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Abstract

We study decision problems when models of the relevant contingencies are avail-
able. For this class of problem we study state-space and distributional analysis and their
decision-theoretic and formal relationships.

1 Introduction

A theoretical model of a natural or social phenomenon is an abstraction that aims to retain
only the relevant features of the phenomenon in order to isolate the main forces at play and
their interrelations. As a result, its empirical performance has only a probabilistic nature:
by design, a model is wrong. To complicate matters, there might well exist di¤erent models
o¤ering competing accounts of a phenomenon. This may happen at a theoretical level be-
cause of di¤erent modelling views (for instance, on the e¤ectiveness of economic policies in
past Keynesian-monetarist debates). Yet, even with a theoretical consensus there might be
di¤erent views on their empirical implementation, leading to di¤erent probabilistic models of
a phenomenon that may share a common theoretical core (for instance, consisting of some
well-established scienti�c laws).
In sum, models are wrong and diverse. In this paper, we consider decision problems in which

rational decision makers (DMs) can take advantage of the existence of probabilistic models of
the phenomena that a¤ect the consequences of their chosen actions. Policy making is an obvious
instance of a decision problem of this kind. But, when models are interpreted more broadly as
�views�we can include in the analysis a non-trivial portion of human rational decision making.
With models, two possible modes of analysis become possible, a state-space approach in the

Savage tradition and a distributive one that we connect with the Anscombe-Aumann setting.
The main aim of the paper is to develop, discuss and connect these two modes of analysis
for decision problems in which models are explicitly considered, a departure from a purely
subjective state-space analysis.

Setting Our DM has to choose among actions a 2 A that deliver di¤erent material conse-
quences z 2 Z, the prizes, according to which state of the world s 2 S obtains. Each state is
thus a payo¤-relevant contingency, as detailed by a prize function

z = � (a; s)
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A structured model q 2 �(S) on states is a probability measure on S that assigns a probability
q (E) to events E in S.1 It is �structured�in that seriously proposed by the DM, for instance
based on natural or social science advances. When competing models exist, the DM posits a
model-class fq�g.2
The DM has a preference % over actions. Our basic decision-making setting thus consists

of a septet
(A; S; Z; �;�;%; q) (1)

where q is the kernel from � to S that, being de�ned by q (�) = q�, summarizes the posited
model-class. The primitive status of the model-class is in the spirit of Wald (1950), which at
the outset on p. 1 writes (emphasis ours):

A characteristic feature of any statistical decision problem is the assumption that
the unknown distribution ... is merely known to be an element of a given class ...
of distributions functions ... to be regarded as a datum of the decision problem.

As usual, an urn model may exemplify. Take a DM, a bettor, who has to bet on the colors of
balls drawn from two Ellsberg-type urns I and II. The DM knows that each urn contains 100
balls that can be either red or white and knows that urn I contains an equal number of red
and white balls. The DM does not know, instead, the composition of urn II. A bingo blower
extracts one ball from each urn. The state space is

S = frr; rw; wr; wwg

because the drawn colors are the payo¤-relevant contingencies. Each structured model on S
has the form

q� =

�
�

200
;
100� �

200
;
�

200
;
100� �

200

�
where � 2 � = f0; 1; :::; 100g is the possible number of red balls in urn II. Each structured
model of the two urns is thus parametrized by an hypothesis about the urn II composition.
Because of the multiplicity of structured models, the DM confronts model uncertainty. For

this reason, we call septet (1) a decision framework under model uncertainty. When, as in the
urn example, the correct model belongs to the posited model class we say that model uncertainty
reduces tomodel ambiguity (as in Wald�s quote). In turn, model ambiguity reduces to risk when
there is a unique posited model; in this case, the DM knows the probability of events. We thus
have a classi�cation crescendo that re�ects the quality of the DM information. For instance,
when the DM learns that in urn II there are 40 red balls, the model-class reduces to the single
structured model

q40 =

�
40

200
;
60

200
;
40

200
;
60

200

�
Model ambiguity dissolves into risk, which is the uncertainty inherent to a ball extraction.

1�(S) is the collection of all probability measures on (the power set) of S. To ease the discussion, in this
introduction we assume that all spaces are �nite.

2See Hansen and Sargent (2022) and Cerreia-Vioglio et al. (2022).
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With its presumption that probabilities are known, risk is a demanding modelling assump-
tion that has been widely adopted in economics. Model ambiguity is a �rst relaxation that,
however, is still demanding: when DMs are able to posit structured models, so confront model
uncertainty, they often do not know whether any of them is correct �even as a working hy-
pothesis to be taken cum grano salis �and are concerned by this lack of knowledge. In this
case, when the urn model loses its interest and becomes a straight-jacket, we say that they
confront model misspeci�cation and are concerned about it. Rational decision making under
model uncertainty thus naturally features a �risk, model ambiguity and model misspeci�cation�
tripartition that we further elaborate in the paper (cf. Sections 6.1 and 7.1).3

Consequentialism In our urn example, the DM chooses among the following four bets:

� bet aI (resp. bI) pays 1 dollars if a red (resp. white) ball is drawn from urn I;

� bet aII (resp. bII) pays 1 dollar if a red (resp. white) ball is drawn from urn II.

To each bet a 2 A = faI ; aII ; bI ; bIIg and each state s 2 S, there corresponds a monetary prize
z = � (a; s) 2 Z = f0; 1g described by the table

� rr rw wr ww

aI 1 1 0 0

bI 0 0 1 1

aII 1 0 1 0

bII 0 1 0 1

The section
�a : S ! Z

of the prize function is a Savage act that describes the consequences of choosing action a

contingent on the di¤erent states. Savage (1954) writes on p. 14 (emphasis ours):

If two di¤erent acts had the same consequences in every state of the world, there
would ... be no point in considering them two di¤erent acts at all. An act may
therefore be identi�ed with its possible consequences.

This passage introduces a widely adopted, often implicitly, assumption called consequentialism
that permits to identify actions a with their acts �a. With this, each action and hypothesis
pair (a; �) induces on prizes the probability measure

�] (a; �) = q� � ��1a 2 �(Z)

In particular, each prize z is received with probability

�] (a; �) (z) = q�(�
�1
a (z)) = q� (s : �a (s) = 1)

3On this tripartion see Hansen (2014) and Hansen and Marinacci (2016).
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A random prize function �] : A � � ! �(Z) thus takes the center stage. Its section �]a :
� ! �(Z) is an Anscombe-Aumann act that describes the prize distribution resulting from
the choice of action a. In the urn example, it is enough to report the probabilities of success
as follows:

�] 0 � � � � � � � 100

aI 50% � � � 50% � � � 50%

bI 50% � � � 50% � � � 50%

aII 0% � � � �% � � � 100%

bII 100% � � � (100� �)% � � � 0%

Savage�s consequentialism takes a di¤erent �avor in this distributional setting. We may rephrase
his passage and enlarge its scope as follows:

If two di¤erent actions had the same prize distribution under each hypothesis, there
would be no point in considering them two di¤erent actions at all. An action may
therefore be identi�ed with its possible prize distributions.

This assumption, which we call distributional consequentialism, permits to identify an action a
with their Anscombe-Aumann acts �]a. With this, the map

a 7�! �]a

fully describes the repercussion of action a under di¤erent models. Septet (1) admits the
distributional form �

A;�;�(Z) ; �];%; q
�

(2)

When � is a singleton, so there is a unique structured model q, each action a is identi�ed
with the prize distribution q ���1a , a lottery in the risk theory jargon. Under risk, when q is the
correct model and the DM knows that, Anscombe-Aumann acts collapse to the von Neumann-
Morgenstern lotteries, one per action. The traditional analysis of risk is thus included in the
distributional sextet (2).

The two modes of analysis Summing up, a state-space septet (1) was turned into a distri-
butional sextet (2). Here the names �Savage�and �Anscombe-Aumann�refer to two di¤erent
modes of analysis, state-space and distributional, involving the di¤erent spaces S and �. This
distributive interpretation of the Anscombe-Aumann setting, which builds on models, is thus
altogether di¤erent from its traditional interpretation introduced by Fishburn (1970).
In the paper we �rst introduce in detail these two modes of analysis and then study in both of

them a few decision criteria. As it will be seen, the two modes o¤er complementary perspectives
on these criteria, useful for di¤erent purposes. In particular, a state-space analysis highlights the
role of models and permits a deeper theoretical understanding that, in turn, underpins the more
parsimonious, so more analytically tractable, distributional analysis. Random consequentialism
is the conceptual bridge between the two modes of analysis, while change-of-variable formulas
bridge them mathematically.
The conceptual bridge presupposes some con�dence on the posited models, which are indeed

supposed to be seriously proposed by the DM. For this reason, when two actions deliver the
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same prize distribution under each posited model, the DM becomes indi¤erent between them.
This would not be possible had the DM little or no regard for the posited models.
The mathematical bridge opens some non-trivial technical problems. To illustrate its role,

consider the traditional expected utility criterion. In a state-space analysis, it ranks Savage
acts �a according to the two-stage criterionZ

�

�Z
S

u (�a (s)) dq� (s)

�
d� (�) (3)

Its distributional version ranks Anscombe-Aumann acts �]a as follows:Z
�

�Z
Z

u (z) d�]a (�) (z)

�
d� (�) (4)

where � is a prior probability over models. An elementary, linear, change-of-variable formula
ensures the equality of criteria (3) and (4). Observe that the models q� appear only in the
state-space version, while the distributional version directly considers the prize distributions
�]a (�) that models induce when an action is chosen.
Matters become more complicated for more general criteria able, for instance, to handle

model misspeci�cation. This is the case, as discussed in the paper, for the two-stage entropic
criterion4 Z

�

�
inf

p2�(S)

�Z
S

u (�a (s)) dp (s) + �R (pjjq�)
��
d� (�) (5)

Its distributional version isZ
�

inf
r2�(Z)

�Z
Z

u (z) dr (z) + �R(rjj�]a (�))
�
d� (�) (6)

In Section 3.2 we establish a novel, nonlinear, change-of-variable formula that, by extending
the standard linear one, is able to establish the equivalence of criteria (5) and (6).
When either bridge is missing, the two modes of analysis may part ways, thus depriving the

more tractable distributional mode of a state-space underpinning. At a formal level, the non-
linear change-of-variable formulas that we establish permit to extend beyond expected utility
the state-space foundation of the distributive analysis. At a conceptual level, the appeal of ran-
dom consequentialism is key for the relevance of such a foundation, even when mathematically
possible.

2 Mathematical preliminaries

2.1 Discrepancies

We introduce some basic notions in a convex subset C of a Hausdor¤ locally convex topological
vector space, with typical elements c and d.

De�nition 1. A function � : C � C ! [0;1] is a discrepancy if:
4See Cerreia-Vioglio et al. (2022) and Lanzani (2022).
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(i) � (�; d) is lower semicontinuous for each d 2 C;

(ii) for all c; d 2 C, � (c; d) = 0 if and only if c = d.

A symmetric and triangular discrepancy is a metric.

De�nition 2. A map � : C � C ! [0;1] is a divergence if it is a convex discrepancy.5

Given a lower semicontinuous objective function ' : C ! R, the parametric optimization
problem

min
c
' (c) + � (c; d) sub c 2 C

has value function '� : C ! [�1;1) and solution correspondence �� : C � C given by

'� (d) = inf
c2C

' (c) + � (c; d) and �� (d) = argmin
c2C

' (c) + � (c; d)

Clearly, infC ' � '� � ' and �� (d) is closed. We say that '� is exact at d 2 C when the
minimum exists and the non-empty solution set �� (d) is compact.

Lemma 1. Let ' be bounded below and d 2 C. If � (�; d) is coercive,6 then '� is exact at d.

The value function '� is called �-regularization of '. If � is a metric and ' is bounded below,
then '� is the largest 1-Lipschitz map dominated by '. In this case, '� is the Moreau-Yosida
�-regularization of '.

Lemma 2. Let � be a divergence. If ' is convex, then '� is convex and �� is convex-valued.

We close by considering the invariance of discrepancies under increasing transformations.

Lemma 3. Let  : [0;1] ! [0;1] be increasing and continuous, with  (x) >  (0) = 0 for
all x > 0 and  (1) =1. If � is a discrepancy, then  � � is a discrepancy. Moreover,

(i) if � (�; d) is coercive at d 2 C, then ( � �) (�; d) is coercive at d;

(ii) if � is a divergence and  is convex, then  � � is a divergence.

2.2 Probabilities

Throughout we only consider spaces that are measurable, i.e., endowed with a sigma algebra.
A map is always understood to be a measurable function between two spaces.
With this, let (X;X ) be a generic (measurable) space. We denote by ca (X) the space of

all countably additive measures � : X ! R and by B (X) the space of all bounded real-valued
maps on X. There is a natural duality pairing h�; �i : ca (X) � B (X) ! R given, for every
� 2 ca (X) and ' 2 B (X), by

h�; 'i =
Z
X

'd�

5Throughout, convexity is always understood relative to the e¤ective domain.
6A function is coercive when all its sublevel sets are relatively compact.
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We endow ca (X) with the topology � (ca (X) ; B (X)), which makes ca (X) a Hausdor¤ locally
convex topological vector space. In particular, it is the coarsest topology on ca (X) that makes
continuous the evaluation functions � 7�!

R
X
'd� for all ' 2 B (X).

We denote by �(X) the subset of ca (X) of all probability (measures) p : X ! [0; 1]. It is a
convex and closed subset of ca (X). We endow�(X) with the topology inherited by ca (X) and
with the smallest sigma algebra that makes the continuous evaluation functions � 7�!

R
X
'd�

measurable for all ' 2 B (X).
Given two probabilities p and q, we write p� q when, for each set A 2 X , q (A) = 0 implies

p (A) = 0. In words, p is absolutely continuous with respect to q. Two probabilities p and q
are, in contrast, orthogonal when there exists A 2 X with q (A) = 0 and p (A) = 1.
Given two spaces X and Y , a kernel is a map k : X ! �(Y ), with k (x) = kx, that

associates a probability measure kx on Y to each point x in X. A kernel k is:

(i) non-atomic when the probability kx is non-atomic for all x 2 X, i.e., each set A 2 X
with kx (A) > 0 has a subset B 2 X with 0 < kx (B) < kx (A);

(ii) orthogonal when there exists a weakly measurable correspondence B : X � Y , with
B (x) = Bx, such that:

(a) kx (Bx) = 1 for all x 2 X;
(b) Bx \Bx0 = ; for all distinct x and x0 in X.

When X is �nite, it is the usual notion of pairwise orthogonality of probability measures.
Given a map f : X ! Y , the push-forward probability p � f�1 2 �(Y ) of p 2 �(X)

is de�ned by (p � f�1) (B) = p (f�1 (B)) for all B 2 Y. It is the probability distribution
on space Y induced by probability p via map f . As p ranges in �(X), we de�ne a map
f# : � (X) ! �(Y ) by f# (p) = p � f�1. In turn, this map determines the push-forward
function # given by

f 7! f#

This function plays a key role in our analysis.

2.3 Csiszar-Renyi discrepancies

We denote by D a discrepancy on �(X), with value D (pjjq).

De�nition 3. Given a continuous convex function � : [0;1) ! [0;1), strictly convex at 1,7
and a continuous increasing function  : [0;1] ! [0;1], the Csiszar-Renyi discrepancy is
de�ned by

D (pjjq) =

8><>:  

�R
X
�

�
dp

dq

�
dq

�
if p� q

+1 otherwise

provided  (x) >  (0) = � (1) = 0 for all x > 0 and  (1) =1.
7A function is strictly convex at a point when it is strictly convex on a neighborhood of that point.
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This class includes many examples of interest.

(i) When  (x) = x we have the Csiszar �-divergence D�. The relative entropy R is the
special case � (x) = x log x� x+ 1.

(ii) When, for some 0 < � 6= 1,

�� (x) =
x� � �x+ �� 1

� (�� 1) and  � (x) =
log (1 + � (�� 1)x)

�� 1

we have, as detailed in appendix, the Renyi discrepancy

D� (pjjq) =
(

1
��1 log

R
X
dp
dq

�
dq if p� q

+1 otherwise

of order �.8

The next basic result justi�es our terminology.

Lemma 4. The Csiszar-Renyi discrepancy is a bona �de discrepancy. It is a divergence when
 is convex.

For instance, the Renyi discrepancy is a divergence when � < 1. It is often assumed that
� has superlinear growth, that is, � (x) =x ! +1. It is a condition satis�ed by many Csiszar-
Renyi discrepancies of interest, including the relative entropy and the Renyi discrepancy when
� > 1. Next we state an important dividend of superlinear growth.

Lemma 5. If � has superlinear growth, the Csiszar-Renyi discrepancy D (�jjq) is coercive at
each q 2 �(X).

3 Preamble: Robust expectations

3.1 A robust twist

In a space X, we de�ne the expectation functional

E [v; q] =

Z
X

vdq (7)

that to each map v 2 B (X) associates its expectation E (v; q) under probability q 2 �(X). A
discrepancy D permits to twist this standard functional as follows

ED [v; q] = inf
p2�(X)

E [v; p] +D (pjjq) (8)

This variational functional associates to each map v its robust expectation ED [v; q] under prob-
ability q. Indeed, we interpret ED [v; q] as a robusti�cation of E [v; q]. At a substantive level,

8See, e.g., p. 37 of Liese and Vajda (1987), where it is also shown that lim�!1D� = R.
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this interpretation will become more and more clear as our decision-theoretic analysis will un-
fold. At a formal level, it is enough to observe that, for a �xed v, the functional ED [v; �] is the
D-regularization of E [v; �] on �(X), with

ED [v; �] � E [v; �] and ED [c; �] = E [c; �] (9)

This regularization aggregates, via their lower envelope, the expectations E [v; p] of v under
any possible probability p in �(X), each penalized according to its distance D (pjjq) from the
reference probability q. As (9) indicates, this penalization results in a lower value for all maps
v, except for the constant ones c. So, the robusti�cation operates only for genuinely uncertain
maps.
The robust expectation functional ED reduces to the standard one E when the expectations

computed under all probabilities p di¤erent from q are in�nitely penalized, i.e., when D (pjjq) =
+1 for all p 6= q. By Lemma 1, the inf in (8) is attained when the discrepancy D (�jjq) is
coercive at q, as it is the case for the Csiszar-Renyi discrepancies (Lemma 5). In particular, for
the relative entropy we have

ER [v; q] = min
p2�(X)

E [v; p] +R (pjjq)

3.2 A change-of-variable formula

When dealing with two spacesX and Y , the integral functional E satis�es the change-of-variable
formula: for every map f : X ! Y ,

E[u � f; q] = E[u; q � f�1]

for all maps u 2 B (Y ) and all probabilities q 2 �(X). This fundamental property ensures
the portability of functional E across spaces. This observation motivates the next de�nition,
which identi�es the class of variational functionals ED for which the change-of-variable formula
continues to hold.9

De�nition 4. The functional ED is portable when, for every map f : X ! Y ,

ED [u � f; q] = ED
�
u; q � f�1

�
(10)

for all u 2 B (Y ) and all q 2 �(X).

It is immediate to see that a portable ED is law invariant : for all maps f; g : X ! Y ,

q � f�1 = q � g�1 =) ED [u � f; q] = ED [u � g; q]

Under portability, maps that are equally distributed under q induce the same robust expecta-
tion.

9Implicit in this de�nition is the possibility to de�ne D, so ID, in any space (as, for example, it is the case
for the Csiszar-Renyi discrepancy).
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Example 1 (Wasserstein). Let X be a Polish space, endowed with its Borel sigma algebra.
The Wasserstein distance W is a divergence de�ning a functional EW that, in general, is not
portable (see Appendix A.2.1). N

This example shows that portability is a non-trivial property for a functional ED. Remark-
ably, it is intimately related to a classical inequality for discrepancies. Speci�cally, a discrepancy
D satis�es the data processing inequality when, for every map f : X ! Y , it holds

D(p � f�1jjq � f�1) � D (pjjq) 8p; q 2 �(X)

It is easy to see that this inequality is equivalent to

D(�jjq � f�1) � inf
p2�(X):p�f�1=�

D (pjjq) 8� 2 �(Y ) ;8q 2 �(X) (11)

This variational angle leads to the following de�nition.

De�nition 5. A discrepancy D is saturating when, for every map f : X ! Y ,

D(�jjq � f�1) = inf
p2�(X):p�f�1=�

D (pjjq) (12)

for all � 2 �(Y ) and all q 2 �(X).

In view of (11), a discrepancy is saturating when it saturates (i.e., it makes tight) the
data processing inequality. This observation motivates the terminology and may provide some
intuition for the next result that, in turn, motivates this section and will play a key role in our
analysis.

Theorem 6. Let D be a discrepancy. If D is saturating, the functional ED is portable. The
converse holds when D (�jjq) is convex and coercive at each q 2 �(X).

To appreciate this result, observe that saturating discrepancies are not invariant under push-
forwarding, so standard change-of-variable arguments cannot be used. We have an immediate
sharp corollary for divergences.

Corollary 7. LetD be a divergence. The functional ED is portable if and only if D is saturating.

Saturation is thus the property characterizing divergences underlying portable variational
functionals. Fortunately, it is a property satis�ed by an important class of discrepancies.

Theorem 8. Csizar-Renyi discrepancies are saturating, with the inf attained at the probability
p� 2 �(X) satisfying

dp�
dq

=
d�

dq � f�1 � f (13)

After a positive �nding, we close with an important class of discrepancies that are not
saturating.

Example 2 (Wasserstein continued). The Wasserstein distance W in general is not saturating
(see Appendix A.2.1). As in the last example we saw that EW is not portable, this well accords
with Corollary 7. N
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4 Uncertainties

4.1 State uncertainty

The basic ingredients of choice under uncertainty are a space Z of certain material consequences,
called prizes, a set A of conceivable actions, and a space S of contingencies, called states of the
environment, that are outside the control of the decision maker (DM).
A prize map � : A� S ! Z describes the prize

z = � (a; s)

of action a when state s obtains. Once the true state obtains, the prizes that actions deliver are
known (but not necessarily the realized state). The distinctive feature of states is, therefore, to
be directly payo¤-relevant. The DM confronts state uncertainty when, at the time of decision,
she does not know the state.
The DM has a complete and transitive binary relation % on A, called preference, that ranks

actions. A decision framework is thus summarized by the quintet

(A; S; Z; �;%) (14)

A Savage act is a map
f : S ! Z

that associates a prize to each state. We denote by F the collection of all Savage acts. These
contingent prizes are the outcomes peculiar to choice under uncertainty. To see why observe
that each action a determines the Savage act �a : S ! Z given by the section

�a (s) = � (a; s)

This map details the prize that action a delivers in each state. The repercussion function

a 7�! �a (15)

thus describes the outcome of each action, i.e., the contingent prize that it determines. As in
Savage (1954), to ease the analysis we make the following richness assumption.

Assumption 1. F = f�a : a 2 Ag.

Thus, all Savage acts can be attained through some action, thus making F the repercussion
space that collects all possible outcomes of the di¤erent actions.

4.2 Model uncertainty

In a normative spirit, we consider a reasonable10 DM who posits a kernel q : �! �(S) with

q (�) = q�

10A �reasonable�DM benchmarks normative assumptions �e.g., Savage (1954) p. 102 refers to �prudent,
educated people.�
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Each q� is a structured model (of the environment) corresponding to an hypothesis � in �
over the occurrence of states. They are �structured� because their underlying hypotheses
are seriously proposed by our reasonable DM through substantive arguments, possibly of a
natural or social science nature. An explicit structure is typically imposed on them to facilitate
interpretation and to avoid complex black boxes. Their densities, when exist, are the likelihood
functions (under some dominating measure).
Throughout we assume that kernel q satis�es the essentiality condition

� 6= �0 =) q� 6= q�0 8�; �0 2 � (16)

that allows us to talk interchangeably of models and hypotheses.
We enrich the decision framework (14) with kernel q, yielding a septet

(A; S; Z;�; �;%; q) (17)

that we call decision framework under model uncertainty.11 This enrichment is in the spirit of
Wald (1950), as mentioned in the Introduction. In a decision framework we can thus study
decision making when uncertainty comes in the guise of models. Though models are posited by
the DM, once formulated their validity is outside the DM control and so they can be regarded
as contingencies that are not directly payo¤ relevant. Model uncertainty is thus a type of
uncertainty that, unlike state uncertainty, is not directly payo¤ relevant.
An Anscombe-Aumann act is a kernel

' : �! �(Z)

that associates a prize distribution � = ' (�) in �(Z), called lottery, to each model � in �.
When needed, we �nd more expressive to write ' (C j �) rather than ' (�) (C) to denote the
probability that lottery ' (�) assigns to a prize set C.
We denote by A the space of all Anscombe-Aumann acts, i.e., of all model-contingent

lotteries. It is a convex subset of a vector space, a most convenient analytical property. We
can write

Z � �(Z) � A (18)

by identifying lotteries � in particular, the trivial ones corresponding to prizes � with the
constant Anscombe-Aumann acts that deliver them under each model. Lotteries are thus
viewed as the model-independent elements ofA, which we call (model) unambiguous Anscombe-
Aumann acts.
A singleton � corresponds to the important special case when Anscombe-Aumann acts are

all trivially unambiguous and can therefore be identi�ed with lotteries; formally, A = �(Z).
We call reference (or baseline) model the unique element of a singleton �, which is then the
only structured model that the DM posits.
Every Savage act f induces an Anscombe-Aumann act f# given, for each prize set C, by

f# (C j �) = q�(f
�1 (C))

11See Cerreia-Vioglio et al. (2013a,b).
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Formally, f# (� j �) is the prize distribution q� � f�1 induced, via Savage act f , by the model q�
on states. As a result, we have a push-forward map # : F ! A given by

#(f) = f#

that associates to each Savage act the model-dependent lottery that it determines.12 Through-
out we assume that this map is surjective, i.e., we make the following richness assumption.

Assumption 2. A =
�
f# : f 2 F

	
.

Our two richness assumptions jointly imply

A =
�
�#a : a 2 A

	
(19)

Each Anscombe-Aumann act has thus an underlying action. We can characterize the surjec-
tivity of the push-forward map via properties of kernel q.

Theorem 9. Let all involved spaces be Borel. If kernel q is orthogonal and non-atomic, the
push-forward map # is surjective. The converse holds when the prize space Z is uncountable.

This Skorokhod-type theorem, fully spelled out in Section A.6, allows us to regard Assump-
tion 2 as an orthogonality and non-atomicity condition on the posited kernel q.

4.3 Consequentialism

Every action a determines an Anscombe-Aumann act �#a that describes its prize distribution
under each model �. In particular,

�#a (C j �)

is the probability under model � that an element of the prize set C obtains when action a is
taken. This Anscombe-Aumann act is the outcome peculiar to choice under model uncertainty.
The distributional repercussion map

a 7�! �#a (20)

thus describes the outcome of each action, i.e., the model-contingent lottery that it determines.
By (19), the repercussion function is surjective and so A can be seen as the Anscombe-Aumann
repercussion space.
So far we made no assumptions on the preference% other than completeness and transitivity.

We now make an assumption on % that lies at the heart of our analysis.

Distributional consequentialism For all actions a and b,

�#a = �#b =) a � b

In words, we require the DM to be indi¤erent between actions that deliver the same lottery
under all models, an assumption that presupposes that the DM takes seriously the posited

12We use Roman letters for Savage acts and Greek ones for Anscombe-Aumann acts. When this alphabet
distinction is enough, we just talk of �acts�to ease exposition.
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structured models (as emphasized in the Introduction). With this, to the consequentialist
preference % over actions corresponds a preference %# over their repercussions � i.e., over
Anscombe-Aumann acts �de�ned by:13

�#a %# �#b () a % b 8a; b 2 A (21)

In view of (18), the restriction of %# on �(Z) ranks prize distributions, while its further
restriction on Z ranks prizes. For example, we write z %# � when a secure prize is preferred
to a random one.
To simplify notation, in what follows we write

�#a % �#b

by omitting the superscript # over the preference %# (the context will clarify whether % is
over actions or over acts). Analogously, over lotteries we simply write � % � instead of � %# �.
Distributional consequentialism con�rms the preeminence of prizes under consequentialism.

In particular, it implies state consequentialism: for all actions a and b, �a = �b implies a � b.
Indeed, �a = �b implies �#a = �#b , an assumption implicit in Savage (1954) as his quote in the
Introduction shows.
For perspective, we close with a table summarizing the forms of the outcomes in di¤erent

choice environments.

Choice environment Repercussions Terminology Notation
Certainty (singleton S) Certain material consequences Prizes z 2 Z
Uncertainty (non-singleton S) Contingent prizes Acts f 2 F
Risk (singleton �) Prize distributions Lotteries � 2 �(Z)
Ambiguity (non-singleton �) Model-contingent lotteries AA acts ' 2 A

This table shows that decision frameworks under model uncertainty encompass four traditional
decision-theoretic environments. The �rst two of them, certainty and uncertainty, are the
traditional domains of the Pareto and of the de Finetti-Savage decision-theoretic analyses.
The introduction of structured probability models, speci�ed by kernel q, permits to extend
the analysis to risk and ambiguity, which we interpret as the domains of the von Neumann-
Morgenstern and the Anscombe-Aumann analyses.

4.4 Monotonicity and dominance

We continue our study by requiring Anscombe-Aumann acts to be preferred when they are
preferred under each model.

Monotonicity For all Anscombe-Aumann acts ' and  ,

8� 2 �; ' (�) %  (�) =) ' %  

13Appendix A.4 shows formally that (21) establishes a bijection between consequentialist preferences over
actions and preferences over Anscombe-Aumann acts.
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This basic rationality assumption reinforces the signi�cance for the DM of the posited
structured models for the DM. This relevance of models suggests to de�ne a binary relation %�
on A by

' %�  () 8� 2 �; ' (�) %  (�)

This relation captures a unanimous ranking of Anscombe-Aumann acts across models, which
might well be incomplete. Monotonicity ensures that this ranking is consistent with that of %,
i.e.,

' %�  =) ' %  (22)

for all acts ' and  . In particular, %� and % agree when there is no model uncertainty at play,
i.e.,

� %� � () � % �

for all lotteries � and �, viewed as unambiguous acts. The incompleteness of %� is thus only
due to the presence of model uncertainty.
We call %� dominance relation. As it will become clear momentarily, it is closely related

with the standard notion of admissibility in statistical decision theory. It expresses the DM
genuine ranking over Anscombe-Aumann acts, its incompleteness re�ecting the limits of the DM
information. In contrast, preference % is complete because it governs the DM choice behavior
and, at the end, a choice has to be made (the �burden of choice�). The consistency property
(22) ensures that the DM genuine ranking informs her choice behavior.
In terms of �rst principles, the di¤erent roles of %� and % should give rise to two distinct

primitive preferences, an approach pursued by Gilboa et al. (2010) and adopted by Cerreia
et al. (2022) to study model uncertainty. In our non-axiomatic study we focus on functional
forms and for this reason we short-cut the analysis.14 In this spirit, we de�ne the dominance
relation also on actions as follows: for all actions a and b,

a %� b() �#a %� �#b

In words, a dominant action delivers via the distributive repercussion map an Anscombe-
Aumann act featuring, under each model, a preferred prize distribution. With this, a natural
notion of (weak) admissibility emerges: an action a is admissible when there is no other action
b that dominates it, i.e., such that b �� a. Dominance thus paves the way to admissibility.

5 Distributional analysis

5.1 Biseparable formula

A decision framework under model uncertainty (17) thus admits a reduced distributional form

(�;A;�(Z) ;%) (23)

14Gilboa et al. (2010) introduce these two preferences as primitives by interpreting them via objective and
subjective notions of rationality. Speci�cally, %� is objectively rational in that the DM is able to convince others
about its pairwise rankings. In contrast, % is only subjectively rational in that the DM cannot be convinced by
others to alter its pairwise rankings over all pairs of actions.
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with di¤erent frameworks possibly sharing the same reduced form. We can conduct the analysis
directly within this parsimonious reduced form. To see why, assume that % has a numerical
representation U : A ! R, i.e.,

' %  () U (') � U ( ) (24)

Thanks to distributional consequentialism, we can use the distributional criterion U to rank
actions, the actual objects of choice, via the criterion V : A! R given by

V (a) = U(�#a ) (25)

Indeed, from (21) it readily follows that V represents the preference % over actions.
A speci�c decision problem features an ad hoc parametrized choice set B � A, for instance

a budget set parametrized by prices and income. Let B be the subset of A of all acts �#a
with a 2 B. The DM may �nd the most preferred actions by �rst solving the distributional
optimization problem

max
'

U(') sub' 2 B

and then retrieving optimal actions via the distributional repercussion map (20). As optimal
actions are admissible, we may restrict their search to the admissible elements of B.
Back to our theoretical analysis, we denote by

u : � (Z)! R

the restriction of U on lotteries.15 By (24), it ranks lotteries as follows

� % � () u (�) � u (�)

Thanks to u each act ' acquires a utility pro�le

u � ' : �! R

that under monotonicity becomes central in our analysis, as next we show. Here u (A) =
fu � ' : ' 2 Ag is the collection of all utility pro�les of the Anscombe-Aumann acts; formally,
it is a collection of real-valued maps de�ned on �.

Proposition 10. Let % be a preference on A represented by criterion U : A ! R. The
following conditions are equivalent:

(i) % satis�es monotonicity;

(ii) there exists a monotone and normalized aggregator I : u (A) ! R such that, for each
' 2 A,

U (') = I (u � ') (26)

In this case, I is unique.

15Formally, u (�) = U (�1�) for all � 2 �(Z).
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Under monotonicity, the distributional criterion U is summarized by the pair (u; I) via the
biseparable formula (26), with acts ' evaluated through their utility pro�les u�' combined via
the aggregator I.16

This formula also shows that the dominance relation has the representation

' %�  () u � ' � u �  (27)

based on comparison of the utility pro�les of the acts ' and  . The partial order � on acts�
utility pro�les is incomplete, re�ecting the incompleteness of %�.

Example 3 (Expected utility). In traditional expected utility analysis, the pair (u; I) is

u (�) = E [w; �] and I (�) = E [�; �]

where w : Z ! R is a von Neumann-Morgenstern utility function on prizes and � is a prior
probability over models. As a result, the distributional criterion is

U (') = E[E [w;' (�)] ; �] =

Z
�

�Z
Z

wd' (�)

�
d� (�)

Thus, here both u and I have a traditional expectation form. In the rest of the analysis we
will robustify them, �rst the aggregator I under model ambiguity and then both of them under
model misspeci�cation.
Finally, by (25) criterion V has, via a change of variables, the equivalent state-space and

distributional versions

V (a) = E[E[w; �#a (�)]; �] = E[E[w � �a; q�]; �] (28)

The distributional version emphasizes the probabilistic nature of the actions�outcomes, while
the state-space version emphasizes the role of models. The two versions thus complement each
other. N

5.2 Interpretation

To interpret the biseparable formula, let us move back to the state-space extensive mode of
analysis and de�ne v : A��! R by

v (a; �) = u(�#a (�)) (29)

This is, we maintain, the criterion that the DM would use to rank an action a if � were
the reference model, i.e., the only posited model. In preferential terms one can think of an
underlying �conditional�preference %� over actions, represented by the section v (�; �) : A! R
of v at �. In particular,

a %� b () 8� 2 �; a %� b () v (a; �) � v (a; �)

The dominance relation thus corresponds to a unanimous �conditional� ranking across all
models.
16This formula originates in the biseparable analysis of Ghirardato and Marinacci (2001), see in particular

their Lemma 22.
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Example 4 (Expected utility continued). In traditional expected utility analysis,

v (a; �) = E[w; �#a (�)] and V (a) = E [v (a; �) ; �] =
Z
�

v (a; �) d� (�)

Criterion V (a) averages the single-model criteria v (a; �) via the prior �. N

Moving back to the distributional reduced form, under the interpretation just outlined we
then regard

u (' (�)) (30)

as the criterion that the DM would use to rank an act ' if � were the reference model. With
this, the biseparable formula (26) gets a two-stage interpretation. In a �rst, distributive, stage
an act ' is evaluated model-by-model via u. In a second, epistemic, stage all the per model
evaluations are combined via the aggregator I, yielding the overall value I (u � ').

6 Model ambiguity

6.1 Episteme

Our analysis of decision making under model uncertainty presupposes the ability of our reason-
able DM to seriously propose the models parametrized by �. A critical distinction to further
our analysis is whether or not the DM knows that one of these models is correct.17 It is natural
to begin with the more favorable case, an epistemic assumption �rst made by Wald (1950), for
example in his Introduction quote, and then widely adopted.

Waldean knowledge The DM knows that one of the hypotheses in � is correct.

Throughout this section we consider a Waldean DM. In particular, such a DM confronts:

(i) risk when � is a singleton;

(ii) model ambiguity when � is not a singleton.

Under risk, the DM knows the correct hypothesis, i.e., the DM knows that the posited
reference model is correct. It is the modelling analog of the uncertainty faced in games of
chance based on canonical random devices, like coins or dice known to be fair.
Under model ambiguity, the DM only knows that the correct hypothesis belongs to �. In

any event, the hypotheses in � are both mutually exclusive �at most one of them is correct �
and jointly exhaustive �at least one of them is correct. In other words, the space � consists
of a traditional collection of mutually exclusive and jointly exhaustive contingencies.

17For our purposes, we adopt the traditional notion of individual knowledge as �justi�ed true belief,�that is,
a correct belief with a substantive underpinning.
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6.2 Criterion

Next we propose a two-stage criterion, where � denotes a generic element of �(�) interpreted
as a DM prior (subjective) probability over models.

De�nition 6. A monotone preference relation % on A admits a two-stage eu-variational
representation U when there exist a bounded utility function w : Z ! R and a discrepancy
c : � (�)��(�)! [0;1] such that, for some prior probability �0 2 �(�),

U (') = Ec[E[w;' (�)]; �0] (31)

= inf
�

Z
�

�Z
Z

w (z) d' (z j �)
�
d� (�) + c (�; �0)

for all ' 2 A.

The biseparable formula takes here the form U (') = I (u � ') where u is the expected
utility

u (�) = E [w; �] (32)

and I is the robust expectation functional

I (�) = Ec[�; �0] (33)

Finally, the representation of the dominance relation rests on a unanimous expected utility
ranking:

' %�  () 8� 2 �;E [w;' (�)] � E [w; (�)] (34)

6.3 Interpretation

The eu-variational criterion U combines a �rst, distributional, expected utility stage featur-
ing u with a second, epistemic, robust aggregation stage. We go back to the von Neumann-
Morgenstern expected utility criterion

u (') = E [w;' (�)] (35)

when � is a singleton consisting of a reference model �, i.e., when the DM confronts risk.
Our analysis thus presupposes that under risk the DM adopts the traditional expected utility
criterion. Under this key assumption, which gives our analysis an incremental nature, the unan-
imous expected utility representation (34) has a compelling interpretation because hypotheses
are jointly exhaustive under model ambiguity.
When � is not a singleton, so when the DM confronts model ambiguity, the DM continues to

adopt the expected utility criterion (35) under each hypothesis �, in line with our interpretation
that this is the criterion that the DMwould adopt if model � were known to be correct. Criterion
Ic aggregates robustly (non-linearly) across hypotheses the �rst-stage expected utilities (35),
each penalized in proportion to its distance from a posited reference (or baseline) prior �0,
which stands up because of the DM information. Though penalized, all elements in �(�) may
nevertheless play a role in the eu-variational criterion because the DM may have concerns over
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the reference status of �0, a fragile judgement about which the DM might well have doubts.
The inf over priors captures a negative attitude toward such a fragility, i.e., a fear of (reference)
prior misspeci�cation.
Under model ambiguity, the prior value � (�) continues to have the standard interpretation

as the DM subjective probability that hypothesis � is correct. When � is �nite, with no
measure-theoretic issues, it is natural to presume that � (�) > 0 for all � 2 � as we are dealing
with posited structured models. All priors are then trivially correct in that they assign a strictly
positive probability to the correct model.

6.4 Attitudes

The higher the index c (�; �0), the higher the penalization of each prior �, so the lower their
importance in the eu-variational criterion. We thus informally view c (�; �0) as an index of prior
misspeci�cation aversion, meant as aversion to the fragility of the reference prior speci�cation.18

To illustrate, next we present a few relevant special cases.

Minimal and maximal aversion Index c (�; �0) is maximal, so ambiguity aversion is mini-
mal, when it is the (convex analysis) indicator function

��0 (�) =

(
0 if � = �0

+1 otherwise

of the reference prior. The eu-variational criterion reduces to a two-stage subjective expected
utility criterion

U (') = E[E[w;' (�)]; �0] =

Z
�

�Z
Z

w (z) d' (z j �)
�
d�0 (�) (36)

which, indeed, features a neutral attitude toward ambiguity. This attitude corresponds to a
full con�dence in the reference prior that makes the DM to behave as if she were confronting
risk. Formally, the DM behaves as if she knew that the predictive probability

q�0 = E [q�; �0] =

Z
�

q�d�0 (�)

determined by the reference prior were the correct model: by setting ' = f#, a simple change
of variable (detailed in appendix) shows that

U (') = E [w; �] (37)

where � = q�0 � f is the lottery induced by �0 via f .
Index c (�; �0) is instead minimal, so ambiguity aversion is maximal, when it is the zero

function. The eu-variational criterion becomes

U (') = inf
�2�

E [w;' (�)]

18A formal behavioral analysis of the attitudes discussed in this paper can be carried out along the lines of
Maccheroni et al. (2006) and Cerreia-Vioglio et al. (2022), based on the comparative analysis of Ghirardato
and Marinacci (2002).
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and so the DM maxminimizes over all structured models, a most prudential attitude. This is
the original maxmin over models criterion of Wald (1950). It corresponds to a maximal concern
about priors�fragility.

Parametrized aversion Under relative entropy, the eu-variational criterion takes the para-
metric form

U� (') = E�R [u � '; �0] = inf
���0

Z
�

u � ' d� + �R (�jj�0) (38)

Here � > 0 parametrizes model ambiguity aversion, with a higher � corresponding to a lower
aversion. This entropic speci�cation has a dual form

�� log
Z
�

e�
1
�
u�'d�0 (39)

which is especially interesting in terms of computation as it requires an outer integration only
under the reference prior.19

A di¤erent way to account for prior uncertainty occurs under the smooth ambiguity criterion

U (') = �

�Z
�

��1 (u � ') d�0
�

in which the reference prior �0 aggregates non-linearly the expected utilities (35) via a distortion
function � (concave for a negative attitude). In view of (39), the two criteria become equivalent
when the smooth criterion features a negative exponential � and the variational criterion has
the entropic speci�cation (38). Thus, these two alternative ways to represent prior uncertainty
are thus distinct but related.

Multiple-prior case Let index c (�; �0) be the indicator function ��0 of some collection �0 of
priors, with �0 2 �. Only the priors in this collection then matter, with the other ones playing
no role. For instance, �0 may be a set f� 2 �(�) : R (�jj�0) � �g, with � > 0, pinned down
by a relative entropy constraint. With this dichotomic evaluation, the eu-variational criterion
becomes

U (') = inf
�2�0

ER [u � '; �0] (40)

The expected utilities (35) are aggregated over the set �0 in the most prudential way. In our
setting, this is the maxmin over priors criterion of Gilboa and Schmeidler (1989). The smaller
�0, the larger ��0 , so the lower the ambiguity aversion that the maxmin over priors criterion
features.20 In particular, when �0 is a singleton f�0g we get back to the neutral case (36). The
size of �0 calibers the DM concerns over priors�fragility.

19This dual form, with the resulting tractability, generalizes to Csiszar-Renyi discrepancies (see Cerreia-Vioglio
et al., 2022).
20See Ghirardato and Marinacci (2002).
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6.5 Actions and states

The eu-variational criterion has, via a change of variables, the equivalent action forms

V (a) = Ec[E[w; �
#
a (�)]; �0] = Ec[E[w � �a; q�]; �0]

that generalize (28). Simple algebra (detailed in appendix) shows that the state-space version
can be equivalently written in the one-stage predictive form

Eh[w � �a; p] = inf
p

Z
S

w � �a dp+ h (p) (41)

where h (p) = inf�:q�=p c (�; �0). When c (�; �0) is the indicator function ��0 of the reference
prior, this one-stage form reduces to the original Savage�s subjective expected utility criterion

E[w � �a; q�0 ] (42)

The predictive probability q�0 is determined by a prior �0 over the hypotheses � that our
reasonable DM seriously entertains. In contrast, Savage�s original analysis considers criterion
(42) with an unrestricted subjective probability on S. A tempered Bayesianism thus emerges in
our analysis, where some of the probabilistic information of the DM is explicitly modelled via the
posited kernel q, whose domain � consists of the hypotheses �.21 In contrast, in the seminal de
Finetti-Savage Bayesianism, so admirably elegant and consistent, only a subjective probability
on states may account for the DM information about them. Information gets transformed in
unmodelled ways into a probabilistic assessment of the di¤erent states.
In tempered Bayesianism, the collection � of hypotheses forms the playground for the

priors speci�cation, which is no longer unrestricted.22 This playground, with an explicit role
for seriously proposed hypotheses, allows tempered Bayesianism �unlike the de Finetti-Savage
one �to discuss meaningfully decision making when uncertainty is in the guise of models. In
dealing with this kind of uncertainty, the de Finetti-Savage setting may become a gilded cage.

7 Model misspeci�cation

7.1 Episteme

Model ambiguity presupposes Waldean knowledge, i.e., the DM knowledge that one of the
posited hypotheses in � is correct. To see how the eu-variational criterion embodies this
knowledge, observe that it entails for the dominance relation the unanimous expected utility
representation

' %�  () 8� 2 �;E [w;' (�)] � E [w; (�)] (43)

Expected utility is, as previously discussed, the criterion that the DM would use were hypoth-
esis � known to be correct. Representation (43) thus presupposes that the DM regards the
hypotheses as jointly exhaustive, with at least one of them being correct.23

21We borrow this terminology from Shimony (1970) that, in an altogether di¤erent setting, used it with a
somehow related spirit. To �temper�means to mitigate but also to reinforce.
22Though not formally required, one may expect that typically the priors supports coincide with �.
23Cf. Cerreia-Vioglio et al. (2022).

22



The traditional analysis of risk has played a key role in applications and the analysis of model
ambiguity already represents a signi�cant advance. Yet, Waldean knowledge is a demanding
epistemic assumption, arguably often not satis�ed in applications. For this reason, we drop it.

Waldean ignorance The DM does not know whether one of the hypotheses in � is correct.

Throughout this section we consider a Waldean ignorant DM. In particular, such a DM
confronts:

(iii) misspeci�ed risk when � is a singleton;

(iv) misspeci�ed model ambiguity when � is not a singleton.

Thus, model misspeci�cation arises because the DM no longer knows the correct class of
model (let alone the correct model itself) and, as result, she knows that the posited kernel q
may be misspeci�ed. Of course, the correct model might happen to belong to � but, if so, it
would be a piece of information that our DM ignores.

7.2 Robust expected utility

The collection � per se may be a singleton or not, depending on whether the DM entertains one
or multiple seriously proposed hypotheses. In other words, model misspeci�cation may feature a
putative risk or model ambiguity part. In any event, a reasonable DM who is Waldean ignorant
should be concerned about model misspeci�cation, i.e., about the possibility that the posited
kernel q may be misspeci�ed. To account for this concern, we �x a saturating discrepancy D
over lotteries and consider the robust expected utility criterion u� : � (Z)! R, with � 2 (0;1],
de�ned by

u� (�) = E�D [w; �] = inf
���

Z
Z

wd� + �D (�jj�) (44)

A robust expectation thus underlies robust expected utility. When � = 1 it reduces to
standard expected utility since lim�!1 E�D [w; �] = E [w; �].

Example 5. For the relative entropy,

u� (�) = E�R [w; �] = �� log
Z
Z

e�
w
� d�

In the dual form at the right-hand side only lottery � appears, no longer all its absolutely
continuous ones. This signi�cantly simpli�es computations. N

In our analysis lotteries are only epiphenomena, ultimately induced by actions (which are
the objects of choice). So, it is important to establish the state-space version of this criterion.
As the robust aggregator E�D is portable (as D is saturating), it is a direct consequence of
Theorem 6.

Proposition 11. For each action a and model �,

E�D[w; �
#
a (�)] = E�D[w � �a; q�] (45)
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The robust expected utility criterion (44) is thus a multiplier criterion over lotteries,24 fea-
turing a saturating discrepancy. The saturation of D plays a key role in our analysis because it
ensures equality (45), so the consistency of distributional and state-space angles. This consis-
tency makes probabilistically sophisticated the multiplier criterion at the r.h.s. of (45):25 given
any posited structured model �, two acts f and g with q� � f = q� � g are readily seen to share
a common value under the multiplier criterion. In words, this criterion ranks the same any two
acts that induce the same prize distribution under the single posited structured model. Yet,
the common value is inferior to the one they would get under expected utility.

7.3 Criterion

The twisted expected utility criterion becomes the �rst, distributional, stage in the following
criterion.

De�nition 7. A monotone preference relation % on A admits a two-stage multiplier-variational
representation U�, with � > 0, when there exist a bounded utility function w : Z ! R, a
saturating discrepancy D : � (Z)��(Z), and a discrepancy c : � (�)��(�)! [0;1] such
that, for some prior probability �0 2 �(�),

U� (') = Ec[E�D [w;' (�)] ; �0]

= inf
�

Z
�

�
inf

��'(�)

Z
Z

wd� + �D (�jj' (�))
�
d� + c (�; �0)

for all ' 2 A.

Now, the biseparable formula becomes U� (') = I (u� � �) with robust expected utility

u� (�) = E�D [w; �]

and robust aggregator I still given by (33). The representation of the dominance relation rests
on a unanimous robust expected utility ranking (cf. Cerreia-Vioglio et al., 2022):

' %�  () 8� 2 �;E�D [w;' (�)] � E�D [w; (�)] (46)

7.4 Interpretation

Both stages of the multiplier-variational criterion are variational with a �rst, distributional,
robust expected utility stage and with a second, epistemic, robust subjective expected stage.
The earlier eu-variational criterion is the special case when � = +1, with the �rst stage then
taking an expected utility form. In general, because of misspeci�cation concerns in the �rst
stage the DM considers for each �structured�lottery ' (�) the set of all absolutely continuous
lotteries. Next we clarify the nature of these lotteries.

24See Hansen and Sargent (2001, 2008).
25Recall that portability implies law invariance.
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Theorem 12. Let ' = f#. For each � 2 �,

f� 2 �(Z) : � � ' (�)g =
�
p � f�1 : p� q�

	
Lotteries � � ' (�) thus correspond via push-forwarding to the unstructured models p� q�

that the DM contemplates along with the structured model q�. Though unstructured models
currently lack a substantive underpinning, the DM cannot rule them out because of model
misspeci�cation concerns.26 Absolute continuity requires them to agree with the structured
model q� on the null events.
By considering the lotteries induced by unstructured models, the �rst stage of the multiplier-

variational criterion accounts for misspeci�cation concerns over the structured models �. In-
deed, the multiplier-variational criterion collapses to the �rst-stage when our Waldean ignorant
DM confronts misspeci�ed risk, that is, when � is a singleton consisting of a reference, possibly
misspeci�ed, model �. If so, the criterion takes the form

U� (') = E�D [w;' (�)]

which is the misspeci�cation counterpart of the von Neumann-Morgenstern criterion (35). In
other words, in our analysis robust expected utility is to misspeci�ed risk what traditional
expected utility criterion is to risk. In this vein, the probabilistic sophistication of the multiplier
criterion underlying robust expected utility reveals the special status that the DM assigns to
the reference model �: any two acts inducing the same prize distribution under this model
are ranked the same, yet with a common value lower than the one under expected utility, a
penalization caused by the misspeci�cation concerns. Relatedly, observe that the unanimous
robust expected utility (46) no longer presupposes, unlike the earlier one (34), that the DM
regards the hypotheses as jointly exhaustive but, rather, allows for model misspeci�cation
concerns.
The second stage aggregates the �rst-stage robust evaluations u� (' (�)), each of them viewed

as the evaluation of the DM if she entertained � as the, possibly misspeci�ed, reference model.
Here the prior value � (�) cannot interpreted, as under model ambiguity, as the probability that
� is the correct model: under model misspeci�cation � is no longer a traditional collection of
jointly exhaustive contingencies. We thus interpret � (�) as the probability that � is the best �t
of the correct model.27 With this, the variational form of the second stage continues to account
via the index c (�; �0) for speci�cation doubts about the priors �i.e., about their quanti�cation
of the relative plausibility of the di¤erent hypotheses, now as best �ts of the correct ones.

7.5 Attitudes

We continue to interpret c (�; �0) as an index of prior misspeci�cation aversion. As to the
new parameter �, the higher its value, the higher the penalization of the unstructured models
(cf. Proposition 11), so the lower their importance in the multiplier-variational criterion. We
thus informally view � as an index of model misspeci�cation aversion. Next we illustrate this
interpretation through a few relevant special cases.
26See Hansen and Sargent (2022) and Cerreia-Vioglio et al. (2022).
27We refer to Cerreia-Vioglio et al. (2022) for a detailed discussion.
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Parametrized aversions Under relative entropy we get a fully parametrized criterion

U�;� (') = E�R[E�R[w;' (�)]; �] (47)

Here aversion to model misspeci�cation and to prior misspeci�cation have a convenient entropic
parametrization via the parameters � 2 (0;1] and � 2 (0;1], respectively. The higher the
parameters, the lower the aversions. They are absent when � = � = +1, where we go back to
a standard two-stage expected utility criterion.
The role of the two aversions can be separated in the quadratic approximation

U�;� (') � E[E [w;' (�)] ; �0]�
1

2�
E[�2��' [w] ; �0]| {z }
fear model msp

� 1

2�
�2�0 [E [w;' (�)]]| {z }
fear prior msp

featuring lottery ��' = E ['; �].
28 This decomposition makes even more tractable this entropic

speci�cation.

Maximal and minimal aversion to prior fragility Let the index c (�; �0) be the zero
function assigning value 0 to all priors over models. Though she regards some models to be
possibly correct, the DM makes no assessment over their relative plausibility. The multiplier-
variational criterion takes the non-Bayesian maxmin form

U� (') = inf
�

�Z
Z

wd� + � inf
�
D (�jj' (�))

�
(48)

This maxmin speci�cation thus corresponds to a maximal aversion to prior fragility. For a
minimal one, take as index c (�; �0) the indicator function ��0 of the reference prior. In this
case we get a two-stage subjective robust expected utility criterion

U� (') = E[E�D [w;' (�)] ; �0] (49)

The DM has full con�dence in the reference prior and so behaves as if she were confronting
only model misspeci�cation.

7.6 Action and states

It readily follows from Proposition 11 that the action-state form of the multiplier-variational
criterion is

V� (a) = Ec[E�D[w (�a) ; q�]; �0] (50)

= inf
�

Z
�

�
inf
p�q�

Z
S

v � �adp (s) + �D (pjjq�)
�
d� + c (�; �0)

28This quadratic approximation readily follows from the analysis of Maccheroni et al. (2013) as U�;� is a
nested exponential smooth criterion.
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This version allows us to connect our analysis to the earlier one of Hansen and Sargent (2022)
and Cerreia-Vioglio et al. (2022). In particular, the basic criterion that they study is

inf
p

Z
S

v � �adp+ � inf
�
D (pjjq�) (51)

which is the non-Bayesian maxmin version of criterion (50) that arises when c (�; �0) is the zero
function. Thus, (48) is nothing but the distributional form of this criterion.
On the other hand, when c (�; �0) is the indicator function ��0 of the reference prior, criterion

(50) takes the Bayesian form
E[E�D[w � �a; q�]; �0]

introduced by Cerreia-Vioglio et al. (2022) and used by Lanzani (2023) in a learning context.
Its distributional version is the twisted subjective expected utility criterion (49). We refer to
these earlier papers for in-depth analyses of these state-space criteria. Here we just observe that
for the parametrized speci�cation the previous quadratic approximation takes the state-space
form

E[E[w � f; q�]; �0]�
1

2�
E[�2q� [w � f ] ; �0]�

1

2�
�2�0 [E[w � f; q�]]

To conclude, observe that the saturation of D ensures, via Proposition 11 (so, ultimately via
the portability Theorem 6), the equivalence between distributional and state-space analyses.
Otherwise the two modes of analysis may part ways. This motivates the central role that
saturating discrepancies play in our analysis.

A Proofs and related material

A.1 Section 2

Proof of Lemma 1 Fix d 2 C. The function fd = '+ � (�; d) is lower semicontinuous because
both ' and � (�; d) are. Let t 2 R. The sublevel (fd � t) is closed. As ' is bounded below, the
set

K =
n
c 2 C : � (c; d) � t� inf

C
'
o

is compact because � (�; d) is coercive. Since

(fd � t) = fc 2 C : � (c; d) � t� ' (c)g � K

we conclude that (fd � t) is compact. As t was arbitrarily chosen, the function fd is then
coercive. This readily implies that �� (d) = argminC fd is nonempty and compact. �

Proof of Lemma 2 Routine. �

Proof of Lemma 3 The properties of  imply that, for each t 2 [0;1), the sublevel set
( � t) is a compact interval [0; �t]. Thus, for each t 2 [0;1),

( � �) (c; d) � t() � (c; d) 2 ( � t)() � (c; d) 2 [0; �t]() � (c; d) � �t
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We conclude that the sublevel sets of  � � are nested in those of �. This implies that  � � is
lower semicontinuous, so a discrepancy (as  (� (c; d)) = 0 if and only if � (c; d) = 0). It also
readily implies (i). A routine argument proves (ii). �

Derivation of Renyi�s divergence We adopt the usual convention log t = �1 if t � 0. For
p� q, we have

 �

�Z
X

��

�
dp

dq

�
dq

�
=

1

�� 1 log
�
1 + � (�� 1)

Z
X

��

�
dp

dq

�
dq

�
=

1

�� 1 log
 
1 + � (�� 1)

Z
X

dp
dq

� � �dp
dq
+ �� 1

� (�� 1) dq

!

=
1

�� 1 log
�
1 +

Z
X

�
dp

dq

�

� �
dp

dq
+ �� 1

�
dq

�
=

1

�� 1 log
�
1 +

Z
X

dp

dq

�

dq � �+ �� 1
�
=

1

�� 1 log
Z
X

dp

dq

�

dq

as desired. �

De�ne the Fenchel conjugate �� : R! [�1;1] by �� (x) = supy�0 yx�� (y). As � (1) = 0,
we have �� (x) � x for all x 2 R. De�ne

J� (v; q) = inf
t2R

�
t+

Z
X

�� (v � t) dq

�
for all (v; q) 2 B (X)��(X). Birrel et al. (2022) prove the following Donsker-Varhadan-type
duality relations: for all (p; q) 2 �(X)��(X),

D� (pjjq) = sup
v2B(X)

�Z
X

vdp�
Z
X

�� (v) dq

�
= sup

v2B(X)

�Z
X

vdp� J� (v; q)

�
(52)

and, for all (v; q) 2 B (X)��(X),

J� (v; q) = sup
p2�(X)

�Z
X

vdp�D� (pjjq)
�

(53)

Proof of Lemma 4 By the strict convexity at 1, we have D� (pjjq) = 0 if and only if p = q.
The lower semicontinuity of D� (�jjq) for all q 2 �(X) follows from (52) because D� (�jjq) is
a supremum of functions that are continuous in p. We conclude that D� is a discrepancy. AsR
X
�� (v) dq �

R
X
vdq > �1 for all q 2 �(X), the map

�(X) 3 q 7�!
Z
X

�� (v) dq 2 (�1;1]

is a¢ ne. By (52), D� is convex because it is a supremum of a¢ ne functions. So, D� is a bona
�de divergence.
Since 1 =  (1) and, by de�nition, D� (pjjq) = +1 if p 6� q, it follows that D =  �D�.

By Lemma 3, it follows that D is a bona �de discrepancy. When  is convex, D is a divergence
by Lemma 3-(ii). �

Proof of Lemma 5 As previously observed, D =  � D�. By Lemma 15 of Maccheroni et
al. (2006), D� (�jjq) is coercive at each q 2 �(X). By Lemma 3-(i), D is coercive at each
q 2 �(X). �
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A.2 Section 3

A.2.1 Wasserstein failure

Let X = [0; 1] with the usual distance, Borel sigma algebra, and Borel measure �. Consider

EH (v; �) = inf
p2�(X)

Z
X

vdp+H (pjj�)

where H is the Wasserstein distance. The tent function � : [0; 1] ! R, given by � (x) =
2min (x; 1� x), and all of its iterates �n+1 = � (�n) are uniformly distributed. So, they are
equally distributed. Yet, it can be shown that

EH (�
n; �) =

1

2n+1

In particular, if we restrict our attention to spaces that are Borel subsets of some Rn, endowed
with the (generalized) Hamming distance h (x; y) = min f

P
i jxi � yij ; 1g,29 the functional EH

is not portable.
In this setting the Wasserstein distance fails to satisfy the data processing inequality when f

is not Lipschitz continuous of order 1. Indeed, by choosing x; y 2 X such that h (f (x) ; f (y)) >
h (x; y), we have H (�x � f�1jj�y � f�1) > H (�x; �y) since H coincides with h on Dirac measures
and the push-forwards of �x and �y are �f(x) and �f(y), respectively. Take as f the above tent
function � for intuition.

A.2.2 Proofs

Proof of the �if� part of Theorem 6 Let D be saturating. For every map f : X ! Y ,
u 2 B (Y ) and q 2 �(X),

ED(u; q � f�1) = inf
�2�(Y )

Z
Y

ud� +D
�
�jjq � f�1

�
= inf

�2�(Y )

�Z
Y

ud� + inf
p2�(X):p�f�1=�

D (pjjq)
�

= inf
�2�(Y )

�
inf

p2�(X):p�f�1=�

�Z
Y

ud� +D (pjjq)
��

= inf
�2�(Y )

�
inf

p2�(X):p�f�1=�

�Z
Y

udp � f�1 +D (pjjq)
��

= inf
�2�(Y )

�
inf

p2�(X):p�f�1=�

�Z
X

u � fdp+D (pjjq)
��

= infS
�2�(Y ) p2�(X):p�f�1=�

Z
X

u � fdp+D (pjjq)

= inf
p2�(X)

Z
X

u � fdp (x) +D (pjjq)

as desired. �
29In general, h is the standard bounded distance induced by the 1-norm on Rn.
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We continue with a useful lemma. Point (i) proves Theorem 12, i.e., for each action a and
model �,

inf
���#a (�)

Z
Z

w (z) d� + �D
�
�jj�#a (�)

�
= inf

p�q�

Z
S

w (�a (s)) dp (s) + �D (pjjq�)

Lemma 13. Take q 2 �(X) and a map f : X ! Y . If � 2 �(Y ) and � � q � f�1, then

� = p� � f�1

where p� 2 �(X) satis�es
dp�
dq

=
d�

dq � f�1 � f (54)

Moreover,

(i) f� 2 �(Y ) : � � q � f�1g = fp � f�1 : p� qg.

(ii) D (� j q � f�1) = D (p� j q) for every Csiszar-Renyi discrepancy D.

Proof Since � � q � f�1, the probability density � = d�= (dq � f�1) : Y ! [0;1) is well
de�ned. Hence, also � � f : X ! [0;1) is a well-de�ned probability density with respect to
q. With this, dp� = (� � f) dq de�nes a probability measure in �(X), which is absolutely
continuous with respect to q. For each measurable set B in Y we have�

p� � f�1
�
(B) = p�

�
f�1 (B)

�
=

Z
X

1f�1(B) (x) � (f (x)) dq (x)| {z }
dp�(x)

=

Z
X

1B (f (x)) � (f (x)) dq (x) =

Z
Y

1B (z) � (z) dq � f�1 (z)

=

Z
B

� (z) dq � f�1 (z) =
Z
B

d�

dq � f�1 (z) dq � f
�1 (z) = � (B)

Thus, � = p� � f�1 with p� � q.
(i) The inclusion f� 2 �(Y ) : � � q � f�1g � fp � f�1 : p� qg follows from (54). As to

converse inclusion, take p � f�1 for some p � q. For each measurable set B in Y , we have
(q � f�1) (B) = 0 implies q (f�1 (B)) = 0, and so (p � f�1) (B) = p (f�1 (B)) = 0. Thus,
p � f�1 � q � f�1, as desired.
(ii) It is enough to prove the equality for a �-divergence D� because D =  �D�. As p� � q,

a change of variable yields

D� (p� jjq) =
Z
X

�

�
dp�
dq

�
dq =

Z
X

� (� � f) dq =
Z
Y

� (�) dq � f�1

=

Z
Y

�

�
d�

dq � f�1

�
dq � f�1 = D�

�
�jjq � f�1

�
as desired. �
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Proof of Theorem 8 Let D be a Csizar-Renyi discrepancy. Since  (inf E) = inf  (E) for all
E � [0;1], we can assume that  (x) = x for all x 2 [0;1]. So, let D be a �-divergence. A
simple application of (52) shows that, for all p; q 2 �(X) such that � = p � f�1,

D(�jjq � f�1) � D (pjjq)

Indeed,

D�(�jjq � f�1) = sup
u2B(Y )

�Z
Y

ud� �
Z
Y

�� (u) dq � f�1
�

= sup
u2B(Y )

�Z
Y

udp � f�1 �
Z
Y

�� (u) dq � f�1
�

= sup
u2B(Y )

�Z
X

u � fdp�
Z
X

�� (u (f)) dq

�
� sup

v2B(X)

�Z
Y

vdp�
Z
Y

�� (v) dq

�
= D� (pjjq)

Therefore, D(�jjq � f�1) � infp2�(X):p�f�1=� D (pjjq) for all q 2 �(X). There are now two cases
to consider.

1. Let � � q�f�1. By de�ning p� as in (54), it follows that p� �f�1 = � and D (�jjq � f�1) =
D (p� jjq). Then,

D(�jjq � f�1) � inf
p2�(X):p�f�1=�

D (pjjq) � D (p� jjq) = D
�
�jjq � f�1

�
that is, D(�jjq � f�1) = D (p� jjq) = minp2�(X):p�f�1=� D (pjjq).

2. Let � 6� q � f�1 and D(�jjq � f�1) =1. There are two subcases to consider.

(a) There is no p 2 �(X) such that p � f�1 = �. Then, infp2�(X):p�f�1=� D (pjjq) = � =

inf ? =1.
(b) Let p 2 �(X) such that p � f�1 = �. We have p 6� q because, otherwise, � = p �

f�1 � q�f�1. As p 6� q, we haveD (pjjq) =1. Therefore, infp2�(X):p�f�1=� D (pjjq) =
1.

This completes the proof. �

A.3 Converse of Theorem 6

To prove the converse of Theorem 6 we need some preparatory results, �rst a minimax theorem
and then a formula for the Fenchel conjugate of a composition. They both adapt to our setting
some classic results.
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A.3.1 A minimax theorem

We say that a function is:

� coercive when all its sublevel sets are compact;30

� lower (upper) semicontinuous when all its sublevel (superlevel) sets are closed in the
domain of the function;31

� quasi-convex (concave) when all its sublevel (superlevel) sets are convex.

Next we prove the version of a general minimax theorem that we need for our purposes.
Though we expect that it is a known version, we provide a proof for the sake of completeness.
It is based on the proof of Sion�s Minimax Theorem by Komiya (1988), in turn based on
Terkelsen (1972).32 Relative to the Sion classic result �an important variation on the Minimax
Theorem of von Neumann (1928) with semi-continuity in place of continuity �here we make
no compactness assumptions and assume, instead, coercivity.

Proposition 14. Let X and Y be convex subsets of Hausdor¤ topological vector spaces. Let

f : X � Y ! R

be such that:

(i) f (�; y) : X ! R is coercive and quasi-convex for each y 2 Y ;

(ii) f (x; �) : Y ! R is upper semicontinuous and quasi-concave for each x 2 X.

Then,
min
x2X

sup
y2Y

f (x; y) = sup
y2Y

min
x2X

f (x; y)

Here we adopt the convention that the minimum of the function constant to +1 is attained.
To see why it matters, for X = Y = R take the function f (x; y) = x2 + y. It satis�es the
hypotheses of the theorem but, of course,

min
x2X

sup
y2Y

f (x; y) = min
x2X

(+1) = +1 and sup
y2Y

min
x2X

f (x; y) = sup
y2Y

y = +1

The proof relies on two lemmas that prove the result for a �nite set Y , �rst binary and then
of any cardinality.

Lemma 15. Let y1; y2 2 Y . For each � 2 R,

min
x2X

max ff (x; y1) ; f (x; y2)g > � =) sup
y2Y

min
x2X

f (x; y) > � (55)

30As usual, sublevel sets are the counterimages of the half-lines (�1; �], with � 2 R.
31That is, in the relative topology of the domain.
32The well-known result of Sion (1958) is an important variation on the Minimax Theorem of von Neumann

(1928) in which semi-continuity replaces continuity.
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Proof As the functions f (�; y1) ; f (�; y2) : X ! R are coercive and quasi-convex, then also
max ff (�; y1) ; f (�; y2)g : X ! R is coercive and quasi-convex. In particular, coercivity ensures
that minx2X max ff (x; y1) ; f (x; y2)g and minx2X f (x; y) exist �nite for all y 2 Y . With this,
let � 2 R be such that

min
x2X

max ff (x; y1) ; f (x; y2)g > �

Suppose, per contra, that supy2Y minx2X f (x; y) � �. Then,

min
x2X

f (x; y) � � 8y 2 Y (56)

Take � 2 R such that
� < � < min

x2X
max ff (x; y1) ; f (x; y2)g (57)

Denote by [y1; y2] = f(1� t) y1 + ty2 : t 2 [0; 1]g the line segment joining y1 and y2. Let Y
be the Hausdor¤ topological vector space containing Y . The line segment is compact in both
Y and Y.33 For each x 2 X, the quasi-concavity of f (x; �) : Y ! R implies f (x; z) �
min ff (x; y1) ; f (x; y2)g for all z 2 [y1; y2]. Thus,

[f (�; z) � �] � [f (�; y1) � �] [ [f (�; y2) � �] 8z 2 [y1; y2] (58)

Let z 2 [y1; y2]. By the coercivity of f (�; z) : X ! R, there exists xz 2 X such that f (xz; z) =
minx2X f (x; z). By (56), f (xz; z) � �. Therefore, xz 2 [f (�; z) � �] � [f (�; z) � �]. As z was
arbitrarily chosen in the line segment, we conclude that the sets [f (�; z) � �] and [f (�; z) � �]

are not empty for all z 2 [y1; y2]. They are also compact and convex because of the coercivity
and quasi-convexity of f (�; z) : X ! R.
The sets [f (�; y1) � �] and [f (�; y2) � �] are disjoint, i.e.,

[f (�; y1) � �] \ [f (�; y2) � �] = ? (59)

For, take per contra �x 2 [f (�; y1) � �] \ [f (�; y2) � �]. Then,

min
x2X

max ff (x; y1) ; f (x; y2)g � max ff (�x; y1) ; f (�x; y2)g � �

As this contradicts (57), we conclude that (59) holds. A convex set included in the union of two
disjoint closed sets is contained in either of them.34 By (58), we thus have, for each z 2 [y1; y2],

either [f (�; z) � �] � [f (�; y1) � �] or [f (�; z) � �] � [f (�; y2) � �] (60)

For i = 1; 2, let
Ii = fz 2 [y1; y2] : [f (�; z) � �] � [f (�; yi) � �]g

By (59), I1 \ I2 = ?. By (60), I1 [ I2 = [y1; y2]. Moreover, each Ii is not empty because it
contains yi. We devote the rest of the proof to prove that the sets I1 and I2 are both closed in
Y. As this fact contradicts the convexity of [y1; y2], it completes the proof of (55).
33Compactness in the original and relative topology are equivalent.
34See, e.g., Theorem 16 of Sierpinski (1956).
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It is enough to prove that I1 is closed as a similar argument holds for I2. First observe that

z 2 I1 =) [f (�; z) � �] � [f (�; y1) � �] (61)

Indeed, let z 2 I1 and suppose, per contra, that [f (�; z) � �] * [f (�; y1) � �]. As � < �, we
have, by (60),

[f (�; z) � �] � [f (�; z) � �] � [f (�; y2) � �]

Then z 2 I2, a contradiction because I1 \ I2 = ?. We conclude that (61) holds.
Let fz�g � I1 be a net that converges in Y to some z0 2 Y. Since I1 is included in the closed

set [y1; y2], we have z0 2 [y1; y2]. We want to show that z0 2 I1. Take any x 2 [f (�; z0) � �].
Clearly, f (x; z0) < �. Then z0 2 [f (x; �) < �]. By the upper semicontinuity of f (x; �) : Y ! R,
the set [f (x; �) < �] is open in Y . Thus, there is �� such that f (x; z��) < �. Since z�� 2 I1, by
(61) we have f (x; y1) � �. Since x was arbitrarily chosen in [f (�; z0) � �], we then have
[f (�; z0) � �] � [f (�; y1) � �]. Hence, z0 2 I1. We conclude that I1 is closed in Y, as desired.�

Lemma 16. Let fy1; :::; yng be a �nite subset of Y . For each � 2 R,

min
x2X

max
i=1;:::;n

f (x; yi) > � =) sup
y2Y

min
x2X

f (x; y) > � (62)

Proof We proceed by induction on n. Initial step: the result holds for n = 1 as

sup
y2Y

min
x2X

f (x; y) � min
x2X

f (x; y1)

Induction step: assume that the result holds for n� 1. Let � 2 R be such that

min
x2X

max
i=1;:::;n

f (x; yi) > � (63)

Set K = [f (�; yn) � �]. This sublevel set is compact and convex because f (�; yn) : X !
R is coercive and quasi-convex. If K is empty, then f (x; yn) > � for all x 2 X and so
supy2Y minx2X f (x; y) � minx2X f (x; yn) > �, as desired. Thus, let K 6= ?. If, per contra,

min
x2K

max
i=1;:::;n�1

f (x; yi) � �

then there exists �x 2 K such that maxi=1;:::;n�1 f (�x; yi) � �. As �x 2 K, we have f (�x; yn) � �

and so maxi=1;:::;n f (�x; yi) � �, contradicting (63). As a result, it holds

min
x2K

max
i=1;:::;n�1

f (x; yi) > � (64)

Let �f : K � Y ! R be the restriction of f . By the induction hypothesis on �f , from (64) it
follows that

sup
y2Y

min
x2K

f (x; y) > �

Hence, there is y� 2 Y such thatminx2K f (x; y�) > �. When x 2 K, we then have f (x; y�) > �

and so max ff (x; y�) ; f (x; yn)g > �. On the other hand, when x =2 K we have f (x; yn) > �

and so, again, max ff (x; y�) ; f (x; yn)g > �. We conclude that

min
x2X

max ff (x; y�) ; f (x; yn)g > �
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By Lemma 15, supy2Y minx2X f (x; y) > �, as desired. �

Proof of Theorem 14 Clearly, minx2X supy2Y f (x; y) � supy2Y minx2X f (x; y). Suppose, per
contra, that the inequality is strict, so there exists � 2 R with

min
x2X

sup
y2Y

f (x; y) > � > sup
y2Y

min
x2X

f (x; y)

Then, \
y2Y

[f (�; y) � �] = ? (65)

Indeed, let �x 2
\
y2Y

[f (�; y) � �]. Then, f (�x; y) � � for all y 2 Y , yielding the contradiction

min
x2X

sup
y2Y

f (x; y) � sup
y2Y

f (�x; y) � �

Since all sets in the intersection (65) are compact, by the �nite intersection property there

exists a �nite subset fy1; :::; yng of Y such that
n\
i=1

[f (�; yi) � �] = ?, that is,

min
x2X

max
i=1;:::;n

f (x; yi) > �

By Lemma 16, we reach the contradiction supy2Y minx2X f (x; y) > �. We conclude that
minx2X supy2Y f (x; y) = supy2Y minx2X f (x; y), as desired. �

A.3.2 A Fenchel conjugate

When two vector spaces X and Y form a dual pair hX;Y i, we endow X with the � (X; Y )-
topology and Y with the � (Y;X)-topology. In this way, they become Hausdor¤ topological
vector spaces.
Given two dual pairs hX;Y i and hU; V i, let F : X ! U be a continuous linear operator and

F> : V ! Y its adjoint linear operator de�ned, for each v 2 V , by

x; F> (v)

�
= hF (x) ; vi 8x 2 X

Let g : U ! (�1;1] be a proper, convex, and lower semicontinuous function. Then, the
composition g � F : X ! (�1;1] is convex and lower semicontinuous. Denote by g� : V !
(�1;1] the Fenchel conjugate of g given, for each v 2 V , by

g� (v) = sup
u2U

hu; vi � g (u) (66)

Since g is proper, so does g�; moreover, g = g�� and dom g� is non-empty and convex.35 The
next formula for the Fenchel conjugate of the composition g �F is a variation on Theorem 16.3
of Rockafellar (1970) that we need for our purposes.

35See Zalinescu (2002).
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Proposition 17. If dom g� is bounded and g� is coercive, then

(g � F )� (y) = min
v2dom g�:F>(v)=y

g� (v) 8y 2 Y

with the convention min? g� = +1.

Proof For each y 2 Y ,

(g � F )� (y) = sup
x2X

hx; yi � (g � F ) (x) = sup
x2X

hx; yi � g (F (x))

= sup
x2X

�
hx; yi � sup

v2V
[hF (x) ; vi � g� (v)]

�
= sup

x2X

�
hx; yi � sup

v2dom g�
[hF (x) ; vi � g� (v)]

�
= sup

x2X

�
hx; yi+ inf

v2dom g�
[�hF (x) ; vi+ g� (v)]

�
= sup

x2X
inf

v2dom g�
[�hF (x) ; vi+ g� (v) + hx; yi]

where the third equality follows from the equality g = g��. De�ne f : dom g� �X ! R by

f (v; x) = �hF (x) ; vi+ g� (v) + hx; yi

Fix x 2 X. For all � 2 R,

[f (�; x) � �] = fv 2 dom g� : �hF (x) ; vi+ g� (v) + hx; yi � �g
= fv 2 dom g� : g� (v)� hF (x) ; vi � �� hx; yig
= fv 2 V : g� (v)� hF (x) ; vi � �� hx; yig

As g� (�) � hF (x) ; �i is lower semicontinuous on V , the set [f (�; x) � �] is closed in V . As
sup�2dom g� hF (x) ; �i <1 because dom g� is bounded, we have

[f (�; x) � �]| {z }
closed in V

= fv 2 dom g� : �hF (x) ; vi+ g� (v) + hx; yi � �g

= fv 2 dom g� : g� (v) � �� hx; yi+ hF (x) ; vig

�
�
v 2 V : g� (v) � �� hx; yi+ sup

�2dom g�
hF (x) ; �i

�
| {z }

compact in V

With this [f (�; x) � �] is compact in V , and so in dom g�. Thus, the convex function f (�; x) :
V ! R is coercive. For each v 2 dom g�, the function f (v; �) : X ! R, is f (v; �) = g� (v) +

�; y � F> (v)

�
, is continuous and a¢ ne. By Proposition 14,

(g � F )� (y) = sup
x2X

min
v2dom g�

f (v; x) = min
v2dom g�

sup
x2X

f (v; x)

As f (v; x) = g� (v) +


x; y � F> (v)

�
, we then have

(g � F )� (y) = min
v2dom g�

sup
x2X

g� (v) +


x; y � F> (v)

�
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For each v 2 dom g�,

sup
x2X

g� (v) +


x; y � F> (v)

�
=

(
+1 if F> (v) 6= y

g� (v) if F> (v) = y

proving that
(g � F )� (y) = min

v2dom g�:F>(v)=y
g� (v)

Since y was arbitrarily chosen, the statement follows. �

A.3.3 Converse

We canonically extend a discrepancy D (�jjq) to the entire space ca (X) by setting D (�jjq) =
+1 if � =2 �(X). Since �(X) is � (ca (X) ; B (X))-closed, then this extension is lower semi-
continuous on ca (X).
Let D be a discrepancy with D (�jjq) : � (X) ! R convex at each q 2 �(X). Then, using

the previous extension,

�ED (�v; q) = � inf
p2�(X)

Z
X

�vdp+D (pjjq) = sup
p2�(X)

Z
X

vdp�D (pjjq)

= sup
�2ca(X)

Z
X

vd��D (�jjq) = D� (vjjq)

By the Fenchel-Moreau Theorem, we then have, for each � 2 ca (X),

D (�jjq) = D�� (�jjq) = sup
v2B(X)

Z
X

vd��D� (vjjq)

= sup
v2B(X)

Z
X

vd�+ ED (�v; q)

We can now complete the proof of Theorem 6.

Converse of Theorem 6 De�ne F : B (Y )! B (X) by F (u) = u � f . It is routine to check
that F is linear. As to continuity, assume that the net u� � B (Y ) converges to u 2 B (Y ).36

Then,
R
Y
u�d� !

R
Y
ud� for each � 2 ca (Y ). Hence, for each � 2 ca (X),Z

X

F (u�) d� =

Z
X

(u� � f) d� =
Z
Y

u�d
�
� � f�1

�
!
Z
Y

ud
�
� � f�1

�
=

Z
X

(u � f) d� =
Z
X

F (u) d�

So, the net F (u�) � B (X) converges to F (u), proving that F : B (Y )! B (X) is a linear and
continuous operator.
The functional g : B (X)! R de�ned by

g (v) = �ED (�v; q) = D� (vjjq)
36Recall that we consider the � (B (X) ; ca (X)) and � (B (Y ) ; ca (Y )) topologies.
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is convex, proper, and lower semicontinuous. Its conjugate g� (�) = D�� (�jjq) = D (�jjq) has
bounded e¤ective domain dom g� � �(X) and is coercive, with compact sublevel sets in
ca (X). By Proposition 17, we thus have

(g � F )� (�) = min
�2dom g�:F>(�)=�

g� (�) 8� 2 ca (X)

Now take � in �(Y ). By portability,

(g � F )� (�) = sup
u2B(Y )

fhu; �i � g (F (u))g = sup
u2B(Y )

fhu; �i � g (u � f)g

= sup
u2B(Y )

fhu; �i � (�ED (�u � f; q))g

= sup
u2B(Y )

Z
Y

ud� + ED (�u � f; q) = sup
u2B(Y )

Z
Y

ud� + ED
�
�u; q � f�1

�
= D

�
�jjq � f�1

�
For all � 2 ca (X) and all u 2 B (Y ),


u; F> (�)
�
= hF (u) ; �i = hu � f; �i =



u; � � f�1

�
Thus, F> (�) = � � f�1 and so

min
�2dom g�:F>(�)=�

g� (�) = min
�2dom g�:��f�1=�

g� (�) = min
�2domD(�jjq):��f�1=�

D (�jjq)

= min
�2�(X):��f�1=�

D (�jjq)

because D (�jjq) = g� (�) and domD (�jjq) = dom g� � �(X). This proves the result. �

A.4 Consistent preorders

Let X and Y be any two sets, and f : X ! Y be a function. A preorder % on X is f-consistent
if, given any x; y 2 X,

f (x) = f (x0) =) x � x0

Intuitively, f (x) is all that matters to rank x. Denote by Pf (X) the set of all f -consistent
preorders on X and by P (Y ) the set of all preorders on Y .

Theorem 18. Let f : X ! Y be surjective. For each preorder % in Pf (X) the relation

f (x) %f f (x0) () x % x0

is a well de�ned element of P (Y ) and the function

F : Pf (X) ! P (Y )
% 7! %f (67)

is a bijection. Moreover,
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1. % is complete if and only if %f is complete;

2. for each preorder & in P (Y ), F�1 (&) is the preorder in Pf (X) given by

x % x0 () f (x) & f (x0)

Distributional consequentialism requires the preorder % on the set A of actions to be con-
sistent with the function


 : A ! A
a 7! 
 (a)

Proof Let y; y0 2 Y . If y = f (x) and y = f (z), and y0 = f (x0) and y0 = f (z0), then
f -consistency implies x � z and x0 � z0. Therefore, by transitivity of %,

x % x0 =) z � x % x0 � z0 =) z % z0

and exchanging the roles of (x; x0) and (z; z0) we conclude that

x % x0 () z % z0

This shows that %f is a well de�ned relation on Y for all % in Pf (X). Indeed, given any
y; y0 2 Y , by surjectivity of f , there exist x; x0 2 X such that y = f (x) and y0 = f (x0), if
x % x0 then z % z0 for all z 2 f�1 (y) and all z0 2 f�1 (y0), we thus declare y %f y0; else x 6% x0

and there cannot be z; z0 2 X such that y = f (z) and y0 = f (z0) with z % z0, in this case we
declare y 6%f y0.
Next we show that %f is a preorder, and it is complete if and only if % is complete.

� For all y 2 Y , take x 2 X such that y = f (x), then x % x because % is re�exive, thus
y %f y. Then %f is re�exive.

� If y %f y0 and y0 %f y00, then choosing x; x0; x00 2 X such that y = f (x), y0 = f (x0) and
y00 = f (x00) it must be the case that x % x0 and x0 % x00, thus x % x00 (because % is
transitive) and y % y00. Then %f is transitive.

� If % is complete, then for all y = f (x) and y0 = f (x0) we have that either x % x0 or
x0 % x, thus either y %f y0 or y0 %f y.37 Then %f is complete when % is. Conversely if
%f is complete, then, given any x; x0 2 X, either f (x) %f f (x0) or f (x0) %f f (x), but
then it must be either x % x0 or x0 % x. Then %f is complete if and only if % is.

This shows that F is a well de�ned function from Pf (X) to P (Y ) and it maps complete
preorders to complete preorders.
As to surjectivity note that if & is a preorder in P (Y ), then we can de�ne a relation % on

X by
x % x0 () f (x) & f (x0) (68)

this relation is clearly well de�ned. Moreover note that:

37We use the conjuncion �either�in inclusive sense.
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� For all x 2 X, f (x) & f (x) because & is re�exive, thus x % x. Then % is re�exive.

� If x % x0 and x0 % x00, then f (x) & f (x0) and f (x0) & f (x00), and transitivity of &
implies f (x) & f (x00), so that x % x00. Then % is transitive.

� Wit this, % is a preorder. Moreover, given any x; x0 2 X, if f (x) = f (x0) (by re�exivity
of &) implies f (x) & f (x0), whence x % x0; and exchanging the roles of x and x0, x0 % x.
Then % is f -consistent.

Also,
f (x) & f (x0) () x % x0

thus %f coincides with &. This shows that F is surjective and the preorder de�ned by (68)
belongs to F�1 (&).
Finally, if %1 and %2 belong to Pf (X) and %f

1 coincides with %f
2 , then, given any x; x

0 2 X,

x %1 x0 =) f (x) %f
1 f (x

0) =) f (x) %f
2 f (x

0) =) x %2 x0

and a symmetric argument yields

x %2 x0 =) x %� x0

therefore F is injective. �

A.5 Monotonicity

Proof of Proposition 10 For ease of notation, we write u � ' instead of u (') for all ' 2 A.
(i) implies (ii). Assume that u � ' � u �  , then, for all � 2 �,

U (1�' (�)) = u (' (�)) � u ( (�)) = U (1� (�))

but then ' (�) %  (�). Monotonicity implies that ' %  , thus U (') � U ( ).
In particular:

� u � ' = u �  implies U (') = U ( ), hence

I (X) = U (') if X = u � '

is a well de�ned function on u (A) such that U (') = I (u � ') for all ' 2 A.

� If X = u � ' and Y = u �  in u (A) are such that X � Y , then u � ' � u �  . As shown
above, U (') � U ( ), and so I (X) � I (Y ), that is, I is monotone.

� If X = u�' and X is constant, say at x, then, �xing any �� 2 �, (u � ')
�
��
�
= u

�
'
�
��
��
=

x. Set � = '
�
��
�
, and consider  = 1��, then, for all � 2 �,

(u �  ) (�) = u ( (�)) = U (1� (�)) = U (1��) = U
�
1�'

�
��
��
= u

�
'
�
��
��
= x = (u � ') (�)

It follows that X = u �  , and �nally

I (X) = U ( ) = U (1��) = x

showing that I is normalized.
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� Finally, if J : u (A)! R is such that

U (') = J (u � ') 8' 2 A

then, for all X = u � ' 2 u (A), we have that J (X) = J (u � ') = U (') = I (u � ') =
I (X). Therefore, I is unique.

(ii) implies (i). If ' (�) %  (�) for all � 2 �, then

u (' (�)) = U (1�' (�)) � U (1� (�)) = u ( (�)) 8� 2 �

that is, u � ' � u �  . Since I is monotone, it follows that

U (') = I (u � ') � I (u �  ) = U ( )

and ' %  , so that monotonicity is satis�ed. �

A.6 Orthogonality and surjectivity

In this subsection we assume that all spaces X are Borel, with sigma algebras denoted by BX .
In particular, we denote by B�(X) the sigma algebra on �(X) generated by the evaluation
functions because it makes �(X) a Borel space.
We begin the analysis by restating in more formal terms the notion of orthogonality of

kernels.

De�nition 8. A kernel q : �! �(S) is orthogonal if there exists B 2 B� 
 BS such that:

(i) q� (B�) = 1 for all � in �;

(ii) B� \B�0 = ; for all distinct � and �0 in �.

Mauldin et al. (1983) and Weis (1984) study in depth these kernels. They show, inter alia,
the existence of the (measurable) perfect discrimination map T mentioned in the main text.
A general version of the Skorohod theorem implies that a probability measure p on S is

non-atomic if and only if for each Borel space Z, and each q 2 �(Z), there exists a measurable
map ' : S ! Z such that p � '�1 = q (see, e.g., Theorem 3.1 of Berti et al., 2007). Next we
extend this result to kernels.

Theorem 19. A kernel p : � ! �(S) is orthogonal and non-atomic if and only if, for each
Borel space Z, to every kernel f : � ! �(Z) corresponds a measurable map ' : S ! Z such
that

p� � '�1 = f� 8� 2 � (69)

The set of all measurable maps from S to �(Z) thus consists of all push-forward maps of
all measurable maps from S to Z. Throughout this section I denotes the unit interval (0; 1].
We begin by reporting Theorem 2.2 in Mauldin et al. (1983).
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Lemma 20. Let � = I, p : � ! �(S) be an orthogonal and non-atomic kernel, and B be
a is measurable subset of � � S which completely separates p (i.e. satis�es the conditions of
De�nition 8). Then �S (B) is a measurable subset of S and there is a measurable isomorphism

 : �S (B)! I � I such that p� � 
�1 = �� � � for all � 2 �.

Even if Mauldin et al. (1983) do not explicitly state it, �S (B) is measurable. Indeed, as
�S : � � S ! S is measurable, so is its restriction _�S to B (a Borel space with the inherited
sigma algebra). Moreover, if (�0; s0) ; (�00; s00) 2 B and _� (�0; s0) = _� (�00; s00), then s0 2 B�0,
s00 2 B�00 and s0 = s00. But, then s0 2 B�0 \ B�00 and the latter is empty if �0 6= �00, so
�0 = �00 and (�0; s0) = (�00; s00). Thus _�S : B ! �S (B) is injective (and measurable) and so, by
Mackey�s Isomorphism Theorem (Mackey, 1957, Theorem 3.2), �S (B) is measurable and _�S is
a measurable isomorphism. In particular, for all E 2 BI 
 BI , 
�1 (E) belongs to BS \ �S (B)
and hence to BS, so that p� � 
�1 is well de�ned.
Now take any measurable extension 
̂ : S ! I � I and note that, for each E 2 BI 
 BI ,


̂�1 (E) = fs 2 S : 
̂ (s) 2 Eg = fs 2 �S (B) : 
 (s) 2 Eg [ fs 2 �S (B)c : 
̂ (s) 2 Eg

moreover, for each � 2 �, p� (�S (B)) = 1 and p� (�S (B)c) = 0 (because �S (B) =
S
#2�B#).

With this�
p� � 
̂�1

�
(E) = p� (fs 2 �S (B) : 
 (s) 2 Eg [ fs 2 �S (B)c : 
̂ (s) 2 Eg)

= p� (fs 2 �S (B) : 
 (s) 2 Eg) + p� (fs 2 �S (B)c : 
̂ (s) 2 Eg)| {z }
=0

=
�
p� � 
�1

�
(E) = (�� � �) (E) = � (E�)

for all � 2 �. This shows a simple corollary.

Lemma 21. Let � = I. If a kernel p : �! �(S) is orthogonal and non-atomic, there exists
a measurable  : S ! I � I such that

p� �  �1 = �� � � 8� 2 �

for all � 2 �.

Next we consider the interval case.

Lemma 22. Let � = Z = I. If a kernel p : � ! �(S) is orthogonal and non-atomic, then
for each kernel f : �! �(Z), there exists a measurable ' : S ! Z such that

p� � '�1 = f� 8� 2 � (70)

Proof For each � 2 �, denote by

F� : I = Z ! [0; 1]

z 7! f� ((0; z])

the distribution of f�, and let

Q� : I ! I = Z

i 7! min fz 2 I : F� (z) � ig

it is well known that (see e.g. Resnick, 2008, page 4):
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1. Q� is well de�ned (because fz 2 I : F� (z) � ig is a compact interval contained in I with
right extreme 1), left-continuous, and increasing;

2. given any (i; z) 2 I � I, Q� (i) � z if and only if F� (z) � i;

3. �
�
Q�1� ((0; z])

�
= � (fi 2 I : Q� (i) � zg) = � (fi 2 I : i � F� (z)g) = F� (z) for all z 2 I.

But then, �
�
Q�1� ((0; z])

�
= f� ((0; z]) for all z 2 I = Z. Thus � � Q�1� = f� for all � 2 �.

Consider
Q : I � I ! I

(�; i) 7! Q (�; i) = Q� (i)

For each i 2 I, the section
Qi : I ! I

� 7! Q� (i)

is such that �
Qi
��1

((0; z]) =
�
� 2 I : Qi (�) � z

	
= f� 2 I : Q� (i) � zg

= f� 2 I : F� (z) � ig = f� 2 I : f� ((0; z]) � ig

for all z 2 I = Z. But the map
� ! R
� 7! f� (E)

is measurable for all E 2 BZ = BI , in particular for E = (0; z]; thus�
Qi
��1

((0; z]) = f� 2 I : f� ((0; z]) � ig 2 B� 8z 2 Z

hence Qi is measurable.
This shows that Q : �� I ! Z is jointly measurable, because it is a left-continuous process

fQigi2I . Consider the completely orthogonal and non-atomic kernel q : � ! �(I � I) given
by

q� = �� � � 8� 2 I

and note that, for each E 2 BI 
 BI ,

q� (E) = (�� � �) (E) = � (E�) 8� 2 I

(see Example 2.1 of Mauldin et al., 1983).
For each H 2 BI = BZ , de�ne E = EH by

E = Q�1 (H) = f(#; &) 2 I � I : Q (#; &) 2 Hg 2 BI 
 BI = B� 
 BI

and note that, for all � 2 �,

E� = ft 2 I : (�; t) 2 Eg = ft 2 I : (�; t) 2 f(#; &) 2 I � I : Q (#; &) 2 Hgg
= ft 2 I : Q (�; t) 2 Hg = ft 2 I : Q� (t) 2 Hg = Q�1� (H)
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Therefore, for all � 2 �,�
q� �Q�1

�
(H) = (�� � �)

�
Q�1 (H)

�
= (�� � �) (E) = � (E�) = �

�
Q�1� (H)

�
= f� (H)

because � �Q�1� = f�. Now, by Lemma 21, there exists a measurable  : S ! I � I such that

p� �  �1 = �� � � = q� 8� 2 �

De�ne ' = Q �  : S ! I = Z. For all H 2 BI = BZ ,

p� � '�1 (H) = p�
�
(Q �  )�1 (H)

�
= p�

�
 �1

�
Q�1 (H)

��
=
�
p� �  �1

� �
Q�1 (H)

�
= (�� � �)

�
Q�1 (H)

�
= f� (H)

for all � 2 �, and (70) holds. �

Next lemma removes the assumption Z = I.

Lemma 23. Let � = I. If a kernel p : �! �(S) is orthogonal and non-atomic, then for each
Borel space Z and each kernel f : �! �(Z), there exists a measurable ' : S ! Z such that

p� � '�1 = f� 8� 2 � (71)

Proof Let  : Z ! I be injective and Borel measurable, then  (Z) is a Borel subset of I and

 ̂ : � (Z) ! �(I)

P 7! P �  �1

is measurable and injective (see, e.g., Lemmata 4 and 5 of Battigalli et al. 2022). Moreover,
for all P 2 �(Z), �

P �  �1
�
( (Z)) = P

�
 �1 ( (Z))

�
= P (Z) = 1

hence (P �  �1) ( (Z)c) = 0.
Now g =  ̂ � f : I ! �(I) is a kernel because  ̂ is measurable. By Lemma 22, there exists

' : S ! I such that
p� � '�1 = g� = f� �  �1 8� 2 I

For all E 2 BI ,�
p� � '�1

�
(E) =

�
f� �  �1

�
(E) (72)

=
�
f� �  �1

�
(E \  (Z)) +

�
f� �  �1

�
(E \  (Z)c)

=
�
f� �  �1

�
(E \  (Z)) =

�
p� � '�1

�
(E \  (Z))

Therefore, for each � 2 I and each D 2 BZ ,

f� (D) = f�
�
 �1 ( (D))

�
= p�

�
'�1 ( (D))

�
where the �rst equality follows from injectivity of  , the second from (72) and the fact that
 : Z !  (Z) is a measurable isomorphism, thus  (D) 2 B (Z) � BI .
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Let � : I ! Z be a measurable extension to I of the inverse  � :  (Z)! Z of  : Z !  (Z)

de�ned by

� (i) =

�
z if i 2  (Z) and i =  (z)

z0 if i 2  (Z)c

Then � = � � ' : S ! Z is measurable and, for each � 2 I and each D 2 BZ ,

p� � ��1 (D) = p� � (� � ')�1 (D)

but

(� � ')�1 (D) = fs 2 S : � (' (s)) 2 Dg =
�
s 2 S : ' (s) 2 ��1 (D)

	
= '�1

�
��1 (D)

�
and

��1 (D) =

�
 (D) if z0 =2 D
 (D) [  (Z)c if z0 2 D

In fact,

��1 (D) = fi 2 I : � (i) 2 Dg
= fi 2  (Z) : � (i) 2 Dg [ fi 2  (Z)c : � (i) 2 Dg

the second set is ; or  (Z)c depending on whether z0 =2 D or z0 2 D. Next we show that
the �rst set is  (D). Indeed if i 2  (D), then i 2  (Z) and i =  (d) for some d 2 D, thus
� (i) = d 2 D and i 2 fj 2  (Z) : � (j) 2 Dg. Conversely, if i 2 fj 2  (Z) : � (j) 2 Dg, then
i =  (z) for some z 2 Z and z = � (i) 2 D, thus i 2  (D).
But then, for each � 2 I and each D 2 BZ ,

p� � ��1 (D) = p� � (� � ')�1 (D) = p� � '�1
�
��1 (D)

�
= p� � '�1

�
��1 (D) \  (Z)

�
= p� � '�1 ( (D))

= p�
�
'�1 ( (D))

�
= f� (D)

thus there exists a measurable � : S ! Z such that

f� = p� � ��1 8� 2 I

and (71) holds. �

Finally we remove the assumption � = I, proving Theorem 19 in the case of an uncountable
�. The countable case (�nite or denumerable) is a simple consequence of Theorem 3.1 of Berti
et al. (2007).

Proof of Theorem 19 Let p : � ! �(S) be an orthogonal and non-atomic kernel and Z
any Borel space Z. Assume � is uncountable and consider any measurable isomorphism and
 : I ! �. For each kernel p : �! �(S), de�ne

q = p �  : I ! �(S) and g = f �  : I ! �(Z)

45



Note that both q and g are kernels because  is measurable and q is non-atomic. Let T : S ! �

separate p, i.e., p� (T�1 (�)) = 1 for all � 2 �. Denoting by  � the inverse function of  , the
map 	 =  � � T : S ! I is measurable and, for all i 2 I,

	�1 (i) = ( � � T )�1 (i) = fs 2 S :  � (T (s)) = ig = fs 2 S : T (s) =  (i)g = T�1 ( (i))

so that
qi
�
	�1 (i)

�
= qi

�
T�1 ( (i))

�
= p (i)

�
T�1 ( (i))

�
= 1

thus q : I ! �(S) is orthogonal and non-atomic.
By Lemma 23, there exists ' : S ! Z such that

qi � '�1 = gi

for all i 2 I, then
p (i) � '�1 = f (i)

for all i 2 I, and since  is onto then (69) holds.
Conversely, let p : �! �(S) be a kernel such that for each Borel space Z and each kernel

f : �! �(Z), there exists a measurable ' : S ! Z such that

p� � '�1 = f� 8� 2 � (73)

Let Z = ��I and consider the kernel f� = ���� for all � 2 � (see, e.g., Corollary 3 of Battigalli
et al. 2022). Let ' : S ! �� I be such that (73) holds. Consider T = �� � ' : S ! � (which
is measurable because �� and ' are measurable) and note that, for all � 2 �,

p�
�
T�1 (�)

�
= p�

�
'�1

�
��1� (�)

��
= (�� � �) (f�g � I)

= � ((f�g � I)�) = � (I) = 1

thus p is completely orthogonal. Moreover, for each � 2 �, consider the random variable
�� = �I � ' : S ! I and note that, for all t 2 I, the distribution of �� at t w.r.t. p� is

F��;p� (t) = p� � ��1� ((0; t]) = p�
�
'�1

�
��1I ((0; t])

��
= (�� � �) (�� (0; t]) = �� (�)� ((0; t]) = t

that is, �� has uniform distribution. As well known, the existence of such a random variable
implies that p� is non-atomic. �

Corollary 24. A kernel p : � ! �(S) is orthogonal and non-atomic if and only if, there
exists an uncountable Borel space Z for which to every kernel f : � ! �(Z) corresponds a
measurable map ' : S ! Z such that

p� � '�1 = f� 8� 2 � (74)

Proof The �only if part� is an immediate consequence of Theorem 19. As for the �if�part,
note that the proof of the corresponding statement of Theorem 19 uses a speci�c uncountable
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Borel space, namely �� I. Next we show that when the statement holds for some uncountable
Borel space Z, then it holds for all of them (in particular, for �� I).
Let Z 0 be any uncountable Borel space. Consider a measurable isomorphism  : Z 0 ! Z,

with inverse  � : Z ! Z 0. Then

 ̂ : � (Z 0) ! �(Z)

P 7! P �  �1

is a measurable isomorphism too. For each kernel h : � ! �(Z 0), the map g =  ̂ � h : � !
�(Z) is a kernel because  ̂ is measurable. By assumption, there exists a measurable ' : S ! Z

such that
p� � '�1 = g� = h� �  �1 8� 2 �

that is, such that, for each E 2 BZ ,

p�
�
'�1 (E)

�
= h�

�
 �1 (E)

�
8� 2 �

whence for each D 2 BZ0,

p�
�
'�1

�
( �)�1 (D)

��
= h�

�
 �1

�
( �)�1 (D)

��
8� 2 �

but '�1
�
( �)�1 (D)

�
= ( � � ')�1 (D) and  �1

�
( �)�1 (D)

�
=  �1 ( (D)) = D, so that

p� � ( � � ')�1 (D) = h� (D) 8� 2 �

but � =  � �' : S ! Z 0 is measurable because  � is. Summing up, for each uncountable Borel
space Z 0, to every kernel h : �! �(Z) corresponds a measurable map � : S ! Z 0 such that

p� � ��1 = h� 8� 2 �

and choosing Z 0 = ��I like in the proof of Theorem 19 yields that p : �! �(S) is orthogonal
and non-atomic. �

A.7 Some equations

Eq. (37) It holdsZ
Z

vdq� � f�1 =
Z
S

v � fdq� =
Z
�

�Z
S

v � fdq�
�
d� =

Z
�

�Z
Z

vdq� � f�1
�
d�

=

Z
�

�Z
Z

vdf# (� j �)
�
d�

as desired.
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Eq. (41) By setting c (�) = c (�; �0), it holds

inf
�

Z
S

w (� (a; s)) dq� (s) + c (�) = inf
p

�
inf

f�:q�=pg

Z
S

w (� (a; s)) dq� (s) + c (�)

�
= inf

p

�
inf

f�:q�=pg

Z
S

w (� (a; s)) dp (s) + c (�)

�
= inf

p

�Z
S

w (� (a; s)) dp (s) + inf
f�:q�=pg

c (�)

�
= inf

p

Z
S

w (� (a; s)) dp (s) + h (p)

as desired.

Eqs. (48) and (51) We prove only the latter. When c = 0, we have

inf
�

Z
�

inf
p�q�

Z
S

u (� (a; s)) dp (s) + �D (pjjq�)| {z }
F (�)

d� (�) + c (�)

= inf
�

Z
�

F (�) d� (�) � inf
��

Z
�

F (�) d� (�) = inf
�
F (�) � inf

�

Z
�

F (�) d� (�)

Thus,

inf
�

Z
�

inf
p�q�

Z
S

u (� (a; s)) dp (s) + �D (pjjq�) d� + c (�)

= inf
�

�
inf
p�q�

Z
S

u (� (a; s)) dp (s) + �D (pjjq�)
�
= inf

�

�
inf

p2�(S)

Z
S

u (� (a; s)) dp (s) + �D (pjjq�)
�

= inf
p2�(S)

�
inf
�

Z
S

u (� (a; s)) dp (s) + �D (pjjq�)
�
= inf

p2�(S)

Z
S

u (� (a; s)) dp (s) + � inf
�
D (pjjq�)

as desired.
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