theorem, which can be applied due to the fact that for
each k€ Nand i € T:

(W (Epkly = T" ()] = ¢+ ) + aBpr [T (9)]] < [W/(C +7),1)| + o,

which is an integrable function of 3.



If Vi, (T|M?) = y — T(y), then y; = § and Lemma 6 implies that

. € 0
85+ e=0 3€+ e=0

Q

OV (T¢|M?)

Applying (B.1) and the definition of p

, we then obtain the expression in Lemma 5.

0OA.2.5 Proof of Claim 6

For an affine T with 7 € [0, 1), the resulting consumption rule y — T'(y) is strictly increasing. As
a result, Vo, (T|M?) = ma};({y —T(y)} < (650) € M. For any such i, (67,0) is the unique
ye

income choice (F, ) € A(Y) x Ry satisfying Eply — T(y)] > Vi (T|M?). Therefore, the distinction
between the two cases in Lemma 1 is vacuous, and we have, applying the lemma,

v@@wzémmmawwmw+am@nm

where 7;(T) is defined by (A.1).

Next, we show that r;(T) = %{W for all 7 € [0,1) and ¢ € Z. The result is immediate if
7 = 0, since then revenue is constant and equal to t. Suppose now that 7 € (0,1). We argue that,
for any F; € A(Y) that is a solution for r;(T), it must be that Eg,[y — T'(y)] = Vi (T|M?). Suppose
towards a contradiction that F; is a solution for 7;(T) and that Eg[y — T(y)] > Vi (T|M?). By
Assumption 3, V,,(T|M?) > —T(0). Since by hypothesis Eg,[y — T(y)] > Vi (T|M?) > —T(0), it
cannot be that F; assigns probability one to y = 0. Then, for n € (0, 1), consider F, = (1—n)F;+ndo.
If n is sufficiently small, E [y — T'(y)] > Vi (T|M?). Moreover, since T'(y) is strictly increasing
and F; is not degenerate at y = 0, we have that E; [T'(y)] < Eg,[T'(y)]. This contradicts F; being
revenue-minimizing. Thus, Eg, [y — T(y)] = Vi (T|M?) and we can write

TEply — T+t 7V (T|M) +t

H(T) = Ep[T(y)] = —Y == —

, Viel.

Let us now consider the case in which 7 = 1. If ¢?(7) > 0, then worst-case revenue is given by
7;(T), which is continuous in 7 and by the previous step converges to —t as 7 — 1. If ¢?(7) = 0,
then Lemma 1 implies that worker i’s worst-case income choice under 7 is given by FiO(T), and thus
worst-case revenue from this worker equals ¢ + y9 (7).

OA.2.6 Proof of Lemma 5

First, by Lemma 2, workers’ baseline income choice is deterministic and described by its mean
vy € Y. Second, because worst-case welfare is weakly increasing in Vi, (T|M°(6)) (see Lemma 1), we

can put y’ as an optimization variable in the planner’s problem. Third, once we restrict attention
to double-monotone and convex tax schedules, it follows from Lemma 1 that the deterministic
income choice defined in (A.16) attains the worst-case revenue. These three features combined
yield the program in the lemma.

OA.2.7 Proof of Proposition 8

We begin by stating a version of Lemma 1 that allows for workers’ risk aversion. The proof is
identical to Lemma 1 so we omit it.

Lemma OA.1. For any feasible T,

Vp(T) —/I[W(Vw(T\M?)ji)+aEFi[T(y)H di, (OA.4)



where F; is defined by:
(i) 1f Vu(TIM7) < maxi(y — T(y)):
y

F; € argmin Ep[T(y)], s.t. Epli(y — T(y))] > Vu(T|MY),
FEA(Y)

(ii) If Vio(T|MP) = max a(y — T(y)):

F; € argmax Ep[T(y)], st Eplily — T(y))] = Vi (T|MD).
(F,0)eM?

The rest of the proof consists of modifying the arguments in the proof of Theorem 1. To avoid
repetition, here we only focus on the arguments that are not exactly the same as in the original
proof. Let T be any feasible tax rule, and let u(y) = u(y — T'(y)) be the associated utility contract.
To construct the relevant separating hyperplanes, consider the sets

A =co{(u(y),y —a H(u(y) :y €Y}, Bi={(uv):u>Vy(TIM),v <Eg[T(y)]},

where Fj is defined as in Lemma OA.1. For every i € Z, A and B; are convex and disjoint, and thus
the Separating Hyperplane Theorem implies that we can construct a i-specific utility contract, u;,
implicitly defined by:

ki Niwi(y) — Bily — @~ H(wi(y))) = 0, (OA.5)

where (k;, 8;, Ai) € R x R? satisfy for all i € 7
ki + Aiu(y) — Bily — @ '(u(y))) <0, VyeYy, (OA.6)
ki + MEp [u(y)] = BiEr [y — a7 (u(y))] = 0. (OA.7)

Claim OA.1. If 4 is concave on Ry, then for all i € T, u; is continuous, non-decreasing and
concave, and satisfies for all y €'Y, u;(y) > u(y).

Proof. The Claim is immediate if 5; = 0, so suppose that 8; > 0. First, we begin by showing that
(OA.5) has a unique solution w;(y) for each y € Y and i € Z. By (OA.6), for any y € Y, there
exist u > U (e.g., u = u(y)) such that x; + \ju — Bi(y — @ '(u)) < 0. On the other hand, setting
u = u(c) where ¢ € Ry is arbitrarily large, we have that

Ki + Aiu — Bi(y — fLil(u)) = Rk + Nit(c) — Bi(y —¢) > 0,
where the inequality follows from the fact that 8; > 0. Hence, by continuity, there exists u > u
that satisfies (OA.5) with equality. Uniqueness of the solution follows from the fact that the left-
hand-side of (OA.5) is strictly increasing in u;(y).

Second, to show that u;(y) is non-decreasing, take y,y’ € Y such that y' > y. (OA.5) implies
that

Ni(wi(y') = wi(y)) + Bi(a (wi(y') — a~ (wi(y)) = Bily’ —y) > 0, (OA.8)

where the inequality follows from the fact that 3; > 0. Given that ()\;, 3;) # (0,0), A\; > 0 and @~ !
is strictly increasing, (OA.8) requires that u;(y") > w;(y).

Third, we show that u;(y) is concave. Suppose first that A\; > 0 and suppose toward a contra-
diction that there is y,3' € Y with y # ¢’ and v € (0, 1) such that yu;(y) + (1 — y)wi(y") > ui(yy),
where y, = vy + (1 — 7)y’. By the definition of u;(y), we have

ui(yy) — yui(y) — (1= Nus(y') = i [y (wi(y)) + (1= y)a " (wiy) — @ (uslyy))] >
i i (ui(y)) + (1= y)a " (ui(y’) — @ (yua(y) + (1 = Y)wi(y))] > 0,



where the first inequality follows from the assumption that yu;(y) + (1 — v)ui(y') > u;i(yy) and

the fact that %! is strictly increasing, and the second inequality from convexity of @~!. This
contradicts yu; (y) + (1 — v)ui(y') > ui(yy). Second, if A; = 0, then

ui(y) = u(—ri/Bi +y),

which is concave by concavity of a(y).

Fourth, we show that u;(y) is continuous. The fact that @ is strictly increasing implies that it
is almost everywhere differentiable. Let C' C (0, +00) be an open set in which @ is differentiable.
(OA.5) is strictly increasing in u;(y), and therefore by the Implicit Function Theorem, u; is differ-
entiable (and therefore continuous) on C. By concavity of w; this is enough to ensure that u; is
continuous on Y (see Theorem 5.27 in Aliprantis and Border (2006)).

Finally, for each y € Y, (OA.5) and (OA.6) imply that

Ni(ui(y) = uly)) + Bila (uily)) — @~ (u(y))] >0,
which is only possible if u;(y) > u(y). O

Let u(y) = 1n£ul(y), and T(y) = y — @ '(u(y)). By Claim OA.1, u is feasible, non-decreasing,
1€

concave, and satisfies V,,(T|M?) > V(T |M?) for all i € Z. An analogous argument to the one in
the proof of Theorem 1, shows that T yields weakly higher expected revenue than T' conditional on

every i € Z. Thus, Vp(T) > Vp(T). Existence of the maximum can also be established analogously
to Theorem 1.

0OA.2.8 Proof of Lemma 6

Step 1: Envelope theorem for problems with concave parametrized constraints. We begin by pro-
viding an extension of the envelope theorem for problems with paramatrized constraints by Milgrom
and Segal (2002) (henceforth, MS), that does not require the constraint to be differentiable—as
assumed in their Theorem 5 and Corollary 5—, but instead requires that the constraint is concave
with respect to the parameter.

As MS, we are concerned with a constrained optimization problem of the form

Vt) = 6X§szt)>of(fc,t), X*(t)={zx e X :g(x,t) >0, f(z,t) =V (1)}, (OA.9)

where X is a convex compact set in a normed linear space, and f : X x [t,#] - Rand g : X x[t,{] —
RF and ¢, € R satisfy ¢ < 7. We define the Lagrangian of this problem as L : X x R¥ x [t,7] = R

k
L($7y7t) = f(l‘,t) + Zyigi(fﬂ,t),

=1
and we let Y*(¢) be the set of solutions to the dual program,

Y*(t) = argmin sup L(z,y,1t).
yeRi reX

Lemma OA.2. Suppose that f and g are continuous and concave in x, fi(x,t) is continuous in
(x,t), g(x,t) is continuous and concave in t for all x € X with directional derivatives with respect
to t that are continuous in x, and there exists & € X such that g(&,t) > 0 for all t € [t,t]. Then,
V' is directionally differentiable and its directional derivatives equal:

OL(z,y,t) OL(z,y,t)

V/(t4) = in 2B BY gL 98 t<T
U1 = 2% B0 o B a0
L t L t
V'(t=) = min max w: max  min m, fort >t.
TEX*(t) yeY*(t)  Ot— yeY*(t) zeX*(t)  Ot—



Proof. By an analogous argument to Corollary 5 in MS, it holds that X*(¢) x Y*(¢) is non-empty
and equal to the saddle-set of the Lagrangian, and thus

V(t) = max min L(x,y,t) = min max L(z,y,t
(t) = max by (z,y,1) T (z,y,1).

Fix ty € [t, ), by definition of the saddle point, for any selection (z(t),y(t)) € X*(t) x Y*(t)
and any t > tp, we can write
L(x(to), y(1),t) — L(z(to), y(t), to) _ V(t) = V(to) _ L(z(1),y(to),t) = L(x(t), y(to), to)
t—to - t—to - t—to '

(OA.10)

The fact that g;(z,-) is concave implies that it is directionally differentiable and thus, by the
generalized Mean Value Theorem,

dgi(z(to),t'(t)) < gi(z(to),t) — g(x(t0), t0) < dgi(x(to),t'(t))
ot+ - t—to - ot— '

for some t'(t) € [to,t]. Moreover, concavity of g;(z,-) implies that
gi(z(t),t) — gi(z(t), to) _ Dgi(z(t), to)
t —to - Otp+
Further, differentiability of f(x,-) and the Mean Value Theorem imply that
x(tg),t) — f(x(t x(t),t) — f(x(t),t
—to —to
for some t”(t), " (t) € [to,t].

Combining all of this, we have

{ b 8gi(x,t’(t))} LV -Vt

max
zeX* (to)

fulw, (1) + D _yilt) =5 t—to

i=1

yEY*(to

k
. " 8gi(x(t)v tO)
min ){ft(aj(t),t (t))—l—;yzat_i_}

And, in the limit,

lim inf f t” Ek: 8gz xz, t/ t)) > liminf f t” Ek: 891 x to
1m 1n max xZ, — 1m in max x,
tlto  zeX*(to) ! - ~ tlto x€X*(to) ' 1 ot+

. gz € tO
>  min max x,to) E ,
T yeY*(to) zEX*(to) {ft 0) ot+ }

where the first inequality follows from lower semi-continuity of the directional derivatives of g(z, -)
with respect to ¢ which in turn follows from concavity of g(z,-) (see Theorem 33 in Fenchel and
Blackett (1953)), and the last inequality follows from the fact that the Lagrangian is continuous,
and hence the saddle set is upper hemicontinuous in ¢ by Berge’s Maximum Theorem.**

4 To ensure compactness of the choice set in OA.12, we can bound above the relevant choices for y in the same
way as in MS.



And similarly,

k
limsup min {ﬁ(a:(t),t'"(t)) n Zyag(g(’w} <
=1

tito  YEY*(to t+

k
. 891 33 t[)
max min (z,t0) + ,
TEX*(to) yEY * (o) {ft ) Z 8t+

where the inequality follows again from upper hemicontinuity of the saddle set.
Given the above, taking the limits inferior and superior in (OA.10), we have

k

0gi(z, %) V() — V()
t <l f—r
L {ft Bi0) + D u gy } < ligyin

k

tlto t— t() ze€X*(to) yeY *(to)

We also know that

k k
9gi(z, to) 0gi(,to)
m ma to) + > ma m to) .
yGY’}l(’lto) xEX*)ffo {ft * 0 Z 823—}— o xEX*éo) yEYinto) ft * 0 + Z at+

Hence,

k k
7 t i t
V/(tO"‘) min max {ft x, to + Z 89 a: 0 } — max min {ft z 750 _1_22 89 fC 0 }

yEY *(to) zEX*(to) ot+ TEX*(to) yEY *(to) ot+

The argument for V’/(t—) is analogous, which gives

k k
V/(t—) = max  min {ft(m,to) + Zin} = min max {ft(x,to) + Zy,agz(m’to)}
i=1 =1

yEY * (to) z€X*(to) ot zEX*(to) yEY * (t0) ot—
O
Step 2: Directional derivatives of ¢ — V,,(T¢|M?).
Claim OA.2. For alli € Z, the function € — Vi, (T¢| M) is convex.
Proof. Take €,¢’ € R and v € [0, 1], and let e, = ve + (1 — v)e’. Applying the definition,
VW TEIMD) + (1 = )V (T | M) =
max {Eply—T°(y)] — ¢} + (1 —7) max {Eply—T°(y)] - ¢} >
(F¢)eM) (F,$)eM?
max {Eply —7T%(y) — (1 =T (y)] — ¢} = Voo (T [MY).
(F,¢)eM?
O

It follows from Claim OA.2 that V,,(T¢|M?) is directionally differentiable with respect to e. Its
directional derivative can be computed applying Corollary 4 in MS. We state its expression in the
following claim.



Claim OA.3. For all i € I, the function ¢ — Vi (T¢|MY) is directionally differentiable with
derivatives

OV (T M?
)~ max  Bel-D)
e+ (F\¢)EXw (T2 | M)

OV (T%| MD)
PR e S R 2 A E _D X
Oe— (F¢)e)I?J?T€|M°> F=DW)l

Step 3: Directional derivatives of € — R;(T°). Next, we turn to the revenue component of (3.1).
Under conditions (i) or (ii) in Lemma 6 we have that, for all i € Z, worst-case revenue is determined
by Case (i) in Lemma 1. In particular, if there is a positive measure of types such that V,,(T|M?) =
mea%{y — T(y)} and thus ¢ = 0 for all (F,¢) € M;(0), strict monotonicity of T implies that there
y

exists a unique (F,0) that attains Vi, (T| M), and thus the favorable tie-breaking rule does not play
a role. Therefore, for € small enough, worst-case revenue under 7° for any ¢ can be written as

Ri(e) = min Ep(T()], st Erly~T°()] > Vi (T MD). (OA.11)

We compute the directional derivatives of R;(¢) by considering two cases separately.

Claim OA.4. For alli such that V,,(T|M?) < ma;c{y —T(y)}, Ri(e) is directionally differentiable
ye
at ¢ = 0 with

OR;(e) OV (T%| M)
S (1+ME AL Sl il )
Oe+ 0 /\enzlxl*n Fén)?*x { * D)) =X Oe+
e=
OV, (T%| MP)
=~ P 0 { A NERDG] = A5 }
i (T* MO
ORi(c) = — max _min — (1+ NEp[D(y)] — A@V |
Os— AEAX(0) FEX (0 Oe—
e=
OV, (T%| MP)
_ ATt 185
S e { PWI=A—"5— }

and

ey | T'wi—)  T'(yit)
8O =[G T )
X5(0) = {{FGA( );EF[T(Q)]:T(Q) Eply] —yz} if yi > 9,
! {F € A([Ovy]) : EF[y] > yi}7 Zf Yi < y

Proof. The fact that V,(T|M?) < ma;({y — T(y)}, implies that, for e sufficiently small, the con-
ye

straint set in (OA.11) has non-empty interior. Therefore, we can write (OA.11) as the following
saddle-point problem (Luenberger, 1997)

Ri(e) = — min max L(F,\e), (OA.12)
AeRy FEA(Y)

where L(F,\,e) = —Ep[T*(y)] + MErly — T°(y)] — Vo (T°| M})).
By Claim OA.2, the conditions in Lemma OA.2 are satisfied. Thus, ¢ — R;(¢) is directionally



differentiable with

where X*(0) x A¥(0) is the saddle set of L(F,\,0).

To complete the proof, we compute the saddle set X*(0)xAZ(0). Let A; = [lip;(,y(lyj)_) , 1TT('Z/(L;J)F)] ,

and
X, = {FeAY):Ep[T(y)] =T(y:),Erly]l =y}, ifyi>7,
{F e A(0,9) : Eply] = wi}, ity <3
Take any (F*,\*) € X; xA;, and let 7 € [T"(y;—), T’ (y;+)] be such that \* = 7/(1—7). Suppose
first that y; > ¢. Then, for all A € R,

L(F*\,0) = —Ep-[T(y)] = L(F*, \*,0).

Also, for each F' € A(Y') with mean yp € Y, we have

L(F.X",0) = ~Ep[T(y)] + 7 Erly — T(y)] - Vu(TIMD)) <

~T(yr) + T r = T(yr) = Va (TIMD) < =T (i) + 77— (s = Tlw) = Vao(T1M)) =
~T(y:) = L(F", X" 0),

where the first inequality follows from convexity of T, and the second inequality follows from the
definition of 7 which implies that =T (yr) + 7= (yr — T'(yr) — Vi (T|M?)) is maximized at yp = y;.
Thus, any (F*,\*) € X; x A; is a saddle point of the Lagrangian.

To show uniqueness, let F' € A(Y') be any solution to (OA 11) (with e = 0), and let yp € Y
be its mean. The fact that y; > § implies that y; — T(y;) = Vi (T|M?): If not, by continuity of
T(y) and the fact that y — T( ) is strictly decreasing on (g,y;), there exists y € (J,y;) such that
yi—T(y;) > y—T(y) > Vip(M?), contradicting the definition of y;. We now argue that F must satisfy
the constraint in (OA.11) Wlth equality. Otherwise, yr — T'(yr) > Erly — T'(y)] > Vi(T|M?) =
yi —T'(yi), and montonicity of y —T'(y) implies that yr > y;. Moreover, the fact that y; > ¢ implies
that T'(yr) > T(0). Thus, we have that —Er[T'(y)] < —T(yr) < —(1—&)T(yr)—eT(0) for e € (0, 1).
Also, for e sufficiently small, (1—¢)(yr —T(yr)) —T(0) > (1-¢)Ep[y—T(y)] —£T(0) > Vyu(T|M}).
These last two statements are in contradiction with F' being a solution for (OA.11).

Asaresult, Eply—T(y)] = yvi—T (y;) for all F € X7(0). Moreover, convexity of T" implies that the
optimal value of the Lagrangian is attained by a deterministic F', and therefore Ep[T(y)] = T(yr)
at the optimum. Combining these two facts, we have that any optimal F' satisfies yp — T (yp) =
yi — T(y;). Further, the fact that y; — T(y;) = Vi (T|M?) < 5 — T(y), together with concavity and
monotonicity of y — T'(y), implies that y — T'(y) is strictly increasing a neighborhood of y;. Thus,
yr — T'(yr) = yi — T(y;) if and only if yp = y;. This concludes the proof that X*(0) = Xj;.

Finally, by the previous paragraph, any A € A*(0) has to be such that y; € argmax {—T'(y) +

yey

Ny — T(y) — Vi(T|MP)]}. By convexity of T, this is achieved if and only if A € A;, and thus



A¥(0) = A; as desired.
It remains to consider the case in which y; < §. By definition of g, T(y) is constant on [0, 3],
and by monotonicity and convexity of 7' it holds that mi}r/l T(y) = T(y). Any F € X, satisfies
ye

Ep[T(y)] = T(9), and

Erly —T(y)] = Erly] = T(9) > yi = T(9) = yi — T(ys) > Vu(T|M}),

and is therefore optimal for (OA.11). Hence, X; C X7(0).

On the other hand, the definition of § implies that T'(y) > T'(y) for all y > ¢, and thus any F
that is optimal for (OA.11) has to be supported on a subset of [0,9]. Moreover, any F' € A([0,7])
that satisfies Ep[y] < y; is not feasible—i.e., it violates Ep[y — T(y)] > Vi (T|M?). These two
observations imply that X; O X(0). Additionally, y; < § implies that §—T(§) > Vi, (T|M?), which
implies that the constraint in (OA.11) is slack, and thus by complementary slackness, Af(0) = {0} =
{T"(y;)} = A;. Then, for the limiting case with y; = g, the result follows from upper hemicontinuity
of the saddle set (with respect to Vi, (T|MY)). O

It remains to consider the case where V,,(T|M?) = mza;c{y —T(y)} =9 —T(y). In this case,
ye

condition (i) in Lemma 6 must hold and thus, for ¢ sufficiently small, y — T'(y) — eD(y) is strictly
increasing. Therefore, for all € in a neighborhood of 0, the unique income choice maximizing type
i’s payoff (for any plausible M;) is (65,0). As a result, we obtain the following Claim.

Claim OA.5. For alli such that V,,(T|M?) = ma;({y —T(y)}, Ri(e) is differentiable at ¢ = 0 with
ye

OR; (E)
Oe

= D(®).

e=0

Finally, observe that the definition of y; implies that y; = ¥ and that X*(0), as defined in
Lemma 6, is equal to {65}. Applying Claim OA.5 and the above arguments, we then have that
8%5(5) is consistent with equations (B.3) and (B.4).

e=0
Step 4: Directional derivatives of ¢ — Vp(T). The above arguments and the chain rule can be
applied to compute the directional derivative for Vp (7<), which is given by

-,

e=0
OA.3 Analysis of binary-types model

aRi (6)
Oex*

oVp(T*)
Oex*

OV (T2 MY
(v (riagg), i eI

+
e=0

] di, xe{+,—-}.
= (OA.13)

In the section, we formally solve for the binary-type model of Section 4.1. Let (t*,7*) be the
parameters of the worst-case optimal tax within the affine class as defined in Proposition 3. Let

yf)(T) be the income choice of type 6/ under the baseline technology and the affine tax with rate 7.
Proposition OA.1 describes a worst-case optimal tax schedule.

Proposition OA.1 (Binary types). If

a 2 T+ 2
(@ — a)u(r") ~ () + ST >, (A1)

then an affine tax rule defined by (t*,7*) in Proposition 3 is worst-case optimal.
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Otherwise, a two-piece affine tax rule is worst-case optimal. The marginal tax rates are T+ for

y <yp and 72 > 7' for y > yi. (71, 72) is given by

0, if E[w]=aq,
! = plad(ys.0') . ; =1- a®(y3, 0) .
max 4 0,1 — (a—E[w%)yé . if Elw] < a (a0 —w?) (Y2 —yd)
Proof. We seek to solve the program in Lemma 5 for the case with n = 2. First, we find the optimal

placement of the kink §! € Y, for a given (7!,72). The derivative of the objective with respect to
N
g is

S R | ST T AN OJH(Z/J<?31)>
A= (-7 );H(yo > g (wf —a+ S,
We will show that ' = y& is optimal. If 71 = 72, then the objective is constant in 7!, and therefore
any choice of ¢! is consistent with optimality. Next, consider the case in which 71 < 72. Without
loss, we restrict attention to simple tax schedules, which implies that §' € (y!,y?). Note that the
objective is non-increasing in ¢! on [yé, y?], and therefore setting 4! < yé is optimal. Moreover, if
Al(g') < 0 and §' < 9, there is a strict welfare gain from slightly reducing §*. This follows from
the fact that Al(y) is left-continuous on (0, y}) and thus Al(y) < 0 in a left-neighborhood of .
Similarly, if A'(§') > 0 welfare strictly improves if we slightly increase §'. It remains to consider
the possibility that Al(§') = 0 and §' < y}. By inspection, Al(y) = 0 on (y',9'] and Al(y) < 0 in
a right-neighborhood of y = y!'. Thus, there is a strict welfare improvement from substituting 7'
for y* — e where £ > 0 is arbitrarily small. This establishes that there exists an optimal T'(y;¥,t, T)
where 3! = yé.
We now derive the condition under which the optimal schedule is affine. Let v € Ry be the
Lagrange multiplier associated with the constraint 72 — 7! > 0. The first-order conditions are

1 10@(1/(1)7 0')

—Elw’ — < _0if -l '

Elw’ — alyp - )2 v <0, 0if 7* >0, (OA.2)
ad(y2, 62

1 (w® = a)(y5 —vo) — p2(1(_y072)2) +y=0, (OA.3)

If w? = «, then under our assumptions it must be that w! = w? = a. (OA.2) and (OA.3) then

imply that 71 = 72 = 0. Next suppose that w? < a. We consider the cases with 7! < 72 and with

71 = 72 separately.

Case 1: 7' = 72 = 7. In this case, we have

0, ifEw/]=aq,
7= | max {o, 1- \/ ol Bl 0 e 2y 1) } if Elw] < a, (0A4)

pl(a—wh)y+p?(a—w?)yg

where we have used the fact that monotonicity of w/ and yg with respect to j implies that p'(a —
whyd + p?(a — w?)yd > (o — Elw!]) (pryd + p*y3) > 0 if a > E[w’], and therefore 7 is well-defined.
Given this, if (and only if)

«a 2 T 2
(w2~ aur) ~ ) + 2T > (0A5)

then the solution to (OA.2)-(OA.3) satisfies v > 0, and thus 7! = 72 = 7. If (OA.5) does not hold,
then the optimum must feature 7' < 72, which is the case that we analyze next.
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Case 2: 71 < 72. In this case, v = 0 and (OA.2) and (OA.3) give:
0, if Ew/]=a,

1
TN = Lad(yl 01 . ; OA.6
max{O,l— M}’ if E[w’] < a, ( )
2 2
Y L (OA.7)
(o —w?)(yg — vo)
as stated in the proposition. ]

To conclude, we show that our numerical comparative statics results from Section 4.1 hold
analytically under the following additional assumption which ensures that the optimal schedule
from Proposition 5 is unique. First, we introduce the following assumption, which replicates those
made in Mirrlees (1971) and simplifies the analysis by ensuring that the optimal taxes can be
derived using first-order conditions.

Assumption 7 (Mirrleesian ®). For every j € {1,2}, Q?(-,Hj ) is differentiable, increasing and
strictly convex. Moreover, for all j € {1,2}, limy_,5 ®,(y,6?) > 1 and lim,_o ®(y,67) = 0.

Under this assumption, the necessary conditions for optimality of (v, v2, 7, 72,) are given by

. Oyt o
B —aly) - p STy <o

(1—71)2 -
QQ(I)(y(Q)a 02)

=0if 7' >0, (OA.8)

_pZ(w2_a)(y§—yé) —p -2 +~v=0, (OA.9)

Pt (wl —a+ 1 _aT1>(1 — 7t =B, (y5,0) + PP (W — )P =) =0 (OA.10)
1—71% =3, (y3,0%) =0, (OA.11)

(2 —7h =o0. (OA.12)

The marginal tax rates in a worst-case optimal simple tax are unique if the above system has a
unique solution, which is what we assume next.

Assumption 8. There exists a unique (y3,y3,7%,7%,7) € Y2 x [0,1]2 x Ry with 7! < 72 that is a
solution to (OA.8)-(0OA.12).

Our comparative statics results refer to the uniquely worst-case optimal (71, 72) that arises from

(OA.8)-(0OA.12).

Corollary OA.1 (Comparative statics for «). Under Assumptions 7 and 8, at the worst-case
optimum, 7' and T2 are non-decreasing in « (regardless of whether or not they are equal).

Proof. Let yj(r!,7% ) and y2(72) be the unique solutions to (OA.10) and (OA.11). We consider
two cases separately.

Case 1: (4.4) does not hold. In this region of parameter values, we have that 7! < 72 and v = 0.
1

If 71 = 0, then 7! is (locally) constant in a. Suppose now that 7! > 0. Applying the Implicit

Function Theorem to (OA.8), we have

or! yo — ' ®(yy,0')/(1 —71)% + %[a — E[w/] — ptad®,(y;,0")/(1 — ')
da 1 1 91 113 1 9% j 1 1 g1 12y (OA.13)
—{=2p'a®y(yp,01)/(1 — 71)° + 34 [ — E[w] — pla®y(yg,01)/(1 — 71)?]}
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We begin by showing that the numerator is positive when evaluated at a solution to (OA.8)-
(OA.12). To do so, we first observe that

% N pll 1 (1 - T - ®y<yé791)) _p2(T2 - Tl) .
o =

“ p! <w1 S T1)(I)yy(yé,01)
—p? (Wt w1 =) = 1Y)

[a7’1+w1(1—71)]p1< —a+ 1 TI><I>yy(y(1),91)

<0

— )

where the equality follows from substituting (OA.10) and the inequality from convexity of (-, o).
Second, suppose that a > E[w’], in which case we have

1 1 9l 1 9l
p a(I)y(ymH ) < @—E[wj] (y()vg )
(1_7—1)2 (yOagl)
where the first inequality follows from (OA.8), and the second one follows from strict convexity of
®(-,01), and the fact that ®(0,0') = 0 and that o > E[w’] by assumption. These two facts imply
1 . .
that %[a — E[w’] — pta®,(y$,0")/(1 — 71)?] > 0 when a > E[w’]. By an analogous argument,

this result holds as well when o = E[w/]. It remains to consider the first term in the numerator of
(OA.13). If 71 > 0,

o —Elw] - (o — E[w])yd < 0, (OA.14)

A P20 Bl
0 (1—r1)2 a 7

where we have substituted (OA.8). This establishes that the numerator in (OA.13) is non-negative.
Next, consider the denominator:

—{=2p'a®y(yy,0")/(1 - 7')° + a7'%[04 ~ Ew] - p'a®y(yp, 0')/(1 — 7))} >

or!
0 : ~ Elwil — plad, (yi. 01 /(1 — +1)212
—ﬂ[a—E[a}]]—plaq)y(yé,ﬁl)/(l—rl)Q] — [Oé [w ] pa y(yOa )/( T ) ] 207
ort 1 1 a 1 g1
plw —a+ % Dy (yg,01)
where the equality follows from differentiating (OA.10) to compute . Therefore, Ll > 0.
We now consider 72. By the Implicit Function Theorem,
O 1
o W —yh— 0(3,6%)/(1 - )% + (w2 — a)
0 Oy )
Do (20D, (43,02)/(1 ~ 723 + (w2 — ) + 2o — w? — oy (13, 67)/(1 - 77}

(OA.15)

Considering the numerator first, we have

ay w2 y2 _ yl
b~ B0 00/ + (2 ) 24—y - @8 0%)/(1 - 722 = LW 5

where the first inequality follows from the fact that 2 o ) and a > w?, and the equality follows from
substituting (OA.9). Hence, the numerator is positive.
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Similarly, for the denominator of (OA.15), we can write

—{—2a®,(12,6%)/(1 — 72)° + gi’é(w? —a)+ 'zg[a —w® —a®y(y5,0%) /(1 — %)%} >

00— o)~ Pt — (48,01 — 7)) =

or2 or2
P (w? — a)? Ca—w—a®y(yg,0%) /(1 -7
o 2’ 62 -
p (1=t ) 00.00 w05, )
102(cu2 —a)? —w? —ar?/(1-12)
— > 0,
1 1 Dy (y5. 0%)
D —a+ % | @y (yp, 01)
where the first equality follows from substituting the expression for 8—?@ and 8—1@, and the second
or or

equality follows from substituting in (OA.11). We have thus established that %% >0forallj =1,2.

Case 2: (4.4) holds with strict inequality. Here, 7! = 72 =

2
= Zp] (wj +
j=1

where yé(T) is defined implicitly by 1 — 7 = <I>y(y6(7'), 7). The optimal 7* is given by (OA.4). B
continuity, it suffices to show that 7* is increasing in the region in which 7* > 0. The cross partial
derivative of V(1) with respect to (7, ) at 7* is

! J * j 2 'w' J *
8V Zp]<y0 CI)(QOE ?:Z”) :Zp] Typ (") >0
(1—71%) = o'

where the second equality follows from plugging in (OA.4). Therefore, applying the univariate

Implicit Function Theorem, we obtain that 7* is non-decreasing in « in the region where 7! = 72 =

7" > 0.
By Berge’s Maximum Theorem, the (unique) maximizer is continuous in «, and therefore mono-
tonicity of (71, 72) continues to hold at the point in which (4.4) holds with equality. O

7* and the planner’s objective is

a_i) (1= 7)y5(r) = @(y5(7),6%)),

Corollary OA.2 (Comparative statics for w?). Under Assumptions 7 and 8, at the worst-case
optimum, 7' and 72 are non-increasing in w> (regardless of whether or not they are equal). Moreover,
there exists a cutoff w € (0,a) such that if Ejw’] € (w, ], then 72 — 71 is non-increasing in w?.

Proof. Case 1: (4.4) does not hold. If 7! = 0, then it is (locally) constant in w?. Suppose now
that 7! > 0. Similar to the proof of Corollary OA.1, we have

or Py} + o — Elw] - plad,(u,6")/(1 — )7 (0416
O —{—2pad, (g, 0)/(1 — 71 + Ghlo — Elwd] — plady(u).0)/(1 7))}

We already established in the proof of Corollary OA.1 that the denominator of (OA.16) is positive.

14



For the numerator, we have

1
—p*wly) + %[a — Elw’] — plady,(y,0")/(1 — 7)?] =
2 21 PQ(TQ*TI) j 1 1 pl 1,2
—pwyp + [a — Elw!] —p a®y(y,07)/(1 — 1) <0,
pl <w1 —a+ 1_°‘T1><Dyy(yé,01)

1
where the equality follows from computing % using the Implicit Function Theorem, and the
inequality follows from (OA.14). Hence, g—;; < 0.

Additionally,
1
or? — —%(afuﬂ) “0
0% {209, (4, 67)/(1 = 7 + (w2 — @) + o — o — 0, (45,67)/(1 - 72)?])
(0A.17)

Case 2: (4.4) holds with strict inequality. In this case, using the notation from the proof of Corol-

lary OA.1, we have
ov'(r*)
Ow?

and therefore 7* is decreasing in w? in this region as well. Monotonicity at the point in which (4.4)
holds with equality follows again from continuity of the maximizer. This establishes the first part
of the Corollary involving the monotonicity of 7! and 72.

Finally, to show the second part of the result, consider the region of parameters such that E[w/]
is arbitrarily close to «.*® In that region, we have that 7! = 0 and 72 is weakly decreasing in
w? (strictly so unless 72 = 7! = 0). Therefore, it holds that 72 — 7! decreases with w? in that
region. [

= —p’y3(7*) <0,

45To ensure existence of the optimal tax, we continue to restrict attention to the case in which E[wj ] <a.
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