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Abstract

Latent variable models are widely used to account for unobserved determinants of
economic behavior. Traditional nonparametric methods to estimate latent hetero-
geneity do not scale well into multidimensional settings. Distributional restrictions
alleviate tractability concerns but may impart non-trivial misspecification bias. Mo-
tivated by these concerns, this paper introduces a quasi-Bayes approach to estimate a
large class of multidimensional latent variable models. Our approach to quasi-Bayes
is novel in that we center it around relating the characteristic function of observables
to the distribution of unobservables. We propose a computationally attractive class
of priors that are supported on Gaussian mixtures and derive contraction rates for a
variety of latent variable models. As a first application, we use data from the India
Young Lives Survey to estimate production functions for cognition and health for
children aged 1-12 in India. As a secondary application, we model individual log
earnings from the Panel Study of Income Dynamics (PSID) as the sum of permanent
and transitory components. Simulations illustrate the performance of quasi-Bayes

estimators relative to common alternatives.
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1 Introduction

Many questions in economics involve inferring information on unobserved determinants of eco-
nomic behavior. For instance, Cunha, Heckman, and Schennach| (2010)) and |Attanasio, Meghir,
and Nix| (2020b) study the importance of human capital development on child outcomes. In this
setting, observed variables such as test scores and height serve as imperfect proxies for latent
ability and health. Similarly, models on search unemployment (Heckman and Singer, 1984) and
labor income dynamics (Abowd and Card} |1989; |Altonji, Smith Jr, and Vidangos, 2013) explic-
itly incorporate unobserved heterogeneity and measurement error in observables (e.g. observed

wages, hours and earnings).

To account for the informational uncertainty that arises from unobservables, models that in-
corporate latent variables are widely used. In multidimensional settings, a common strategy
to maintain tractability involves imposing distributional restrictions on observables and unob-
servablesE These approaches are attractive in that they provide a researcher with a tractable
distribution (e.g. Gaussian) to sample from for counterfactual analysis. On the downside, they
may impart non-trivial misspecification bias through the distributional restrictionsﬂ Motivated
by these concerns, this paper introduces a novel quasi-Bayes approach to estimate a large class

of multidimensional latent variable models.

Traditional quasi-Bayes (Kim, |2002; Chernozhukov and Hong}, [2003) combines a GMM objective
function @, () and a prior v(0) to create a quasi-posterior distribution. Intuitively, the GMM
objective function reweights the prior distribution to assign greater weight to areas of the
parameter space where the objective function is small. As a consequence, posterior samples
concentrate around minimizers of the GMM objective function. The usual quasi-posterior takes

the form
V(0|1 2) x ey (0). (1)

In this paper, we generalize the representation in to settings where 6 represents a latent
distribution of interest. While traditional quasi-Bayesian approaches in econometrics focus on
moment restrictions that identify a finite dimensional parameter, our approach instead centers
around identifying restrictions which relate the characteristic functions of observables to the
distribution of unobservables. Our analysis begins with the observation that a large class of
latent variable models are characterized by a collection of simple identifying restrictions on the
characteristic function of the observables. We use these restrictions to build a pseudo-likelihood
for the model. When combined with a prior, this provides a researcher with quasi-Bayes decision

rules such as point estimators (e.g. posterior means) and credible sets.

'For instance, in their empirical specification, [Cunha et al.| (2010) and |Attanasio et al| (2020alb) fix the
distribution of unobservables to lie in a Gaussian family. This induces a Gaussian likelihood on observables,
which facilitates the use of parametric maximum likelihood.

*In low dimensional settings, deconvolution based approaches (e.g. [Horowitz and Markatou, [1996; [Li and
Vuong}, |1998; [Bonhomme and Robin, 2010) are commonly used to estimate the distribution of unobservables.
These methods require minimal distributional restrictions on unobservables but are computationally challenging
and highly sensitive to user chosen tuning parameters, especially so in multidimensional setups.



We propose a class of priors that are supported on Gaussian mixtures. Our focus on this class
is partially motivated from the observation that finite Gaussian mixture models are widely
used in a variety of empirical settings to model rich forms of heterogeneity. As Gaussian
mixtures can be efficiently sampled from, they provide researchers with a convenient framework
to perform counterfactual analysis. One consequence of building a framework around such a
structure is that we obtain decision rules with particularly desirable theoretical guarantees in
settings where the true data generating process closely resembles a (possibly infinite) Gaussian
mixture, while at the same time remaining viable in the more general case. A further desirable
property of focusing on Gaussian mixture based priors is that they greatly facilitate the interplay
analysis between the prior and pseudo-likelihood. Importantly, Gaussian mixtures admit a
simple characteristic function which in turn leads to a tractable pseudo-likelihood. Indeed, one
of the main ideas behind our analysis is that priors on Gaussian mixtures translate effortlessly

to priors on characteristic functions and vice versa.

The main contributions of this paper are as follows. We provide a unified treatment for three
classes of latent variable models. These are (i) models with classical measurement error, (i)
models with repeated measurements and (7i7) linear multi-factor models. In each case, we derive
characteristic function based identifying restrictions and use them to build a pseudo-likelihood
for the model. We then combine this likelihood with a theoretically motivated class of priors
and derive L? rates of convergence (posterior contraction rates) for the induced quasi-Bayes pos-
terior. As our analysis is the first quasi-Bayesian approach to these classes of models, we expect
that the general analysis may be of independent interest towards related extensions. As a by
product of our analysis, we also contribute to a general understanding of characteristic function
based pseudo-likelihoods. Importantly, certain likelihoods may only lead to partial identification

but can nonetheless be modified in a suitable way to achieve point identification.

To the best of our knowledge, our paper is the first nonparametric Bayesian approach to utilize
a pseudo-likelihood based on characteristic functions. In our analysis, we use a Dirichlet pro-
cess prior to induce a prior on Gaussian mixtures which in turn leads to an induced prior on
characteristic functions. One consequence of this analysis is that we obtain novel L*° posterior
contraction results even for the special case of density estimation. Intuitively, convergence of
characteristic functions implies risk bounds in stronger metricsﬂ This approach is of indepen-

dent interest and may be useful in a variety of related extensions.

As a first application, we use data collected from the India Young Lives Survey to estimate
production functions for cognition and health for children aged 1-12 in India, revisiting [Attana-
sio, Meghir, and Nix| (2020b). As in the original analysis, we use the latent factor model of
Cunha, Heckman, and Schennach| (2010)) to estimate the joint distribution of unobservables and
observables. Our analysis deviates from the literature in that we estimate this joint distribu-

tion nonparametrically and do so without imposing a specific distribution on the measurement

3For example, if fx and fy have characteristic functions ¢x and vy, ||fx — fy|lz=< |lox — v |r1-



errorsﬁ In line with previous results in the literature, our results show that cognition displays
persistence across the development period and that parental investment is effective at develop-
ing cognition at all ages, with a higher return for younger children. Our results differ from the
literature in that, while previous studies attribute cognition at later ages primarily to persis-
tence, our results suggest a greater influence of alternative factors. Specifically, we find that
investment continues to maintain a significant impact during adolescence, albeit still lower than
in early childhood. As our sample size is relatively modest, and we do not consider estimation
by relaxing only a single restriction, it is difficult to ascertain whether our differences are due
to nonparametrically modeling the latent distribution and/or leaving free the distribution of
the measurement errors. To that end, we view our general methodology as complementary to
the existing literature in that it may serve as a robustness check to possible violations of these

restrictions.

As a secondary application, we apply our methodology to model individual earnings data from
the Panel Study of Income Dynamics (PSID), revisiting |Bonhomme and Robin| (2010)). Our re-
sults in this setting are consistent with the literature (e.g. |Geweke and Keane, 2000; Bonhomme
and Robin} 2010)) in that the distribution of wage shocks in U.S data appear to be non-Gaussian
and leptokurtic. Additionally, as our priors are supported on infinite Gaussian mixtures, our
results also complement previous approaches (e.g. |Geweke and Keane, 2000) that advocate for
Gaussian mixtures to model earnings dynamics. To assess the performance of our method, we
compare the implied fit of the wage growth moments to alternative estimators and the observed
data. Overall, we find that our approach is capable of reproducing the higher moments observed

in U.S wage growth data.

The paper is organized as follows. Section briefly summarizes notation that frequently
appears throughout the text. Section [2| provides a brief review of Gaussian mixtures, the
Dirichlet process and the prior it induces on Gaussian mixtures. Section [3|introduces the quasi-
Bayes framework for all the latent variable models considered in this paper. Section [4] develops
the quasi-Bayes limit theory and main results. Section [5| provides simulation evidence on quasi-
Bayes estimators relative to common alternatives. In Section [6] we apply our methodology to
study human capital development in India, using data from the Young Lives Survey. In Section
we apply our methodology to study earnings dynamics in U.S wages, using data from the
PSID. Section [§ concludes. Section [J] contains proofs and auxiliary results for all the statements

in the main text.

1.1 Related Literature

Latent variable models have a long history in econometrics and statistics. For a comprehensive
overview, we refer to |Chen, Hong, and Nekipelov| (2011); [Schennach| (2016} 2022). Heckman

and Singer| (1984) establish the consistency of a sieve maximum likelihood estimator for the

4This refers to estimation methods that explicitly depend on the specific form of the measurement error
distribution in their implementation. For example, Gaussian measurement errors are frequently used to induce a
Gaussian likelihood on the observables. If the latent distribution is also assumed to be Gaussian, its mean and
covariance structure can be recovered through minimum distance least squares.



distribution of unobservables in a single spell duration model. For classical measurement error
with a known error distribution, [Fan| (1991ab); Lounici and Nick] (2011)) establish optimal

convergence rates of kernel deconvolution estimators. For early work on measurement error in

panel frameworks, see Horowitz and Markatou! (1996]). For models with repeated measurements,
LLi and Vuong| (1998)) use Kotlarski’s lemma (Kotlarskil, [1967) to build a deconvolution based
estimator. For extensions and related results on models with repeated measurements or auxiliary
information, see [Li| (2002); [Schennach] (2004alb); |Chen, Hong, and Tamer]| (2005)); Delaigle, Hall |
land Meister| (2008)); |Cunha, Heckman, and Schennach| (2010)); Kato, Sasaki, and Ura| (2021);

Kurisu and Otsu (2022)). For general multi-factor models with mutually independent factors,

Bonhomme and Robin| (2010) propose a kernel deconvolution based estimator. For instrumental

variable based approaches to models with measurement error, see [Newey| (2001)); [Schennach|
(2007); (2008)); [Hu and Schennach| (2008); Wang and Hsiao (2011]).

Our paper is also related to a growing literature on Bayesian inference in density estimation

and deconvolution. For pure Bayesian approaches to density estimation, see |Ghosal, Ghosh,|
land Van Der Vaart| (2000); Ghosal and Van Der Vaart| (2001} [2007); Kruijer, Rousseau, and
van der Vaart| (2010); Shen, Tokdar, and Ghosal (2013). For pure Bayesian approaches to

deconvolution with a known error distribution, see |Donnet, Rivoirard, Rousseau, and Scricciolo

(2018); Rousseau and Scricciolo (2023). To the best of our knowledge, our paper is the first to

propose a quasi-Bayes framework for these models. As such, our paper also contributes to a

growing literature on quasi-Bayes in nonparametric econometric models (e.g. [Liao and Jiang),
2011}; Kato| 2013]).

Quasi-Bayesian methods have a long history in econometric models identified through moment

restrictions. Traditional approaches (e.g. |Chernozhukov and Hongj, 2003; (Gallant, Hong, Le-|

ung, and Li, [2022)) have typically focused on strongly identified parametric models. Recent
work (e.g. (Chen, Christensen, and Tamer|, 2018} /Andrews and Mikusheva, 2022)) in the litera-

ture also demonstrates that certain quasi-Bayesian decision rules have desirable properties in

settings where identification is weak or non standard. Although our focus in this paper is not
on settings with non standard identification, we do note that (in our nonparametric ill-posed
inverse setting) finite sample identification strength is typically user determined by tuning pa-
rameters that determine the structure of the parameter space. A complex parameter space
leads to objective function that are near-flat in substantial portions of the parameter space.
As traditional estimators (e.g. deconvolution based) are typically based on directly inverting
these objective functions, they are highly sensitive to the underlying structureﬂ By contrast,
quasi-Bayes provides additional regularization to solve the ill-posed inverse problem through a

prior and flexible choice of pseudo-likelihood.

®Intuitively, an estimator that is based on inverting an objective function that is near-flat in substantial
portions of a parameter space typically displays large variability.



1.2 Notation

Denote the standard Euclidean real coordinate space of dimension d by R¢. For complex
coordinates, we use C%. Let i denote the imaginary unit. The magnitude of a complex valued
function f : R¢ — Cis defined as | f(t)|* = (R[f(t)])*+(3[f(t)])?, where R and T denote the real
and imaginary parts, respectively. Given a random vector Z € R?, we denote its characteristic
function by wz(t ) = IE[ i'Z] " Given functions f,g : R — R, we denote their convolution by
[xg(x) = [ga f( )g(2)dz. Convolution of a function g : R — R with a Borel measure p
on Rd is denoted in a snnilar manner by g * u(x) = [pa g(x — z)du(z). The Fourier Transform
of a function f:R? — R and a Borel measure y on R? is denoted by F[f fRd elt' f(z

and Flu](t) = Jpa e du(x), respectively.

Let E and P denote the usual expectation and probability operators. Let E,, denote the empirical
analog of E. We use ||.|| and ||.||oo to denote the Euclidean and infinity norm on R¢, respectively.
We use Si to denote the set of positive definite matrices on R¥¢. Given two measures (\, p),
we denote the product measure by v = A®@ u. Let H? = (HP, ||.||[a») denote the usual p-Sobolev
space of functions on R%. Given a symmetric positive definite matrix ¥ € Si, we denote its
ordered eigenvalues by A1 (X) < Xa(X) < ... < A\g(2). The L? space with respect to the Lebesgue
measure on R? is denoted by L*(R?), with associated norm given by || f||2 .= [ga | f(t) 2 dt.

We introduce more specific notation for multivariate Gaussian distributions to denote various
dependencies that we make use of. Let N(0,3) denote the multivariate Gaussian distribution
with mean zero and covariance matrix . We use ¢y, and @y, to denote the N'(0,X) density and

characteristic function, respectively.

2 Review

We begin in Section [2.1] with a brief review of Gaussian mixtures. In Section we review the

Dirichlet process and the prior it induces on Gaussian mixtures.

2.1 Gaussian Mixtures

Given a probability distribution P on R?, the Gaussian mixture with mixing distribution P and

covariance matrix ¥ € R%9 is denoted by

bp(r) = b5 * Pz /¢2%’—Z)dp() 2)

If P is a discrete distribution, i.e P = E;; p;d,; which assigns probability mass p; to a point
Wi € R?, the preceding definition reduces to

opx(z Zpgcf)z



If F denotes the Fourier transform operator, the characteristic function (CF) of a Gaussian

mixture is given by
ppx(t) = Flow * PJ(t) = Flex)(t) x FIP)(t) = e F[P](t). (3)

For a discrete distribution P = z]oil Pjou;, the preceding expression simplifies to
o
0Py (t) — et 3t/2 ijelt i
j=1

From the representation in , it follows that a Gaussian mixture is completely characterized

by its mixing distribution P and covariance matrix .

In practice, a researcher may choose to model the distribution of a random vector X € R as
an exact Gaussian mixture of the form in . That is, there exists a positive definite matrix

Yo € R¥*? and a mixing distribution Fyy such that the density of X can be expressed as
(@) = s, < Fo@) = [ om0 = 2)aRo(2), ()

As the mixing distribution Fy may be continuously distributed and/or possess unbounded sup-
port, the representation in offers a flexible parametrization that lies somewhere between a
parametric and fully nonparametric model. Furthermore, while the representation in (4) may
be misspecified, there always exists a mixing distribution and covariance matrix (3o, Fy) such

that the misspecification bias can be made arbitrarily smallﬁ

2.2 Dirichlet Process Priors

The Dirichlet process is a distribution on the space of probability distributions on R?. That
is, a random draw from the Dirichlet process is a distribution P on R%. As the name suggests,
the precise definition of the process is closely related to that of the finite dimensional Dirichlet

distribution on the simplex. The following definition clarifies this.

Definition 1. A random distribution P on R? is a Dirichlet process distribution with base

measure « if for every finite measurable partition of R% = U§:1 A;, we have
(P(Ay),P(Az),...,P(Ag)) ~ Dir(k,a(A1),...,a(Ag)), (5)

where Dir(.) is the Dirichlet distribution with parameters k and a(A1),...,ax(Ax) > 0 on the

5To be specific, suppose X € R? admits a density fx € L*(R?). A simple way to achieve a (not necessarily
optimal) Gaussian mixture approximation is to let dP = fx and X, = o2 for some o2 | 0. As the Fourier
transform preserves distance (up to a constant), it follows that

lops, (@) = Fx (@)= | fx * bozr = fx 2= e/ = Dpx ()] 2 —— 0.



k dimensional unit simplex A = {z € R¥ : 2; > 0 ,Zle ;= 1}
An alternative definition that is especially useful in simulating the process is the following.
Definition 2 (Dirichlet process). Fix 8 > 0 and a base probability distribution o on RY. Let
i, Va,... i Beta(1, 8) and pq, po, - .. ", Define the weights
j—1
m=Vi,p=V;[[0-V) j>2
i=1

It can be shown (Ghosal and Van der Vaart, 2017, Lemma 3.4) that >":°, p; = 1 almost surely.

The Dirichlet process with concentration parameter 8 and base measure « is the law of the

00
P = széuz ’
i=1

where ¢, is the point mass at p;. That is, P takes value u; with probability p;. Notationally,

random discrete distribution

we suppress the dependence on 8 and express this as P ~ DP,. As Figure [I] illustrates, the
parameter [ controls the spread around the base measure «, with larger values of 8 leading to

tighter concentration.

1.00- 1.00 — 1.00 e
/i /// =

050 / 050 o 050 /
0% 7 0% 025

o —— o o =

() 6 =2 (b) 6= 10 () B =50
Figure 1: CDF Draws of P ~ DP,,. Black solid line indicates CDF of base measure o = N (0, 1).

A Dirichlet process prior can be used to build a prior on Gaussian mixtures in . Specifically,
given a Dirichlet process prior DP,, and an independent prior G on the set S‘j_ of positive definite

matrices, the induced prior on Gaussian mixtures is given by

dpx(z) = y ¢x(x —2)dP(z), (P,X)~DP,®QG. (6)

In the remaining sections, we will frequently refer to the prior in @ For ease of notation, we

denote this product prior by v, ¢ = DP, ® G.

"The probability density of Dir(k, aa, ..., ax), with respect to the k — 1 dimensional Lebesgue measure on the
k a;—1

unit simplex A, is proportional to [[;_; x;



3 Models and Procedures

In this section, we introduce three commonly used latent variable models: (i) classical measure-
ment eerIEI7 (74) models with repeated measurements and (7i7) linear independent multi-factor
models. For each model, we consider identifying restrictions that relate the distribution of
the latent variable to the characteristic function of observables. These restrictions are used to
construct a quasi-likelihood. When combined with a prior as in @, we obtain a quasi-Bayes

posterior that is supported on infinite Gaussian mixtures.

3.1 Classical Measurement Error

Consider a classical measurement error model where we observe a random sample from
Y=X+e , El¢=0. (7)

Here, Y € R is an observed vector, X € R? is an unobserved vector whose distribution is of
interest and € is an unobserved error that is independent of X. We may view Y as an imperfect

proxy or error contaminated version of X.

We are interested in recovering the latent distribution of X. As the individual contributions of
X and e cannot be separately identified from an observation of Y, identification of the latent
distribution of X generally requires some further auxiliary information on the distribution F, of
the unobserved error €. In the deconvolution literature (e.g. [Lounici and Nickl, [2011; Rousseau
and Scricciolo, 2023), it is common to assume that the distribution F, is completely known.
As in Dattner et al. (2016)); Kato and Sasaki| (2018), we consider a slightly weaker requirement
where a researcher has auxiliary information in the form of a random sample €1, ..., €, i F,
of size mﬂ As we discuss in Section one way to generate such auxiliary information is

through repeated measurements of Y.

We start by observing that, as the unobserved error € is independent from the latent vector X,

the characteristic functions of (Y, X, ¢€) factor as

ey (t) = ox(t)pe(t) ViteR™ (8)

Our starting point towards constructing a quasi-likelihood is to observe that can be viewed
as a collection of identifying restrictions on the model. As the characteristic functions ¢y (t) =
E[e*Y] and o (t) = E[el'¢] depend on population expectations, it is infeasible to evaluate either

side of directly. Towards that goal, given the observed data, we estimate the population

8This is also known as the multivariate deconvolution model (Fan, [1991albt [Lounici and Nickl, 2011])
9There are no restrictions on the dependence of the auxiliary sample with the original sample.



expectations using their empirical analogs:

—~ 51/ 1 CIVAVE
Br(t) =Eo[e"™] = - 3 (9)
7j=1
1 m
Pe(t) = B[] = — Zl e, (10)
j:

As estimated characteristic functions do not have uniformly (over ¢t € R%) valid statistical
guarantees, it is necessary to consider a bounded set of restrictions that grows with the sample
sizem To that end, given a fixed T > 0, we denote the ball of radius 7" and the L? magnitude
(norm) of a function f : R? — C over the ball by

B(T)={t €R": tlow< T} . |Iflfer)= /B(T) f (@)1 dt. (11)

If 6 represents a distribution with characteristic function @y, we aim to construct a quasi-

likelihood for the latent distribution of X using the quantity

L(0) = 11§y — voPellr)- (12)

While in principle L(.) can be evaluated at any distribution 6, in the interest of computational
tractability, it will be convenient to restrict our attention to distributions that admit a simple
characteristic function. At a minimum, this ensures that the quasi-likelihood in can be
easily evaluated at such distributions. Towards this goal, we consider candidate solutions in the

class of infinite Gaussian mixtures:
dpx(z) = ¢x * P(x) = /d s (x — 2)dP(2). (13)
R

As discussed in Section a Gaussian mixture is completely characterized by its mixing dis-
tribution P and covariance matrix Y. Therefore, to induce a quasi-Bayes posterior we endow
(P,Y) with a prior. As discussed in Section we use a Dirichlet process DP,, prior for the
mixing distribution P. We then choose an independent prior G for the covariance matrix 3.
The choice of prior G is flexible, with some leading to more straightforward computation in
higher dimensions. General conditions on G are specified in Section In particular, an

Inverse-Wishart prior is always permitted.

We define, as discussed in Section a prior on Gaussian mixtures given by
orsa) = [ ésla=2)dP), (P.E)~vog=DPaw G,
R

Let Z,, denote the observed data. If ppy denotes the characteristic function of a Gaussian

%Under standard regularity conditions, the usual statistical guarantee (see Lemma [1]) is

sup By (1) — oy (t)] = Os(n™"/*\/log T).

ltll oo <T

10



mixture ¢py, we define the deconvolution quasi-Bayes posterior by

B exp (— %”@Y - @e‘PP,EHIQB(T))Va,G(Pa E)
Jexp(— 313v — eprmlld ) dvac(Pr L)

Va,c(¢Ps | Zn) (14)
As the quasi-Bayes posterior is constructed using py and @, the conditioning on Z,, is used to
denote that the quasi-posterior is defined conditionally on the observed data. Our construction
defines the posterior directly on characteristic space. However, as there is a one-to-one relation
between ¢py and ppy, without loss of generality we view v, (.| Z,) as a quasi-Bayes posterior

over distributions and their characteristic functions.

The quasi-Bayes posterior uses the identifying restrictions in as a quasi-likelihood for the
model. Intuitively, we expect samples from the posterior to concentrate on Gaussian mixtures
that approximately satisfy the model’s identifying restrictions. As the latent distribution X
uniquely satisfies the restrictions, these Gaussian mixture samples are expected to concentrate

around the distribution of X. This intuition is formalized in Section 4.2

As a formal estimator of the latent distribution, we use the expected density under the posterior
distribution in . Specifically, we denote the posterior mean by

Ey, oz (f) = / fdvac(f]Z). (15)

Remark 1 (On Alternative Priors). Our priors are, by construction, supported on infinite
Gaussian mixtures. In theory, alternative priors such as logistic Gaussian process priors (Lenk,
1991)) or log-sieve based priors (Ghosal et al., [2000) could be used as well. Unfortunately, real-
izations from these priors do not admit a closed form characteristic function. This considerably
complicates evaluation of the likelihood L(.) in . Motivated by computational tractability,

we focus on Gaussian mixtures as they admit a simple closed form characteristic function.

Remark 2 (On Quasi vs Pure Bayes). Pure Bayesian approaches to deconvolution have been
studied in the literature (Donnet et al.l 2018; Rousseau and Scricciolo, 2023)). In these frame-
works, it is assumed that the density f. is known. From the model in @, the density of Y
is given by the convolution fy(y) = fx * fe(y) = Jpa fx(y — t)fe(t)dt. It follows that the

pure-Bayes posterior distribution under a v, ¢ = DP, ® G prior is given by

_ [1i2) Jga @p=(Yi —t) fe(t)dt
ST Jga ¢ps(Yi —t) fe(t)dtdva (P, X)

v(¢ps|Zn) (16)
In particular, even if the density f. is known, the convolution structure in the posterior likelihood
makes it very challenging to compute in higher dimensions. By contrast, quasi-Bayes uses a

loss function that is based on transforming the convolution structure fx x fc(¢) into simple

11



multiplication @ x (t) X @c(t) in the Fourier domainm This remains true in the more complicated

setups studied in Section [3.2] and |3.3}|'“}

Remark 3 (Implementation). As our quasi-likelihoods are smooth functions of (P, X)), gradient
based Markov chain Monte Carlo (MCMC) methods can be used to construct a random sample
from the quasi-Bayes posterior. In our implementation, we use the No-U-Turn Sampler (NUTS)

version of Hamiltonian Monte Carlo (Hoffman, Gelman et al., 2014).

3.2 Models with Repeated Measurements

In this section, we continue our investigation into quasi-Bayes representations for latent variable
models. In Section [3.1], we considered the setting where a researcher has auxiliary information
on the error distribution that contaminates the latent variable. Specifically, we assumed the
availability of a random sample from the error distribution. In practice, this specific form of
auxiliary information may not always be available. Here we examine the more common situation
where a researcher observes several noisy measurements of the latent variable X. To fix ideas,

suppose we observe (Y7, Y2) from the model:

Y1:X+61,E[61]:
Y2:X+62, E[EQ]:

: (17)

Here, X € R? is a latent random vector whose distribution is of interest and (g, e3) are unob-
served errors. As a baseline example, X may denote latent child ability and (Y7, Y2) measure-
ments of test scores in different subjects (e.g. math, english). Similar to the preceding section,
it is not necessary for Y; and Ys to have the same number of observations n. Nonetheless, for

simplicity and notational ease, we continue under this setting.

In the special case where (€1, €2, X) are mutually independent and €5 is a symmetric distribution
around zero, the model in ([17]) can be reduced to the classical measurement error model in

by differencing out the error. Specifically, consider the observed quantities

<Y‘;Y) _ X+ <;) (18)
(52)- (5%

The main idea being that, under the appropriate symmetry and independence conditions, the
observations from can be used as an auxiliary sample for the error in . As such, the
analysis in the preceding section and the quasi-Bayes posterior in can be directly applied

to this setting. This analysis, while convenient to implement, may not always be applicable.

"In a sense, this is similar to the idea behind Fast Fourier Transform (FFT) methods for convolution (Cooley
et al.| |1967). There, convolution is replaced with simple multiplication in the Fourier domain and the convolution
is obtained by inversion.

12We could not find any references that study nonparametric pure Bayesian approaches to repeated measure-

ments (Section and multi-factor models (Section .

12



In particular, weaker restrictions on the joint distribution of (X, €, €3) may violate either the

mutual independence of (X7, €1, €2) or the requirement of symmetrically distributed errors.

Under the weaker restriction that the errors satisfy Ele1|X,e2] = 0 and e2 L X, it is known
(Li and Vuong}, 1998; |Cunha et al., 2010) that the latent distribution of X can be identified
through the representation™|

" E[iY; el
fx(z) = (271r)d/Rd e ' exp </7>t Md{)dt. (20)

Here, fPt is the path integral over the straight line segment joining the origin to ¢t € R%. The
closed form representation in is convenient for theoretical analysis, but feasible analogs of
it are very challenging to implement. This is especially true in higher dimensions where both
the path and outer integral are difficult to evaluate precisely. This is further complicated by
the fact that the empirical analog of the ratio appearing inside the path integral is volatile and
highly sensitive to the choice of ¢t € R?. Intuitively, bad choices of ¢ lead to situations where
|E[e!'Y2]| is significantly smaller than sampling uncertainty |(E, — E)[e!*'2]|. This makes the

empirical analog of the ratio a highly volatile function of ¢ € R,

Our starting point towards a general quasi-Bayes representation of model is to consider
characteristic function based implications of the representation in . By applying the Fourier
transform to both sides of and taking the logarithm, we obtain

E[iY;¢l"?] d
lo t :/ — e d Vte R 21
gSDX( ) P, E[61< Yg] ¢ ( )

By differentiating both sides of and rearranging, we obtain
oy, (t)Viog px () = E[iy1e??]  VteR™ (22)

We view as a collection of identifying restrictions on the model. Given the observed data
{(Y14,Y5;)},, we estimate the empirical counterpart to using

n

4/ 1 4/
-~ Y- § : Y ;
PYs (t) = En[elt 2] = ﬁ - elt 2 )
j:

< nr 1< y

_ . . .

Priv(t) = EnliYie 2] =~ Z 11Y1,j€1t 24,
]:

If 0 represents a distribution with characteristic function g, the identifying restrictions in (22)

suggest a quasi-likelihood of the form

L(0) = ~ |18y, V log v — Pv1.v3 13- (23)

13The representation in belongs to a family of Koltarski type (Kotlarskil [1967; [Evdokimov and White,
2012) identities that often appear in the identification of econometric models with measurement error. For
examples in auction based frameworks, see (Krasnokutskayal [2011} Haile and Kitamural [2019)).
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Up to sampling uncertainty, the quasi-likelihood in is based on the objective function

Q(0) = — v, (Viog o — Viog ox)|Fr)- (24)

A natural question, which we study in detail in Section is whether the quasi-likelihood in
is sufficient to identify the true latent distribution. From the objective function in ,
this can be rephrased as to whether gradient based information is sufficient to determine the
latent characteristic function. We show that this is indeed the case in dimension d = 1 but that
for higher dimensions, the quasi-likelihood in must be augmented with further information
that accounts for the behavior of f on the boundary 0B(T") of IB%(T)E Intuitively, the magnitude
| fll(r) of a function f : B(T) — C is determined by the magnitude of its gradient ||V f||gr)
and the behavior of f|sg(7), the function obtained by restricting f to GB(T)E

Given a DP,, prior and an independent prior G on covariance matrices, we consider (as defined

in Section [2.2]) a prior on Gaussian mixtures given by

opx(z) = /d ¢s(z —2)dP(z), (P,X)~vec=DP,®G.
R
If pp5 denotes the characteristic function of a Gaussian mixture ¢py;, we define the (prelimi-
nary) repeated measurements quasi-Bayes posterior by

e (— 8180 Viog(prs) - Brim B e (P.S)
fexp( - %H@EVIOg(QPRZ) - $Y17Y2HI%B(T))dVa7G(P7 E)'

va.c(pps | Zn) (25)

We show in Section that the quasi-Bayes posterior in is valid for dimension d = 1. For
higher dimensions, as discussed above, we introduce an adjustment to account for the boundary
OB(T). For a function g : B(T) — C¢, define the metric

1
T —— / lg()|2de + / / lg(t2)|2dedHe = (2). (26)
B(T) aB(T) Jo

Here, H4~!(.) denotes the d — 1 dimensional Hausdorff measurem Intuitively, for a function
h :B(T) — R with h(0) = 0, we can write h(z) = f01<Vh(tz),z>dt for every z € OB(T'). The
second term of therefore accounts for the boundary by specifically controlling the gradient

along the straight line segment from the origin.

YThe boundary 9 of a domain Q C R? is the remainder of the closure of Q after removing its interior. In the
case of a ball B(T) = {t € R : ||t||< T}, this is just IB(T) = {t € R* : ||t||= T}.
15The necessity of considering more than just the gradient is clear as adding a large constant to f modifies
| fllg(ry but leaves ||V f||g(r) unchanged. In dimension d = 1, the condition f(0) = 0 and knowledge of ||V f||gr)
is sufficient to determine the behavior of f|op(ry. Unfortunately, this does not hold in higher dimensions.
16Up to a known normalization constant ¢, integration w.r.t the Hausdorff measure is given by
A

/ h(2)dH* " (2) = cE[h(V)] where V:Tm , Z ~N(0,14)
OB(T)

for every Borel function h : 0B(T) — R.
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For d > 1, we define the repeated measurements quasi-Bayes posterior by

_exp(—5[lPy; Vieg(pps) — Gy ll3, ) Vo (P E)
f exp ( — %H@)@V]Og((pgz) - @YLYQ H%, ]B(T))dya,G'(Pv E).

Vo.a,c(ers | Zn) (27)

Remark 4 (On Multiple Identifying Restrictions). If (e, €2, X) are mutually independent in
model , the roles of Y7 and Y2 can be interchanged in . In particular, this provides
us with two sets of identifying restrictions. It is straightforward to modify the quasi-Bayes
posteriors in and to include both sets of restrictions. One way to achieve this is to use
the quasi-likelihood

L*(0) = = (|3, V1og ws — &vi. v, |G +1@vi V1og wo — By, v llizry)-

Remark 5 (On the choice of Quasi-Likelihood). In practice, the choice of quasi-likelihood
used to induce a valid quasi-Bayes posterior is not unique. For example, one could base a
quasi-likelihood on the identity directly. While such a choice is more straightforward
for theoretical analysis, implementation requires evaluation of the path integral. As discussed
previously, this is further complicated by the fact that the empirical analog of the ratio appearing

inside the path integral is volatile and highly sensitive to the choice of t € R%.

3.3  Multi-Factor Models

In this section, we study the linear multi-factor model
Y = AX (28)

where Y = (Y7,...,Y)" € Rl is a vector of L measurements, X = (X1,..., Xx)' is a vector of
K latent and mutually independent factors and A is a known L x K matrix of factor loadings.
We take for granted that measurements are demeaned so that E[X] = 0. The model in (28)
was initially introduced by Bonhomme and Robin (2010)E

Remark 6 (Factor Loadings). In most cases, A is not fully known but can be consistently
estimated through means and covariances of the observed Y = (Y7,...,Y7). In particular,
the discrepancy from replacing A with an estimate A has stochastic order Op(n_l/ 2). As the
nonparametric rates of convergence are not faster than O(nil/ 2), all our main results go through

with A replacing A. For expositional simplicity, we continue with the case of known A.

Remark 7 (Repeated Measurements). The repeated measurements model in can be re-
alized as a special case of the multi-factor model in . Indeed, consider univariate repeated
measurements (Y7,Y3) of a latent signal X with measurement errors (e, €2). Then holds

'"To ease the exposition, this section closely follows the notation introduced in [Bonhomme and Robin| (2010).
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with

Y 1 10 X
)= €1 (29)
Yo 1 0 1
—_—— —— \ &2
X

We are interested in recovering the distribution of X from a random sample of Y. Denote the
columns of A by A = (A1,As,...,Ak). In Bonhomme and Robin| (2010), it is shown that the
identifying restrictions of the model in may be expressed as

K
VV'logpy(t) = > AzAi(logex,) (t'Ay)  VteRE, (30)
k=1

where VV'log oy (t) denotes the Hessian of the map t — log oy (t).

To simplify the exposition further, we introduce some additional notation. Let Vy(t) denote
the vector of upper triangular elements of VV'log oy (t). Let Vx(t) denote the vector with
elements {(log px,)" (' A;)};L,. Let V(Aj) denote the vector of upper triangular elements of
ApAj and Q = [V(Ay),...,V(Ak)| the matrix with columns composed of those vectors.

As the matrices in are symmetric, the identifying restrictions may be expressed as
Vy(t) = QVx(t) VteRL
Equivalently, if Q has full column rank, the identifying restrictions are
Q' Vy(t)—Vx(t)=0 VteRl (31)

where Q* = (Q'Q)~'Q’. The empirical analog to Vy (t) is given below in . As it involves
the squared reciprocal of the characteristic function, the estimand is volatile and highly sensitive
to the choice of t € RL Similar to our strategy in the preceding section, we focus instead
on a smoothed version of the identifying restriction. If the characteristic function of Y is non

vanishing, the identifying restrictions can equivalently be expressed as

o3 (DO[Q Vy(t) —Vx(t) =0 VieR:

Denote by Qj, the k" row of Q.- From the definition of Vx(t), it follows that the identifying

restrictions for the k" latent factor X} reduce to

Py (D1QiVx (1) — (log )" (F'AR)] =0 ViteR" (32)

Intuitively, bad choices of t lead to situations where |y ()] is significantly smaller than sampling uncertainty
[(E,, — E)eit/Y|. This makes the function in a highly volatile function of t € R?. Reweighting by 3% leads
to a more stable quasi-likelihood.
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Our starting point for a quasi-Bayes framework is to view as a collection of complex

valued restrictions on the model. Given the observed data {Y;}" ;, we estimate the empirical
counterpart to using

. st 1 sy
Py = B[] == Y7,

N En [Y}YkeitlY] En [Y'leit/Y]En [YkeitlY]
[VV'log Py ()], = ——=— + — : (33)
L Py (t) e% (1)

Using these estimands, we obtain empirical analogs ¢y and ﬁy(t).

If 0 represents a distribution with characteristic function g, the identifying restrictions in (32)

suggest a quasi-likelihood of the form
L(0) = —[| 33 (QiVy — (loga)" (' Ar)) 13 ry (34)

Up to sampling uncertainty, the quasi-likelihood in is based on the objective function

Q(0) = —[l¥3 (t)[(log )" (t' Ax,) — (log wx;,)" (t' Ap)] I3 7- (35)

A natural question is whether the quasi-likelihood in is sufficient to identify the true latent
distribution. From the objective function in , this can be rephrased as to whether gradient
based information is sufficient to determine the latent characteristic function. Intuitively, this

follows if g = px, is the unique solution to the second order differential equation

(log )" () = (log x,. )" (t). (36)

As all characteristic functions satisfy the boundary condition log ¢y (0) = log(1) = 0, has a
unique solution if 6 satisfies a second boundary condition. As the latent factor X}, is demeaned,
a natural boundary condition is given by (logp) (0) = (log ¢x,)'(0) = iE[X})] = 0. This can

be achieved by restricting # to be a mean zero distribution.

Given a DP,, prior and an independent prior G on covariance matrices, we consider (as defined

in Section [2.2]) a prior on Gaussian mixtures given by

opx(z) = /]Rd ¢s(r — 2)dP(z), (P,X)~vae=DP,®G.

If pp 5 denotes the characteristic function of a Gaussian mixture ¢py;, we define the multi-factor

quasi-Bayes posterior for latent factor X by

n

exp (— 318%(QVy — (log wp,p2) ( A)IE ) Ve (P o)
Jexp (— 5183 (QiVy — (108 ¢pp2) (AL 7)) dva.c (P.o?)

Va,G(SOP,UZ | Zn) = (37)
Without further modifications, the quasi-Bayes posterior in does not account for the mean

17



zero boundary condition discussed above. To enforce this, we propose the demeaned quasi-

posterior distribution obtained from demeaning samples from . That is,

Uag(. | 2Zn) ~Z —E[Z] where Z~vyc(.|2n). (38)

Remark 8 (On Joint Posteriors). From , the identifying restrictions can be separated

for each latent factor and this leads to a simple univariate quasi-Bayes posterior. However,

as the latent factors (X,..., Xk) are mutually independent, the analysis is unchanged if we
model them jointly using independent priors. Let P = (P, ..., Px) denote a vector of mixing
distributions and o2 = (0%,...,0%) a vector of variance parameters. Let Vp ,2(t) denote the

vector with elements {(logpp, ,2)"(t'A;) K . With some abuse of notation, we denote the
vector of individual characteristic functions by ¢p ;2 = (¢ Pro2r s PP o ). The joint quasi-

Bayes posterior induced from the multi-factor model in is then given by

e (— 218 (Vy — QVp o2) e c(P.0?)
Jexp (— 3182 (Vy — QVp.o2) [ ) dvec (P, 0?)
fa7g(. | Z,) ~Z —E[Z] , Z~ Va,G(.‘Zn).

Va,G(¢P,02 | Zn) (39)

Here G is the common univariate prior on each variance parameter {J?}fil. The prior v, g is

the one obtained by placing mutually independent (DP,, ® G) priors on each of (P;,02)K |
0.25 0.25
0.20

0.15

0.10
0.05
0.00 SN
4 0 4 4 0 4
(a) Posterior Samples, v, ¢ (b) Posterior samples, Uy, ¢

Figure 2: Repeated Measurements (see Remark @ multi-factor posterior with X ~
0.5NM(—=2,1) + 0.5N(2,1) and €1, e2 ~ N (0,1). Posterior draws for the latent distribution of X
relative to true latent histogram.

As Figure |2| illustrates, in this specific example, the quasi-Bayes posterior v, ¢ appears to con-
centrate on bimodal Gaussians that differ only by shifts in central tendency (mean). This is con-
sistent with our discussion above in that they concentrate around the identified set, i.e solutions
to the second order differential equation in (36)). These solutions only identify the distribution
up to the location parameter. The demeaned quasi-Bayes posterior 7, ¢ produces posterior
samples with a fixed mean at zero. The boundary conditions for the differential equation are

satisfied and posterior samples concentrate around the true mean-zero latent distribution.
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4  Theory

In this section, we develop the quasi-Bayes limit theory for the models in Section 3] First, we
outline conditions on the prior in Section In Sections we present the main results

for each model.

4.1 Priors

The models and the associated quasi-Bayes posteriors in Section [3] are all based on a common
family of prior distributions. In all cases, we model latent distributions using a prior on Gaussian

mixtures given by
orsi@) = [ és(@-2)dP(2),  (P.Z)~DPawG. (40)
R

We first state and then discuss the main assumptions that we impose on the Dirichlet process

DP, and covariance prior G.

Assumption 1 (Dirichlet Prior). The Dirichlet process DP,, in the sense of Deﬁnition arises
from a Gaussian base measure a. That is, « = N (u*, ¥*) for some mean vector u* € R? and

positive definite matrix X* € Si.

Assumption 2 (Covariance Prior). (i) G is a probability measure with support contained in
the space of positive semi-definite matrices on Rdxd, (7i) There exists k € (0,1],v1 > 0,v2 > 0

and universal constants C,C’, D, D’ > 0 that satisfy

(@) GE:MEYH >ty < Cexp(—C't§) ,

(b) G<E: N {tj <NETH < tj(1+5)}) > Dt]6" exp(—D't)

1<5<d
for every § € (0,1) and 0 < t; <ty <...<tg < o0.

We note that, as the researcher chooses the prior, Assumption [I] and [2] can always be satisfied.
For the Dirichlet process prior, by varying (u*, ¥*), a researcher can impose varying degrees of
prior information. In practice, setting p* = 0 and ¥* = C; for a large C' > 0 leads to a diffuse

noninformative prior.

Assumption is frequently used in the literature on density estimation (Shen et al.,|2013; |Ghosal
and Van der Vaart} |2017)). It allows for a general class of covariance priors. In dimension d = 1,
it holds with k = 1/2 if G is the distribution of the square of an inverse-gamma distribution.
In dimension d > 1, it holds with x = 1 if G is the Inverse-Wishart distribution. Various other
choices may be used as well, with some leading to more straightforward computation in higher
dimensions. For instance, we can always write . = DC'D where C is a correlation matrix and
D= \/m is the scale matrix. In higher dimensions, it is often computationally simpler to

place priors on C' and D separately. For D, the diagonal can consist of independent univariate
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priors (e.g. inverse-gamma). For the correlation matrix C, a common choice is the class of

Lewandowski-Kurowicka-Joe (LKJ) priors (Lewandowski et al., [2009)).

Remark 9 (On Empirical Bayes Priors). For the base measure « in Assumption |1} one may
choose (u*, ¥*) using an empirical Bayes approach. All our main results go through with a data
dependent prior @ = N (i, i), provided that asymptotically with probability approaching one,
||liz]] is bounded and the eigenvalues of ¥ are bounded away from zero and infinity. For example,
in the classical measurement error model @, one can choose (u*, ¥*) to be the empirical mean

and covariance matrix of the observed vector Y.

4.2 Main Results (Multivariate Deconvolution)

In this section, we present the main results for the deconvolution-based quasi-Bayes posterior
of Section Recall that in this case, we observe a sample {Y;}? ; and an auxiliary sample
{ei},, from the model in (7). The main conditions that we impose on the observations is

summarized in the following condition.

Condition 4.1 (Data). (i) (Y;)%, € R?is a sequence of independent and identically distributed
random vectors. (ii) (€1,...,€m) "% F. where F, is the distribution of the error € in model .
(7i7) The sample size of the auxiliary sample grows at rate m = m,, < n. (iv) The distributions

have finite second moments: E(||Y]|?) < oo and E(||¢]|?) < oo.

The rate requirement on the auxiliary sample size in Condition (zzz) is made for simplicity
and could be relaxed furtherE As is common in the literature, we characterize the ill-posedness
in the model through the decay rate of the characteristic function of the error ¢¢(.). This is

summarized in the following definition.
Definition 3 (Inverse Regime). We say a model is either mildly or severely ill-posed if

_ T¢ mildly ill-posed
inf (1) =<

tER:|[¢]| 0o <T exp(—RT¢) severely ill-posed

for some R,( > 0.

Recall that the deconvolution-based quasi-Bayes posterior is given by

e (- 3y - Peprs i rac(P.E)
fexp( - %”S/D\Y - QE‘PP,Z”%(T))CZV&,G(P: E).

Va,G(SOP,E ‘ Zn) (41)
Intuitively, our general strategy to study proceeds as follows. The quantity || Py —@cpps H?B(T)
represents a smoothed version of the distance ||¢py — fx||%,, where fx denotes the latent den-

sity of X. We first obtain contraction rates with respect to this smoothed, weaker metric. Its

19 ower sample sizes only influence the analysis through weaker statistical guarantees on the estimated char-
acteristic function @.(.). It is straightforward to incorporate this into the analysis.
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implications towards distance in the stronger metric ||¢px — fXH%2 is then determined by the

complexity of B(7) and the model ill-posedness.

Before considering the general case, we first study the case where the true latent density fx

admits a representation as a (possibly infinite) Gaussian mixture:
(o) = by % Fola) = [ oyl = 2)dF2), (12)
R

Here, ¥ € Si is a positive definite matrix and Fj is a mixing distribution. Note that, we do
not assume knowledge of (X, Fp), only that the representation in is true for some (¢, Fp).
Importantly, if Fy is continuously distributed or has unbounded support, the specification in
allows for a Gaussian mixture with infinite components. The model specification in is

commonly used to study Gaussian mixture based approaches to density estimation@

Finite Gaussian mixture representations are widely used in empirical Settings@ Hence, the
model in serves as a natural starting point. Intuitively, as the prior concentrates on Gaus-
sian mixtures, the expectation is that the model should exhibit negligible bias in approximating
a latent density with Gaussian mixture structure as in . We formalize this intuition below
by showing that nearly parametric rates of convergence can be obtained. To that end, our main

assumption on the Gaussian mixture specification is the following.

Condition 4.2 (Exact Gaussian Mixtures). fx = ¢x,xFy where ¥y € R%*? is a positive definite
matrix and Fy is a mixing distribution that satisfies Fy(t € R? : ||t[|> z) < Cexp(—C'2X) for

all sufficiently large z, where C,C’, x > 0 are universal constants.

Condition imposes an exponential tail on the mixing distribution Fy. Importantly, this
covers all Gaussian mixtures that have modes contained in a compact subset of R?. As the
mixing distribution may be continuously distributed, the corresponding Gaussian mixture may
be infinite as well. The following result shows that, under suitable scaling of the covariance prior,
the quasi-Bayes posterior contracts towards the true latent density fx at a nearly parametric

rate.

Theorem 1 (Rates with Exact Gaussian Mixtures). Suppose Conditions hold and the
covariance prior is taken as Gy, ~ G /o2 where G satisfies Assumption @ and o2 is as specified
below. Furthermore, suppose X is in the support of G. Let k,x > 0 be as in Assumption[3 and
Condition [{.2, respectively.

(a) Let A\ = max{x~(d+2) +d/2,d + 1}. Suppose the model is mildly ill-posed with ¢ > 0
as in Definition E If T, =< /logny/loglogn and o2 = (logn)~**, then there exists a

20Convergence rates (for univariate density estimation) for the model in , using a Gaussian mixture sieve
maximum likelihood estimator, were initially studied by |Genovese and Wasserman| (2000)). Contraction rates
(and improved rates on the MLE) for pure Bayesian density estimation were subsequently obtained in |(Ghosal
and Van Der Vaart| (2001).

ZT'As in, for example, |Geweke and Keane| (2000); |Cunha, et al.| (2010); [Attanasio et al.| (2020alb)).
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universal constant C' > 0 such that

(log n)(A+0)/2

NG (log log n)</?

Vo (Ilfx ~ bpsllp> C

zn) = op(1).

(b) Let A = max{x~1(d+2)+d/2,d+1,d/¢ +1/2}. Suppose the model is severely ill-posed
with ¢ € (0,2] and R > 0 as in Definition @ If T, = (cologn)'/S for any co satisfying
coR =~ < 1/2 and 02 is defined by

(logn)?/<—1=M~(loglogn)~?/* ¢ € (0,2)

02 =
(logn)~—?*® ¢=2.

Then, there exists a universal constant C > 0 and V € (0,1/2) such that

Va,ao | | fx — opx| 2> Cn*1/2+7(logn))‘/2 ]Zn> =op(l) ¢€(0,2)

v (15 — dpslle> CnV rzn) — op(1) (=2

Under a mildly ill-posed regime, the quasi-Bayes posterior attains nearly (up to a logarithmic
factors) parametric rates of convergence. If the model is severely ill-posed at a rate ¢ that is

—1/2+¢ for any

lower than Gaussian type ill-posedness, nearly parametric rates in the form n
€ > 0 can be obtained. In the extreme case where the model exhibits Gaussian ill-posedness,
the model bias (which is determined by the decay rate of a Gaussian mixture characteristic
function) has similar order to the variance. In this case, the rate is still polynomial but the
exponent V depends on second order factors such as the constant R in Definition [3] and the
eigenvalues of the matrix Y in representation . In the case of univariate frequentist kernel

deconvolution, a similar finding can be found in Butucea and Tsybakov]| (2008a,b)).

Remark 10 (On Covariance Scaling). The strategy of scaling the covariance prior can be
traced back to |Ghosal and Van Der Vaart| (2007) where it was employed for univariate pure
Bayesian density estimation. This requirement was eventually removed in Shen et al. (2013)).
We conjecture that the scaling may be an artifact of the proof and can possibly be relaxed.
As our quasi-Bayesian setup is quite different to a pure Bayesian model, the analysis in [Shen
et al. (2013) is not directly applicable here. We leave this investigation for future work. In our

simulations and empirical illustrations, we do not apply any scaling to the covariance prior.

Remark 11 (Convergence in stronger metrics). An interesting aspect of the quasi-Bayes frame-
work is that all formal analysis takes place directly in the Fourier domain. As the Fourier
transform F is a distance preserving isomorphism between L? spaces, ||.| 2 contraction rates in
the Fourier domain translate directly to ||.||;2 rates for the density. However, this can also be
used to derive contraction rates in stronger metrics such as ||.||ze. In particular, as the Fourier
transform satisfies || f|loo< || F[f]|| 1, we have the following variant of Theorem
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Corollary 1 (L% Rates with Exact Gaussian Mixtures). Suppose Conditions hold
and the covariance prior is taken as G, ~ G/o2 where G satisfies Assumption @ and o2 is
as specified below. Furthermore, suppose Y is in the support of G. Let k,x > 0 be as in
Assumption[q and Condition[{.3, respectively.

(a) Let A\ = max{x~(d+2) +d/2,d + 1}. Suppose the model is mildly ill-posed with ¢ > 0

as in Definition @ If T, =< logny/loglogn and o2 = (logn)~**, then there exists a
ungversal constant C > 0 such that

(A +d/2+4¢)/2

NG

(logn) (log log n)(§+d/2)/2

VoG (fo — ¢pxllre>C

zn> = op(1).

(b) Let A\ = max{x ' (d +2) 4+ d/2,d + 1,d/C}. Suppose the model is severely ill-posed with
¢ € (0,2] and R > 0 as in Definition @ If T, = (cologn)'/C for any ¢ satisfying
coR =~ < 1/2 and 02 is defined by

(log n)?/¢—1=M*r(loglogn)=2/% (¢ € (0,2)
(logn)=M* ¢=2.

2 o

o, <

Then, there exists a universal constant C' >0 and V € (0,1/2) such that

V.G | | fx — ¢pslree> Cn= /247 (log n) A4/ !Zn> =op(l) C€(0,2)

voir [ 1fx — bpsllie> Cn=" |zn) ~ op(1) c—2

The L? and L™ rates in Theorem [1| and Corollary [I| appear to be novel even for the special
case of density estimation@ As discussed in Remark this is an interesting consequence
of our characteristic function based quasi-Bayesian approach. While it may be possible for
pure-Bayesian approaches to achieve similar results, the analysis to verify this appears to be
significantly more complicated. For ease of exposition, all the remaining results in Section [4] are
stated only for the ||.||z2 metric. By analogous arguments to that of Corollary (1| and Remark

it is straightforward to extend these results to stronger metrics such as ||.||zo.

As Gaussian mixtures can approximate any density fx € L? arbitrarily well, it is straightforward
to modify the preceding results to obtain consistency for a general densityﬂ We focus instead
on the more difficult task of establishing a rate of convergence. To that end, consider the case
where the true latent density fx is not an exact Gaussian mixture and thus, the prior model

exhibits non-negligible bias. In this model, the Gaussian mixture bias is closely related to the

22Rates of convergence with Dirichlet Process priors in L' or Hellinger risk can be found in |Ghosal and Van
Der Vaart| (2001)
“’Here, consistency means that

Vo6 (Ifx = 6P 5llza> | Za) = 0(1) ¥ €>0.
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quantity
B(o) = minllfx * fo = dpoor » fell o= minlocox — op o)z, (43)

where 21 denotes the identity matrix with each diagonal entry ¢ and the minimum is over all

mixing distributions P.

Remark 12 (Bias Bounds). For a conservative upper bound on the rate at which B(o) tends

to 0 as 0 — 0, observe that by picking P = fx, we obtain
_ 2.2
leeox — epozn)lize= (e 772 — Dox (1) pe(t) | 125 0.

The preceding bound follows from ‘e_HtHQ"Z/Q — 1| < ||[t?0?/2. As such, the concluding estimate
is valid provided that fRd\|tH4\g0X(t)|2 loe(t)? < 00 or equivalently fxf. € H2. For fxx f with
smoothness order greater than 2, this argument does not provide better rates. In particular,
with higher smoothness, the choice P = fx is not optimal in : one can typically do better
by allowing P = Px , to depend implicitly on all the features (f., fx, o).

We consider the following characterization of the Gaussian mixture bias.

Condition 4.3 (Gaussian Mixture Bias). (i) fx € HP(R) for some p > 1/2 and R < oo.
(7) There exists universal constants C, M < oo and x > 0 such that for all ¢ > 0 suffi-

ciently small, there exists a mixing distribution F, = Fx., supported on the cube I, =
[—C(logo=1)Y/X, C(log o= 1)/X]? that satisfies || fx * fe — OF, o21 * fellp2< MoP™e .

Variants of Condition are commonly used in density estimation (Shen et al., |2013; |Ghosal
and Van der Vaart, [2017). A stronger version of Conditionis also used in Donnet et al.[ (2018])
within the context of univariate pure Bayes density deconvolution. For examples of explicit con-
structions of F, in Condition[4.3] see[Shen et al|(2013) and Ghosal and Van der Vaart| (2017) for
density estimation and Rousseau and Scricciolo| (2023) for deconvolution. We note that, at least
in our quasi-Bayes setup, Condition [£.3] can be weakened further. In particular, it suffices that
the approximation holds with respect to the weaker norm ||.||g(z,) and for a sequence o, where
(0,1, T;,) grow at a suitable rate. Finally, it is worth noting that Bayesian procedures do not
require knowledge of the optimal mixing distribution F, in Condition for implementation.

The existence is purely a proof device towards obtaining theoretical guarantees.

The following result derives the quasi-Bayes posterior contraction rate when the Gaussian mix-

ture bias is as in Condition 4.3l

Theorem 2 (Rates with Gaussian Mixture Bias). Suppose the model is mildly ill-posed with
¢ >0 as in Definition[3 Suppose Conditions[{.1], [{.3 hold and the covariance prior is taken as
G ~ G/o2 where G satisfies Assumption @ Let k,x > 0 be as in Assumption@ and Condition
respectively. Define A = max{x~'(d + 2),x 'd + 1}. If T, =< n/Be+O+d /logn and
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o2 = Tgid/'{/(log n)M* 1 loglogn, then there exists a universal constant C > 0 such that

Vecr, (H Fx — bpsllpr> CnP/ RO+ (1og ) (A+O/2+d/4

2,) = oe(0)

Theorem [2] provides contraction rates for the mildly ill-posed case. As the theorem illustrates,
rates are determined by the Gaussian mixture bias. From our discussion above, this implicitly
depends on the underlying smoothness of the density. Rates for the severely ill-posed case can
be obtained in a similar manner. In this case, the Gaussian mixture bias decays exponentially

in o (see e.g. [Donnet et al., 2018)).

4.3 Main Results (Repeated Measurements)

In this section, we present the main results for the repeated measurements quasi-Bayes posterior
of Section Recall that in this case, we observe a sample {Y7;,Y5;}" ; from the model in
(17). The main conditions that we impose on the observations is summarized in the following

condition.
Condition 4.4 (Data). (i) (Y14, Y2,)}; is a sequence of independent and identically distributed
random vectors. (ii) Finite second moments: E(||Y1]|?) < oo and E(||Y2]|?) < oc.

To begin, we consider the repeated measurements quasi-Bayes posterior without explicit bound-

ary correction. From Section [3.2] this takes the form

 exp(— 218V Iog(rs) — Brimalli ac(P.E)
fexp( - %H@YZVIOg((PRZ) - $Y17Y2”1%3(T))dya7G(Pa 2).

Voc,G(SOPE | Zn) (44)

Up to sampling uncertainty, the quasi-Bayes posterior in (44)) is based on a transformation of

the objective function

Q(ppx) = v, (Viogpps — Viog o x|l r)- (45)

From this formulation, some natural questions arise. What are the statistical guarantees of such
a posterior? Does L? gradient behavior over a domain like B(T") provide enough identifying
information to recover the true latent density? What is the difference between this posterior
and one where boundary behavior is explicitly accounted for? In the remainder of this section,

we investigate these questions in detail.

As in Section (see and the discussion following it), first we consider the case where the

true latent density fx admits a representation as a (possibly infinite) Gaussian mixture:

fx(x) = (Z)ZO * FQ((IZ) = /]Rd ¢20 (.CU — Z)dF()(Z). (46)

Our main assumption on the Gaussian mixture specification is as follows.
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Condition 4.5 (Exact Gaussian Mixtures in Repeated Measurements). (i) fx = ¢x,*Fy where
Yo € R4 is a positive definite matrix. (ii) The mixing distribution Fy satisfies Fy(t € R? :
[t]|> 2) < Cexp(—C'2%), |op, ()] = cexp(—c[|t]|?) and ||V log ¢, (t)[|< C||t|| for all sufficiently

large z and ||t||, where x > 0 and ¢, ¢/, C,C’ > 0 are universal constants.

By integrating the differential inequality, the Condition ||V log ¢, (¢)||< C||t|| essentially states
that ¢, (.) has at most Gaussian decay. As a first result, we show that quasi-Bayes posterior in

(44)) contracts rapidly around the logarithmic gradient of the true characteristic function.

Theorem 3 (Preliminary Contraction of Gradients). Suppose the characteristic function of Yo
has at most Gaussian decay, that is inf|y <7 ¢y, (t)] > exp(—RTQ) for some R > 0. Suppose
Conditions [{.4}, [{.9 hold and the covariance prior is taken as G where G satisfies Assumption
[2 Furthermore, suppose X is in the support of G. Let x > 0 be as in Condition [{.J and
A =max{x  (d+2)+d/2,d+1}. IfT, = (cologn)'/? for any ¢y satisfying coR = v < 1/2,

then there exists a universal constant C' > 0 such that

e <|W10g px — Viogopsllpir,)> Cn* (logn)™? Zn> = op(1).

By picking ¢y sufficiently small, Theorem [3| shows that the quasi-Bayes posterior contracts

1/2+e€

around the gradient of log ¢ x at nearly parametric rates of the form n~ for any € > 0.

While the results of Theorem [3|are encouraging, the question remains as to whether this can be
improved to convergence in a stronger metric such as || fx — ¢pxl/r2. As px and ppyx are the
characteristic functions of random variables, they necessarily satisfy the initial value condition
Vlogpx(0) = Vlogypx(0) = 0. From this initial value condition, in dimension d = 1, the

fundemental theorem of calculus and Cauchy-Schwarz imply

t
sup [log px(t) ~ log prs(t) = sup | [ [Viogex(s) - Vioggrs(olds|  (47)
teB(T) teB(T) |J0
<VT||Vlogpx — Vg ppsllnir).
In particular, at least in dimension d = 1, contraction of gradients is informative towards

recovering the true latent distribution. This is formalized in the next result.

Theorem 4 (Rates with Exact Gaussian Mixtures, d = 1). Suppose d = 1 and the characteristic
function of Y2 has at most Gaussian decay, that is infjy <7 |y, ()] > exp(fRTQ) for some
R > 0. Suppose Conditions hold and the covariance prior is taken as G, ~ G/o?
where G satisfies Assumption[3. Furthermore, suppose ¥ is in the support of G. Let k,x > 0
be as in Assumption [4 and Condition respectively and define A = max{1/2 + 3/x,2}. If
T, = (cologn)'/? for any co satisfying coR = < 1/2 and o2 < (logn)~>*, then there exists a
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universal constant C > 0 and V € (0,1/2) such that

Vo (fo —opsllie> Cn Y zn) — op(1).

With Gaussian decay on ¢y,, the model bias (which is determined by the decay rate of a
Gaussian mixture characteristic function) has similar order to the variance. In this case, as
in the discussion following Theorem (1] the precise value of the exponent V depends on second

order factors such as the constant R and the eigenvalues of the matrix ¥ in the representation
(146)-

The strategy employed to prove Theorem is based on . Unfortunately, for dimension d > 1
and a function f : B(7,) — C, there is no direct relationship between || f||g(r,) and ||V f|lg(z,),

even with initial value condition f(0) = 0. However, for sufficiently nice domains like B(7},), it
can be shown that?]

1f e < CulllV flls@,) I fllos.,)) » (48)

holds, where C,, is a constant that depends only on 7}, and ||.[[sg(z,) is the L? norm on the
boundary 0B(T},) of IB%(TR)E In the theory of Sobolev spaces, inequality is commonly

referred to as a Poincaré inequality (Evans, [2022]).

The discussion above suggests that a suitable modification of the quasi-Bayes posterior to ac-
count for the second term in may resolve the problem. The starting point in our analysis
towards this goal is to observe that a function f : B(7,) — C with initial value condition
f£(0) = 0 satisfies

1
f(z) = /0 (Vi(t2), )t ¥z € OB(T,). (49)

Specifically, says that the value of f(.) at a boundary point z € 9B(T},) can be determined
by a scaled average of Vf on the line segment connecting the origin to z. In particular, by
accounting for values of V f on this line segment, we can induce a boundary corrected quasi-
Bayes posterior. This motivates the following distance metric. For a function g : B(T},) — C¢,

define the metric

1
(P — / lg(t)]12dt + / / lg(t2) 2dtdH (2). (50)
B(T) OB(Ty) J0

Asin Section dH9~! denotes the d—1 dimensional Hausdorff measure on 9B(T},). For d > 1,

24We show this formally in Lemma This makes use of the general Poincaré trace results in |Maggi and
Villani| (2005, |2008)

%The L? norm on the boundary is taken with respect to the d — 1 dimensional Hausdorff measure H4 .
Specifically,

112z, )= / £ dH (1),

n
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we define the (boundary corrected) repeated measurements quasi-Bayes posterior by

exp (— 518y, Viog(ers) — &vi,va 13, peryVac(P, )
f exp( - %H@szmg(ipp,z) - @YMYQ Hé ]B(T))dya,G(Pa E).

V@,a,G(SOP,E ‘ Zn) = (51)
The following result verifies that quasi-Bayes posterior in contracts towards the true latent

distribution, for all dimensions.

Theorem 5 (Rates with Exact Gaussian Mixtures, d > 1). Suppose the characteristic function
of Y2 has at most Gaussian decay, that is infjy <7 [y, (t)] > exp(—RT?) for some R > 0.

Suppose Conditions |4./ u - 4.5 hold and the covariance prior is taken as Gy, ~ G/o2 where G
satisfies Assumption [ Furthermore, suppose g is in the support of G. Let r,x > 0 be as in
Assumption @ and Condition respectively and define A = max{x~'(d + 2) + d/2,d + 1}. If

1/2

T, = (cologn)'/? for any co satisfying coR = < 1/2 and o2 = (logn)~>*, then there exists a

universal constant C > 0 and V € (0,1/2) such that

Vo, (Ilfx — bl OV rzn> — op(1).

Next, analogous to our discussion in Section [£.2] we consider the case where the true latent
density fx is not an exact Gaussian mixture and thus, the prior model exhibits non-negligible

bias. In this model, the Gaussian mixture bias is closely related to the quantity
B(o,T) = min|lpy, (Viog op 521 = Viog ox)llo, Br) (52)

where 021 denotes the identity matrix with each diagonal entry ¢ and the minimum is over all
mixing distributions P. For a conservative upper bound on the rate at which B(c) tends to 0

as 0 — 0, observe that by picking P = fx we obtain

= ||y, (Vlog (pxpo2r) — Viog px)lla, B(r)

¢y, (Viog@ps2r — Viogpx)
= ll¢y, Vog wo21lla, B(T)-

Since the logarithmic gradient of the Gaussian characteristic function is Vlog 2/ (t) = —o?t,

the preceding equality reduces to

lovs (Vog @po2p = Viegx) o, < o> llov, (1)tllo, sy o> (1L +TY>71). (53)

The preceding bound is valid provided tha Jralltl?ley, ()] dt < oo or equivalently that
fv, = fx * fe, € H'. For fx x f., with smoothness order greater than 1, this argument does
not provide better rates. Analogous to the discussion in Section the choice P = fx in (52))

26By change of variables on (9B(T'), dH*"!) and the coarea formula (Evans| 2022, C.3)

2

[ [ lenear ot @asr [ W gy ay o2 [ 1020y ez
OB(T) OB(txT) lyll B(T) llyll
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may not be optimal. One way to see this directly is to express ¢y, = x@e, and write

v, (Vlogppsor — Vg px) = V1og 0ps21[pe, (0x — ©po2r)] + P (Vopo2r — Viox).  (54)

If we consider mixing distributions P with characteristic function having at most Gaussian decay,
then sup,cp(r)[|V1og pp 27 (t)[|S T- In particular, this implies that the Gaussian mixture bias

is bounded above by

B(o,T) 5 min Tllpey (px — Pro2r)llo, By Hlee(Vox — Vopszr)lla, s |- (55)
The quantity on the right closely resembles the Gaussian mixture bias that arises from a de-
convolution model as in . While this illustrates some of factors that determine the bias, the
preceding argument is however quite loose as it treats the characteristic function and its gradi-
ent separately. We generally expect the bias in to have smaller order than the right side of
(55). Indeed, the simple choice P = fx on the right side of leads to a worse bound than
and requires more stringenﬂ smoothness conditions imposed on (fx, fe). Motivated by

this discussion, we consider the following characterization of the Gaussian mixture bias.

Condition 4.6 (Gaussian Mixture Bias). (i) fx € HP for some p > 0 and sup;cpa ||V log o x (t)[|<
D for some D < oo. (ii) There exists universal constants C, M < oo and x > 0 such that for

all ¢ > 0 sufficiently small and 7' > 0 sufficiently large, there exists a mixing distribution

F, = Fx., supported on the cube I, = [~C(logo™")'/X,C(logo=")1/X]¢ that satisfies (a)

oy, (Viog op, o2; — Vlog SOX)||,297 B(T) < M(1+T%2)g26+0) for some s > max{3/2,d/2+1/2},

(b) infyy <7 loF, (t)| = T~710™72 for some 71,72 < 0o and (c) [|[Vlog pr, [|< M.

The following result derives the quasi-Bayes posterior contraction rate when the Gaussian mix-
ture bias is as in Condition This condition is stated to cover the mildly ill-posed setting.
The requirement in the severely ill-posed case is similar except that the Gaussian mixture bias

is expected to be exponential in o.

Theorem 6 (Rates with Gaussian Mixture Bias). Suppose Conditions hold and the
covariance prior is taken as G, ~ G/o% where G satisfies Assumption @ Let k,x > 0
be as in Assumption [4 and respectively. Define A\ = max{x~!(d + 2),x 'd + 1} and
B = max{0,d — 2}. Suppose there exists ( > 0 such that the characteristic function of
Yy satisfies infyy <7 oy, (t)] > RT¢ for some R > 0. If T, = nt/R+O+A=B), /logn and

o2 = Tgid/ﬂ/(log n)M**t1oglogn, then there exists a universal constant C > 0 such that

Z@Q<WX_@QMD%MrmWSWQMMM%mem%mvz

%):Wm.

As in Theorem [2] rates are determined by the Gaussian mixture bias. An interesting avenue

*"To be specific, it requires fe, € H?, fx € H', [.[[t]|*|Vex (£)]*]¢e (t)|? dt < oo instead of the much weaker
requirement that fx % f. € H' in A
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for future research would be explicitly characterize the Gaussian mixture bias based on lower
level smoothness assumptions on the latent density and unobserved errors. As the analysis in
Rousseau (2010) and [Shen et al.| (2013) shows, the precise construction of the optimal mixing

distribution can be quite involved. We leave this investigation for future work.

4.4 Main Results (Multi-Factor Models)

In this section, we present the main results for the multi-factor quasi-Bayes posterior of Section
Recall that in this case, we observe a sample {Y;}!" ; from the model in . The main

conditions that we impose on the observations are summarized in the following condition.

Condition 4.7 (Data). (i) (Y;); is a sequence of independent and identically distributed
random vectors. (ii) Finite second moment: E(||Y|?) < oo. (iii) The factors Xi,..., X are

mutually independent and demeaned, i.e E[X;] =0for k=1,..., K.
The multi-factor quasi-Bayes posterior for latent factor X is given by

o2 P B QP — (ogpn) CADEn e Pr®)
Va,G\Ppo2 | £n) = - PES .
Joxp (= 2IFQVy — (08 9pe) (AR 2 gy e (P, o?)

Up to sampling uncertainty, the quasi-Bayes posterior in is based on a transformation of

the objective function

Qepq2) = ey (t)[(log ppy2)" (t'Ax) — (log x,)" ( Ap)ligr- (57)

As a first observation, we note that near minimizers of (57)) are not uniquely identified without
further normalization restrictions. Intuitively, such minimizers are (approximately) solutions to

the second order differential equation

(logwp,2)"(t) = (log px,)" (t). (58)

For a unique solution of to exist, we require two boundary conditions. As all characteristic
functions equal 1 at zero, all solutions must necessarily satisfy the first boundary condition
(logppy2)(0) = 0. For the second condition, observe that by Condition (zu), the true
factors are demeaned and hence their characteristic functions satisty (log ¢x,)'(0) = iE[X}] = 0.
Unfortunately, solutions (or near solutions) to do not necessarily satisfy this boundary
condition. One way to enforce this constraint is to force the normalization (logyp,2)'(0) =0
directly on the prior. In essence, this would entail replacing the prior with a restricted prior that
is supported on mean zero Gaussian mixtures. While this is theoretically possible, in practice
a restricted prior entails significant computational challenges. A second option, that we use in
the remainder of this section, is to use the original quasi-Bayes posterior in but to demean

the posterior samples. To that end, consider the demeaned posterior measure

Uag(|2Zn) ~Z —E[Z]  where Z ~vyc(.|2n). (59)
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Each realization of is a demeaned Gaussian mixture. If (P, X) is the mixing distribution
and covariance matrix associated to the original Gaussian mixture sample from (56|, we denote
the density and characteristic function of the demeaned mixture by gp,z and Ppy,, respec-

tively.

First, we consider the case where the latent density fx, admits a representation as a (possibly

infinite) Gaussian mixture:

P (@) = 6y % Fo(a) = / b (2 — 2)AFy (). (60)
R
Our main assumption on the Gaussian mixture specification is as follows.

Condition 4.8 (Exact Gaussian Mixtures in Multi-Factor Models). (i) fx, = @52 Fp for some
constant o2 > 0. (ii) The mixing distributions Fp j satisfy Fo(t € R: [t| > 2) < Cexp(—C'2X),
lom, ()] > cexp(—ct?) and |07 log o, (t)| < C for all sufficiently large z and |¢|, where x > 0

and ¢, c,C,C’ > 0 are universal constants.

By integrating the differential inequality, the Condition ’8? log ¥R, (t)} < ( essentially states
that ¢r,(.) has at most Gaussian decay. As a first result, we show that quasi-Bayes posterior in

contracts rapidly around the logarithmic gradient of the true characteristic function.

Theorem 7 (Rates with Exact Gaussian Mixtures). Suppose the characteristic function of Y
has at most Gaussian decay, that is inf, <7 ey (t)] > exp(—RTQ) for some R > 0. Suppose
Conditions hold and the covariance prior is taken as G, ~ G/a% where G satisfies
Assumptz’on@. Furthermore, suppose 0(2) is in the support of G. Let k,x > 0 be as in Assumption
@ and C’ondition respectively and define X = max{x = (d+2)+d/2,d+1}. If T}, = (cologn)'/?
for any cqy satisfying 2coR = v < 1/2 and o2 < (log n)_’\/”, then there exists a universal constant
C >0 andV €(0,1/2) such that

T (rka —bpellpe> Cn Y |zn) — op(1). (61)

Similar to the preceding sections, with Gaussian decay on ¢y, the model bias (which is de-
termined by the decay rate of a Gaussian mixture characteristic function) has similar order to
the variance. In this case, as in the discussion following Theorem [I] the precise value of the

exponent V' depends on second order factors such as the constant R and 03 in representation
(60)-

Next, analogous to our discussion in Section [4.2] and we consider the case where the true
latent density fx, is not an exact Gaussian mixture and thus, the prior model exhibits non-

negligible bias. In this model, the Gaussian mixture bias is closely related to the quantity

B(o,T) = min]| P¥ (D)[(logwp,2)" (' Ar) — (log ox,)" (t'Ap)]la(r- (62)
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where the minimum is over all mixing distributions P[]

By similar reasoning to the preceding sections, we consider the following characterization of the

Gaussian mixture bias.

Condition 4.9 (Gaussian Mixture Bias). (i) fx, € H? for some p > 0 and sup,cp |(log ¢x,)"(t)| <
D for some D < oo. (ii) There exists universal constants C, M < oo and x > 0 such that
for all ¢ > 0 sufficiently small and T' > 0 sufficiently large, there exists a mixing distribu-
tion F, = Fy, v supported on the cube I, = [~C(logo")¥/X C(logo~")'/X] that satis-
fies (a) |3 (t)[(log pr, o2)" (' Ag) — (log x, )" (' Ap)]llper) < Mo® T for some s > max{(5 —
d)/2,0}, (b) infyy <z lpr, (t)] = T™0™72 for some 71,72 < oo, (¢) |(log¢r,)"(t)] < M and
sup,—1 2 |0 ¢r, (t)| < M.

The following result derives the quasi-Bayes posterior contraction rate when the Gaussian mix-

ture bias is as in Condition .0

Theorem 8 (Rates with Gaussian Mixture Bias). Suppose Conditions hold and the
covariance prior is taken as G, ~ G /o2 where G satisfies Assumption @ Let k,x > 0 be as in
Assumption@ and C’ondition respectively. Define X\ = max{x~'(d+2),x 'd+1}. Suppose
there exists ¢ > 0 such that the characteristic function of Y satisfies inf|y <7 oy (t)] > RT—¢
for some R > 0. If T, =< n'/6+20+dl logn and o2 = Tg_d/”/(log n)M*5+1loglogn, then there

exists a universal constant C > 0 such that

(fo@ — p 2> O s T(=5)/2} /2520 d] 1o 1) N2HCH5/4

%):Wm.

Va7G7L

Remark 13 (Rates for Joint Posteriors). Let P = (P,..., Px) denote a vector of mixing
distributions and o = (0f,...,0%) a vector of variance parameters. Let Vp 52(t) denote the
vector with elements {(logp ,2)"(t'A;)}E,. With some abuse of notation, we denote the

vector of individual characteristic functions by ¢p o2 = (¢ Pro2r > PP o2 ). The joint multi-

factor quasi-Bayes posterior is given by

o (- 5185 (Vy — QVpo2) 3y Ve (P o?)
Jexp (= 5183 Vy — QVp o2)l§ 1)) dVa,c(P, 02)
Uac(.| 2Zn) ~Z—-E[Z] , Z ~voc(|2Zn).

Vo, (P o2 | Zn) (63)

Here G is the common univariate prior on each variance parameter {af}fil. The prior v, g is
the one obtained by placing mutually independent (DP,, ® G) priors on each of (P;,02)K . An
analogous argument to the preceding cases provides contraction rates for the joint quasi-Bayes

posterior. The main idea being that, as the priors are independent among the factors and

28For a conservative upper bound on the rate at which B(o,T) tends to 0 as ¢ — 0, observe that by picking
P = fx, we obtain B(c,T) < ¢°||¢% (t)|le(r)S o°- The final bound is valid if |3 (¢)|| L2 < oo which ,by the Haus-

dorff-Young inequality, is true whenever f]RL | fy (y)\4/3 dy < oo. Analogous to our discussions in the preceding
sections, one can typically do better by allowing P = Px . to depend implicitly on all the features (fv, fx,,0).
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the factors are mutually independent, analysis of the quasi-Bayes posterior in (63]) reduces to
studying univariate quasi-posteriors. In principle, one could obtain rates where certain factors
are modelled as exact (infinite) Gaussian mixtures and others with non-neglegible Gaussian

mixture bias.

5 Simulations

In this section, we provide simulation evidence on the finite sample performance of our quasi-
Bayes posteriors. In all cases, we use m = 1000 Monte Carlo replications to estimate the
population expectation of interest.

5.1 Deconvolution

In this section, we examine the finite sample properties of the deconvolution quasi-Bayes pos-
terior, introduced in Section The setup is as follows. Two samples (Y7,Y>) are generated

according to the specification

Y1i=X+¢ ElNN(O,l)
Yo=X +e €2 ~ N(0,1)

where €, ez are independent”’] To nest this into the setup of Section we write

<Y;Y> N <;) , (64)

() -(52)

In particular, we can use the observations in (65)) as an auxiliary sample for the error in (64)).

This provides us with a sample to construct the quasi-Bayes posterior in Section [3.1

The implementation details are as follows. For the base measure of the Dirichlet process prior
DP,, we take a = N (fi,52) where (1i, 52) are the sample mean and variance of the observations
in . The standard deviation prior is taken to be Inv-Gamma(2,2). In all cases, we use
B(T') = [—2,2] as the set of identifying restrictions.

Table [I| compares the mean integrated squared error (MISE) of the deconvolution quasi-Bayes
posterior mean against common alternatives in the literature. The alternative estimators use
the bandwidth selection rule proposed in (Delaigle and Gijbels, 2004) to select the tuning
parameter 7. By contrast, we use T' = 2, equivalently B(T) = [-2,2], in all designsm As
Table [1]illustrates, the MISE efficiency of quasi-Bayes over traditional estimators is substantial.

One reason for this, among other factors, is that even a very modestly informative prior can be

2In all our simulations, the results were similar with standard Laplace errors.

39We found that it was possible to improve performance further by selecting T based on the specific design
or Monte Carlo realization. However, as the validity of traditional deconvolution selection procedures such as
(Delaigle and Gijbels| |2004)) is unclear in this context, we opted to implement everything using the same fixed
choice.
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beneficial towards variance reduction by down weighting implausible regions of the parameter

space. In a nonparametric ill-posed inverse setup such as ours, this variance reduction can be

substantial.
/7 x MISE
HM LV BR Deconvolution quasi-Bayes (D)
N(0,1) 0.285  0.250 0.155 0.164 0.037
Laplace(0, 1) 1.107 1.171 0.822 0.791 0.202
Gamma(2,1) 0.981 1.107 0.759 0.822 0.290
Gamma(5, 1) 0506 0.411  0.348 0.348 0.032
Log-Normal(0, 1) 7.595  7.271  11.067 9.170 1.446
0.5M(=2,1) +0.5M(2,1)  1.962 1.993 1519 1.297 0.042

Table 1: n = 1000. HM, LV, BR refer to the estimators proposed in |Horowitz and Markatou
(1996), |Li and Vuong (1998) and Bonhomme and Robin (2010), respectively. Deconvolution
refers to the traditional deconvolution estimator (Delaigle and Gijbels, 2004). The MISE for
these estimators are taken from Table 1 and 2 in Bonhomme and Robin| (2010). quasi-Bayes
(D) refers to the deconvolution quasi-Bayes (Section posterior mean.
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Figure 3: Deconvolution, n = 1000. Model : X ~ 0.5N(—=2,1) 4+ 0.5N (2, 1).

As Table[T]illustrates, the quasi-Bayes estimator uniformly outperforms alternatives. As a final
thought, we note that the alternative estimators HM, LV and BR in Table [1| do not rely
on a symmetric error distribution in their implementation, whereas traditional deconvolution
and quasi-Bayes deconvolution use this fact to write the repeated measurements problem as a
deconvolution problem through and . In some situations, the assumption of symmetric
errors may be too strong. In the interest of a more direct comparison, we also provide simulation
results on the repeated measurements quasi-Bayes posterior, introduced in Section This is
provided below in Table
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5.2 Repeated Measurements

In this section, we examine the finite sample properties of the repeated measurements quasi-
Bayes posterior, introduced in Section [3.2] To start with, we repeat the simulation study done
in Table[Il There, the deconvolution quasi-Bayes posterior was constructed by transforming the
repeated measurements (Y7,Y5) into a deconvolution problem through and . Instead,
in this section, we use the observations (Y7, Y3) directly to construct the repeated measurements
quasi-Bayes posterior. The implementation details are as follows. For the base measure of the
Dirichlet process prior DP,, we take o = N(fi, 52) where (fi, 52) are the sample mean and vari-
ance of the observations in . The standard deviation prior is taken to be Inv-Gamma(2, 2).

In all cases, we use B(T") = [—1, 1] as the set of identifying restrictions.
v/n x MISE
HM LV BR quasi-Bayes (R)
N(0,1) 0.285 0.250  0.155 0.033
Laplace(0, 1) 1.107 1.171 0.822 0.151
Gamma(2,1) 0.981 1.107  0.759 0.307
Gamma(5, 1) 0.506 0.411  0.348 0.041
Log-Normal(0, 1) 7.595 7.271  11.067 1.851
05N (—2,1) +0.5M(2,1)  1.962 1.993 1519 0.980

Table 2: n = 1000. HM, LV, BR refer to the estimators proposed in |Horowitz and Markatou
(1996)), Li and Vuong| (1998) and Bonhomme and Robin (2010), respectively. The MISE for
these estimators are taken from Table 2 in |Bonhomme and Robin (2010). quasi-Bayes (R)
refers to the repeated measurements quasi-Bayes (Section posterior mean.

As Table 2]illustrates, the repeated measurements quasi-Bayes estimator uniformly outperforms
alternatives. We found that it was possible to improve performance further by selecting 1" based
on the specific design or Monte Carlo realization. We discuss the possibility of empirical (or

hierarchical) Bayes selection of T" in the conclusion (see Section .

Next, we consider a multivariate setup that closely resembles our empirical application in Section
[6l The setup is as follows. We have two baseline non-negative inputs: child cognition C and a

covariate X at time t = 1. Cognition evolves over time as

log Co = oq + 6110g(Ch) + 02 log(X) + w1, (66)
log C's = g + I3 log(C'z) + 04 log(X) + usg. (67)

where (u1,ug2) are unobserved errors and 6 = (aq, @z, 41, 92,03, 4) is an unknown parameter of
interest. We do not observe (X, C1, Ca, Cs) directly. Instead, for each variable, we observe three

noisy measurements specified as follows.

myj = Aijlog Ci + € 1,j=1,2,3, (68)
mj = 7vjlog X +¢; j=123, (69)
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where {¢;} and {¢;} are mutually independent measurement errors. Here, the {\;;} and {v;}
are unknown factor loadings with the normalization that \; 1 = 1 and 7, = 1. Intuitively, the
remaining factor loadings determine the scale of measurement relative to the base measurement
that corresponds to j = 1. Observe that, with three measurements, the remaining factor

loadings can be estimated using the data as follows:

N Ga/(ml,j,mhj/) ~ @(mj,mj/)
Lj = = y VG E— . (70)
Cov(my,1,my,j) Cov(my, my)

for any j’ satisfying 7/ # j and 7/ # 1, where C/(;/() is the empirical covariance using the
data. As such, up to the stochastic error from estimating the covariances, we observe noisy

measurements Zl,j = X;}mm and Zj = ﬁ;lmj that satisfy the identity
Zyj =log(Cy) + &, » Zj =log(X) +&;, (71)

with unobserved measurement errors € ; = )\l_jlem and g; = ’yj_lsj.

To estimate the parameter 6 = (a1, aq,d1,09,0d3,04) in and @, we proceed as fol-

lows.

1. Use the observations in to compute the repeated measurements quasi-Bayes posterior,
introduced in Section [3.2)).

2. A sample of size m from this quasi-Bayes posterior consists of a sequence of Gaussian
mixtures {¢p, 5, }7* ;. Use each Gaussian mixture ¢p, x, to generate a synthetic data set
D.

3. Estimate the parameter 6 using the synthetic data set Dy, and the regression specifications
in and . This provides us with a (conditional on data set Dy) estimate 0y..

4. As a formal estimator of #, we use the posterior mean 0 =m! Yoy 5;.3

As a Monte Carlo exercise, we consider the following initial conditions:
(log C1,1log X) ~ 0.65N (11, Xo) + 0.35N (u2, Xo) , (72)

1 0.5
p = ( ) 5 2 =(6,3), %o (0'5 . )

The evolution over time is specified by

logCy =1+ 0.5log(Cy) + 0.51log(X) +u1 , ug ~N(0,1) (73)
log C5 =1+ 0.5log(Cs) + 0.51og(X) + ua , ug ~ N(0,1). (74)

This corresponds to a true parameter § = (1,1,0.5,0.5,0.5,0.5,0.5).

For (68]) and , we take the factor loadings to be Ay = ~v;; = 0.5 for j/ # 1. All the
measurement errors in and are taken to be independent N (0, 1) noise. Observe that,
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with such a choice, the measurement errors of the observed proxies in are N'(0,4) for j' # 1.
Table [3] provides the mean and standard deviation of the quasi-Bayes posterior mean for each
of the coefficients appearing in and .

t = 2 Coeflicients t = 3 Coeflicients
(65} 51 52 (6% 53 54
True 1 0.5 0.5 1 0.5 0.5
Mean 1.022 0.502 0.491 1.002 0.499 0.497

Standard Deviation 0.140 0.011 0.059 0.136 0.021 0.072

Table 3: Mean and Standard Deviation of quasi-Bayes posterior mean.
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Figure 4: Sample realization of quasi-posterior samples for the latent distribution of log(Ch),
relative to true latent histogram.
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Figure 5: Sample realization of quasi-posterior samples for the latent distribution of log(C}),
relative to true latent histogram.
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Figure 6: Sample realization of the quasi-posterior distribution of d1,d3. Black dashed line
indicates posterior mean.

6 Empirical Illustration | (Human Capital Development)

In this section, we apply our methodology to study human capital development for young chil-
dren in India. Our analysis closely follows Attanasio et al.| (2020b)). Using data collected from
the Young Lives Project, |Attanasio et al.| (2020b) estimate production functions for cognition
and health for young children in India. Their analysis makes use of the latent factor approach
initially introduced in |Cunha et al. (2010)@ As measurements on production function inputs
and child outcomes are not directly observed, a first step in their analysis specifies and es-
timates®| a parametric form for the joint distribution of unobserved and observed variables.
We apply our methodology to nonparametrically estimate this joint distribution. The joint

distribution is then used to estimate production functions for cognition and health.

6.1 Data and Model

We begin with a brief summary of the data and empirical framework used in |Attanasio et al.
(2020Db)). The sample consists of 2,011 children from seven districtﬁ and 98 separate communi-
ties. Their families were surveyed at child ages 1,5,8 and 12. The data consists of information
obtained from household, child and community questionnaires. The households in the sample
are relatively poor, with over half of all respondants living on less than 2$ per day. We re-
strict the sample to children observed in all rounds, which leads to a sample size of n = 1910
children.

We observe multiple measurements on child cognition, child health, parental investment, parental

cognition, parental health and parental resources If mj+ denotes the 4t measurement of

31They also make use of additional identification results in [Agostinelli and Wiswall| (2016])

32To estimate the model, they assume the joint distribution follows a two component Gaussian mixture and
impose normality restrictions on the measurement errors. These restrictions induce a Gaussian mixture likeli-
hood on the observed measurements. Estimation then follows from applying the Expected Maximization (EM)
algorithm.

33These are Hyderabad and a “poor” and “nonpoor” district in Coastal Andhra, Rayalaseema, and Telangana.

34The precise list of measurements can be found in Table 4 of [Attanasio et al. (2020Db).
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latent factor 6, at time ¢, we assume a log linear relationship of the form

Mkt = At + Njkt 108(Okt) + € k- (75)

Here, the aj; and A;;; are fixed constants and factor loadings, respectively. The €;; are
unobserved mean zero errors that are independent of each other and the latent factors. At
each age, we also observe (without measurement error) prices for food, clothing, notebooks and
worm medication (Mebendazol)@

As the units of measurement typically differ across the measurements, the factor loadings de-
termine how values in one measurement relate to another. To achieve identification, each latent
factor is chosen to have a reference measurement that has unit factor loading. For factors 6
that do not vary over time (such as parental cognition and health), we work under the normal-
ization that E[log 6] = 0. For dynamic factors that vary over time, we normalize the mean only
at the initial age of observation. The mean in future periods in identified relative to the initial
period by assuming that the growth in measurements is due only to the growth of the latent
factorﬁ Under these restrictions, the constants a; ;. and A;x; can be recovered through means
and covariances of the observed measurements@ By using empirical analogs of these means

~

and covariances, we obtain consistent estimates @jy¢, A\j . In particular, up to a negligible

-1/2

stochastic error of order n that arises from estimating the means and covariances, we can

view
Zikt =AMkt — et (76)

as repeated measurements of the latent factors log (6 ;).

The parental investment specification is given by

log 01+ = Y0 + Ve, 10g Ocp + Yt log Onp + Yeplog Oy (77)
+ Yhp 10g Onp + Vpt og(pt) + V1, 1og(Oy;e) + €.

Here, €; represents an unobserved mean zero shock. 6.; and 6y, ; represent child cognition and
health at time ¢, respectively, while 6., and 6}, denote parental cognitive and health attributes,
both assumed to be invariant with time. The variable p; stands for the prices of goods as

described above, and 6y represents parental resources at time t.

If 07 represents parental investment at time ¢ and the variables are as described above, we

model the production functions as

1
log Ohp1 = Pu+ - log (0162 + Ont05'y + Ocpt02) + OnpeOp, + 0ra67,) + vie  (78)
t

35For variables without measurement error, the associated factor loading is set to 1 and the measurement error
to zero, so that the observed variable serves as its own repeated measurement.

36For further discussion on these normalization restrictions, see |Attanasio et al. (2020b).

3"In cases with more measurements than needed for identification, multiple combinations of covariances can
identify the same factor loading. In this case, as in |Agostinelli and Wiswall (2016)), we average across them.
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where k € {c,h}, {6+} € [0,1], pr € (—o0,1] and > ;0;+ = 1. Here, v, is an unobserved
mean zero shock. The parameter p; determines the elasticity of substitution between inputs to
the production functions. At p; = 0, the production function reduces to Cobb-Douglas (unit

elasticity) while p; = 1 corresponds to perfectly substitutable inputs.

We aim to estimate the child production function for each time period . We proceed as follows.
First, we use the repeated measurements in to estimate the quasi-Bayes posterior in .
Given a sample distribution from this posterior, we simulate a synthetic data set and use it to
estimate the parameters appearing on the right side of . This leads to an induced posterior
distribution on the parameters. We then use the posterior mean to obtain point estimates of

the parameters.

A concern towards identification of the production function parameters is that parents may
choose their investment in part based on the evolution of human capital. That is, parental
investment 6;; may be endogenous. Following (Attanasio et al., 2020b), we correct for this
through a control function approaChE In our context, given a sample distribution from the
posterior and a corresponding synthetic data set, this is achieved by using the residuals from
as an extra regressor when estimating the production functions in .

6.2 Implementation

We use the measurements in to construct the gradient-based quasi-Bayes posterior in-
troduced in Section In this case, the joint distribution that we estimate is d = 27 di-
mensional. The posterior is defined using T = 0.5 so that the grid of restrictions is given by
B(T) = {t € R%: ||t||c< 0.5}. As a base measure for the Dirichlet process prior DP,, we take
a = N(0,51;). We place a prior on covariance matrices through a correlation and scale matrix
individually. That is, ¥ = DCD where D is a diagonal scale matrix and C' is a correlation
matrix. We use an LKJ prior (Lewandowski et al., 2009) with shape parameter n = 2 for C'

and independent Inv-Gamma(2, 2) priors for each element of the diagonal of D.

6.3 Results

We start by examining some aspects of the marginal structure of the posterior distribution.
Specifically, we look at the distributional evolution of child cognition and parental investment

over the development period.

38This approach assumes that E[vg.|X:, Z¢] = ki€ for some constants ki, where X; is the variables in
the production functions and Z; are the instruments (prices and household resources) that only appear in the
investment equation.
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Figure 7: Posterior samples for latent log cognition across the development period.
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Figure 8: Posterior samples for latent log investment across the development period.

As expected, mean cognitive skills and investment increases over the development period. Cog-

nitive dispersion does seem to vary significantly over the development period. This is in contrast

to similar studies using U.S data (e.g. |Agostinelli and Wiswall, 2016) where dispersion increases

significantly at later ages. In U.S based studies with a representative sample, dispersion is linked
to income inequality and available opportunities for skill growth. By contrast, households in
this sample are relatively poor and the children have limited access to such opportunities. It is
interesting that investment displays significant right skewness at age 12. This was also the case
with the observed measurements in the data. Some parents may choose to invest more heavily
in their children during adolescence as opposed to early childhood. This can be influenced by
various factors, including cultural beliefs and the perceived needs of the child at different stages

of development.
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Age 5 Age 8 Age 12
Cognition (Lagged) - 0.243 0.435
[0.065,0.426] [0.184,0.691]
Investment 0.572 0.406 0.421
[0.429,0.710] [0.230,0.578] [0.125,0.713]
Parental Cognition 0.304 0.201 0.062
[0.184,0.428] [0.070,0.331] [0,0.193]
Health (Lagged) 0.102 0.122 0.072
[0, 0.228] [0,0.291] [0, 0.225]
Parental Health 0.022 0.029 0.011
[0,0.099] [0,0.109] [0,0.064]
Elasticity p; 0.168 0.015 -0.284
[—0.225,0.624] [—0.359, 0.388] [—0.834,0.150]

Table 4: Production function for cognitive skills, with 90% Bayesian Credible Band.

Table [4] provides posterior mean estimates for the child production function with the corre-
sponding 90% pointwise Bayesian credible bands. We note that the credible bands in this Table
and elsewhere are provided only to convey a general sense of Bayesian uncertainty. In particular,

they are not meant to be interpreted in the usual sense of frequentist standard errorsF_g]

In line with previous results in the literature (e.g. |Attanasio et al.2020b), our results suggest
that (i) cognition displays persistence across the development period, (i7) parental investment
affects cognitive development at all ages, with a higher return for younger children and (i7) a
link between parental cognition and child cognition, although the effect fades out over time.
Overall, our results share many similarities. The main difference in our empirical findings
relative to the literature is that investment continues to maintain a significant impact during
adolescence, albeit lower than in early childhood. As our sample size in this setting is relatively
modest, and we do not consider estimation by relaxing only a single restriction, it is difficult to
ascertain whether our differences are due to nonparametrically modeling the latent distribution
and/or leaving free the distribution of the measurement errors. We hope to examine this more
closely in future work. To that end, we view our general methodology as complementary to
the existing literature in that it may serve as a robustness check to possible violations of these

restrictions.

3%More formally, our paper only investigates estimation. Inferential results which establish the frequentist
validity of certain credible intervals would at the very least require the quasi-Bayes objective function to be
optimally-weighted. As the quasi-Bayes objective functions is an L? norm over characteristic function based
moment restrictions, optimal weighting in this context closely resembles the definition proposed in (Carrasco and
Florens, [2000).
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Age 5 Age 8 Age 12
Resources 0.096 0.209 0.567
[—0.101,0.297] [—0.067,0.490] [0.189,0.955]
Parental Cognition 0.05 0.102 0.148
[—0.070,0.169] [—0.026,0.232] [—0.056, 0.355]
Cognition (Lagged) - 0.038 0.101
[—0.104,0.183] [—0.153,0.359]
Health (Lagged) 0.007 0.012 0.028
[—0.075,0.085] [—0.146,0.168] [—0.212,0.276]
Price Clothes 0.011 -0.024 -0.006
[—0.073,0.092] [—0.120,0.071] [—0.153,0.138]
Price NoteBook -0.006 -0.001 0.055
[—0.080, 0.069] [—0.113,0.111] [—0.076,0.186]
Price Mebendazol 0.005 -0.041 -0.022
[—0.058,0.069] [—0.145,0.065] [—0.123,0.079]
Price Food 0.008 0.025 -0.012
[—0.080,0.093] [—0.095,0.148] [—0.110,0.084]

Table 5: Posterior means of the reduced form Investment Regression 1) Coefficients, with
90% Bayesian Credible Band.

The results from the reduced form investment regression suggest that investment is largely
linked to parental resources and to a lesser extent, parental cognition. While in principle one
would expect to observe possible links to child cognition, it is important to note that investment
is measured 3-4 years after lagged cognition. In this case, the effect may be substantially weaker.
Unfortunately, our data set does not contain information on shorter time spans to be able to

adequately discern the immediate effect.

Next, we use the estimated quasi-posterior to perform two counterfactuals. The first is a one
time income transfer of a fraction of the observed empirical mean income at age 5. The second
is a one time increase in health of a fraction of one standard deviation of health at age 1. Note
that the income transfer counterfactual uses a fixed transfer that does not vary based on the
sample drawn from the quasi-posterior. The health intervention is specific to each individual
sample of the quasi-posterior as one standard deviation of health depends on the distribution
of health for that sample. We analyze the effects separately for the poorest 25%, the middle
50% and the richest 25%. The counterfactual outcomes are shown in Figures [9] and
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Figure 9: Posterior mean of change in cognition at age 12 (in units of standard deviation).
Counterfactual: age 5 income transfer of ¢ x u where u is the observed empirical mean income

at age 5.
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Figure 10: Posterior mean of change in cognition at age 12 (in units of standard deviation).
Counterfactual: Age 1 Health intervention of ¢ X u where y is the standard deviation of health

at age 1.

Observe that, as our entire sample is relatively poor, income transfers are expected to matter
at all percentiles of the income distribution. Moreover, as illustrated in Figures [9] and the
poorer segments of society benefit the greatest from an income transfer or health intervention.
Our findings suggest that early health interventions or parental subsidies may be an important

element in policies designed to target human capital development in developing countries.
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7 Empirical Illustration Il (Earnings Dynamics)

In this section, we apply our methodology to study the latent structure of permanent and
transitory components in the Panel Study of Income Dynamics (PSID) data. Our analysis
closely follows Bonhomme and Robin| (2010)) in which deconvolution-based methods were used

to nonparametrically estimate the latent structure.

7.1 Data and Model

We begin with a brief summary of the data and model used in Bonhomme and Robin| (2010). The
data is from the PSID, between 1978 and 1987. Let y; ; denotes annual log earnings for individual
¢ at time period ¢ and x;; an associated set of regressors. The regressors are a quadratic
polynomial in age and indicators for education, race, geography and year. The OLS residuals
of y;+ on x;; are denoted by w; . The residual differences are denoted by Aw;; = w; ¢ — w; 1.
After restricting the sample to male workers with no missing observations for Aw;; and a
wage growth that does not exceed 150% in absolute value, our sample size consists of n = 624
individuals. For each individual, we observe wages between 1978 and 1987, for a total of M = 10

time periods.

The model in (Bonhomme and Robin} 2010) is given by@

wi,thi+w£+th, i=1,....,n,t=1,....M (79)
wft :wz{gt—l + €t

wg:t:ni,t

ni,1 = Ni,m = 0.

Here, f; is an individual level fixed effect and {fi,t}i\il and {T]i7t}tj‘i51 are mean zero errors.
We think of wlﬁ as the permanent component and 7;; as the transitory component. Thus, the
distribution of the permanent component of income is determined by ¢;; and the distribution

of the transitory component by 7; ;.

From first differencing the model in , we can write
Awit =€+ Nit — Nit—1 i=1,....n,t=2,..., M. (80)

We view Y; = (Awj o, ..., Aw; p) as the observations for i = 1,...,n. The model in is a
special case of the multi-factor model Y; = AX; in Section[3.3] Here, A is a known matrix with

elements in {—1,0,1} and the latent factors are X; = {ni2,..., M m—1,€2,..., € M}

7.2 Implementation

We use the measurements in to construct the joint multi-factor quasi-Bayes posterior
introduced in Section Over the M = 10 time periods, there are 17 (the dimension of X;)

40GSimilar models also appear in |[Abowd and Card| (1989)); \Geweke and Keane| (2000); Hall and Mishkin| (1982);
Horowitz and Markatou| (1996)).
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latent distributions that must be estimated. The posterior is defined using T" = 0.5 so that the
grid of restrictions is given by B(T) = {t € R? : ||t/ls< 0.5}. As the observed measurements in
are themselves residuals from an OLS regression, they are demeaned and exhibit low finite
sample variance (see Table |§| below). For the base measure « of the Dirichlet process prior DP,,
we take a = N(0,1). Given the dispersion in the data, we view this as a relatively weak prior.
For the standard deviation, we use Inv-Gamma(0.01,0.01) priors. This is a commonly used as

non informative prior in settings with low dispersion@

7.3 Results
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Figure 11: Posterior Histograms for the average o2 and o*% across the time period. Black dashed
line indicates posterior mean.

The posterior mean of the average variance is 52 = 0.034 and 8% = 0.019 for the permanent
and transitory components, respectively. Interestingly, our estimate for the transitory compo-
nent variance matches the estimate obtained in (Bonhomme and Robin, [2010)). However, our
estimate for the permanent component variance is larger (they obtained 862, gr = 0.0208). As
a consequence, we find a larger variance share being attributed to permanent shocks. To be
specific, our estimates suggest that permanent shocks account for 47% of the total variance
of wage growth residuals. Next, we examine the distribution of the permanent and transitory

components.

“IThe general idea is that Inverse-Gamma priors place exponentially small mass near zero and so choosing
Inv-Gamma(e, €) for a sufficiently small e places the mode of the distribution near zero to accomodate low
dispersion settings. |Gelman| (2006]) argues that a more robust choice is to use o ~ Half-Cauchy(0, V') for a large
V. The intuition being that Half-Cauchy priors have polynomial tails near zero (hence they assign enough mass
around zero) and a large V provides robustness against large dispersion. As a robustness check, we also tried
Half-Cauchy(0, 100) priors and did not find any significant differences in the results.
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Figure 12: Posterior mean of the average standardized f;, and fc across the time period, with
standard Gaussian overlay.

As Figure [12] illustrates, neither of the two components are Gaussian. As in [Bonhomme and
Robin| (2010), the estimated distributions appear to be leptokurtic and symmetric. We note
that our estimates do not have the tail wigglyness that usually accompanies deconvolution based
estimators. As a consequence, even though the estimated variance for the transitory component
is similar, the generalized deconvolution estimator in |Bonhomme and Robin| (2010)) has a taller
mode at zero (to balance the wigglyness at the tails). Next, we compare the difference in fit

across various estimators.

Wage growth Aw; ;

Data BR Normal Normal Mixture quasi-Bayes

Variance 0.055  0.037 0.057 0.058 0.067
Skewness  0.001 -0.02 0.00 0.00 0.00
Kurtosis 10.158  5.600 3.000 6.30 8.223

Table 6: Average moments of Aw;; across the time period. BR denotes the generalized decon-
volution estimator in (Bonhomme and Robin, 2010). Normal and Normal Mixture denote
maximum likelihood estimates when the permanent and transitory components follow a normal
or two-component normal mixture. quasi-Bayes denotes the joint multi-factor quasi-Bayes

(Section posterior mean.

Table [ compares the observed moments of the wage growth residuals with the implied moments
under various estimators. Observe that, as wage data typically exhibits many outliers, the
kurtosis in the observed data is quite large (relative to standard normality). The two component
normal mixture maximum likelihood estimate and quasi-Bayes appear to be the closest fits to
the data. The maximum likelihood estimate fits the variance exactly but performs worse at
higher moments. By contrast, the quasi-Bayes approach returns a larger variance but obtains
a better fit for the observed kurtosis in the data.
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8 Conclusion

This paper developed a quasi-Bayes framework for three classes of latent variable models. In
each case, we used the models identifying restrictions to construct a characteristic function
based quasi-likelihood. We then combined this with a prior to induce a quasi-Bayes posterior.
As the prior is supported on infinite Gaussian mixtures, our modeling framework connects with
a large empirical literature (e.g. |Geweke and Keane |2000; |Cunha et al. 2010; Attanasio et al.
2020aub) that utilizes finite Gaussian mixtures to model rich forms of heterogeneity. Simulation
and empirical exercises demonstrate that our quasi-Bayes procedures are viable and perform
favorably relative to existing alternatives. We end this section by highlighting some future

directions for research.

In this paper, we provided first steps towards a characteristic function based quasi-Bayes frame-
work for latent variable models. The results could be extended to several strands of literature
that make use of identification arguments in characteristic space. Possible extensions include
nonlinear regression with measurement error (Hausman, Newey, Ichimura, and Powell, 1991
Schennach) [2004a)), instrumental variable based approaches to measurement error (e.g. [Schen-
nach), 2007), random coefficient models (e.g. [Hoderlein, Klemela, and Mammen, 2010; Gautier
and Kitamura, 2013) and nonlinear earnings dynamics (Arellano, Blundell, and Bonhomme,

2017)). These extensions are currently in progress.

The theory and implementation of our quasi-Bayes procedures could be expanded upon in
a variety of ways. In practice, one may choose a varying radius grid T = (T1,...,Ty) and
consider the set of restrictions B(T) = {t € R? : |t;| < T; i = 1,...,d}. Empirical Bayes
selection of priors and tuning parameters that our procedures depend on is an important topic
to be investigated. One possibility is to choose the parameters to maximize the marginal
quasi-likelihood. Another possible avenue is to consider a hierarchical Bayes setup where the
prior hyperparameters are themselves modelled using a prior. A more challenging task would
be to establish the frequentist validity of quasi-Bayes credible intervals. This would, at the
very least, require the quasi-Bayes objective function to be optimally-weighted. As the quasi-
Bayes objective functions is an L? norm over characteristic function based moment restrictions,
optimal weighting in this context closely resembles the definition proposed in |Carrasco and

Florens| (2000). We hope to address all these issues in future work.
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9 Appendix : Proofs

The following notation is frequently referred to in the proofs and so is listed here for convenience.
The imaginary unit is denoted by i. Let A denote the Lebesgue measure on R, We denote the
diameter of a set A C R? by D(A) = sup, ,c4llz —y||. Given a positive definite matrix ¥ € S%,
we denote the ordered eigenvalues by A;(¥) < ... < A\g(X). To indicate the dependence of
the quasi-posterior on the data Z,, and T (the radius of the ball B(T')), we will often use the
notation v(.|Z,,T).

Lemma 1. Given a random vector Z € R* with E(||Z||?) < oo and t € RY, define
i (Z) =€l = cos(t'Z) +isin(t'2).

Then, there exists a universal constant D > 0 such that for every T > 0 we have

max {vIog T, 1}
ST,

B, 5w [Bl(2)] - E(2)] ) < D
ltheo<T

Proof of Lemma[l] It suffices to show the result for the real and imaginary part separately. We
verify it for the real part, the imaginary part is completely analogous. For the remainder of this
proof, we continue assuming x;(Z) = cos(t'Z). Let F = {x4(Z) : |t| < T}. By an application
of (Giné and Nickl, 2021, Remark 3.5.14), there exists a universal constant L > 0 such that

8
B, 5w [Baba(2)] - E(2)] ) < 72 [ \flor N ey e

ltlloo<T

Let {t;}}4, denote a minimal § > 0 covering of [~T,T]%. Define the functions

ei(Z) = sup |xt(Z) —xt,(Z)| i=1,...,M.
tERL: ||| oo <T||t—t; ]| 0o <6

It follows that {x(Z) —ei , xt,(Z) + ei}ij\i , is a bracket covering for F. Since the mapping
t — xt(Z) has Lipschitz constant bounded by || Z||, we obtain HeiH%Q(P)S E(||Z||?)6%. Since
M < (375~ 1)4, it follows that there exists a universal constant L > 0 such that

8
/0 \/logN[](}', 1l L2(e), €)de < Lmax {+/log T, 1}.

Lemma 2. Given a random variable Z € R* with E(||Z||?) < oo and t € R, define
xt(Z2) =e¥? = cos(t'Z) +isin(t'Z).

Then, there exists a universal constant L > 0 such that for any sequence T = T,, 1 oo with
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log(T;,) < n, we have that

P( sup [ELol2)] - Bpe(2)]] < DYET) 1,
1< vn

Proof of Lemma[Z It suffices to show the result for the real and imaginary part separately.
We verify it for the real part, the imaginary part is completely analogous. For the remainder
of this proof, we continue assuming x:(Z) = cos(t'Z). Let F = {x¢(Z) : |[t| < T,,}. Since F
is uniformly bounded, (Giné and Nickl, 2021, Theorem 3.3.9) and Lemma |1| imply that there

exists universal constants C, D > 0 which satisfy

ViogT, 2
P(fﬁ% [En[x:(Z2)] — E[x¢(2)]| > D Jn 5”) S exp < O+ \/logiTn/x/ﬁJn*)

for all > 0. With = = /logT},/+/n and observing that y/logT,, < \/n, we obtain

VST,
P<|53% B 0u(2)] - Bu(2)] < DY ) 1

for some universal constant L > 0. O

Lemma 3. Consider a measurable partition R? = U] —oVj and points z; € V; for j=1,...,N.
Let F* = Zj\;l wjd,; denote the discrete probability measure with weight w; at z;. Then, for
any probability measure F on R? with [4,]|z]|*dF(z) < co, we have that

1.
FIF)) ~ FIE0] < ] s DIV +2Z\F .
2.
12 . N 1/2
v R - FEIL < ([ lePar@) { SR -l |
=1
’ N
+(1 +UGS§EV],”””'“”) s D)+ sup a3 P(Y) )

3.

k_su,p,d‘atk Fl(t) — 82 F[F*)(1)] < </ lal| dF (z )>1/2{Z|F wj}m

+ <2 sup ”U||+ sup ’2}”2“75") ' sup D(‘/])
vEU;'V:1Vj ’UGU;V:IVJ' j=1,...,

1=

N
T+ osup [=lPSCIEW) - wl.

20



Here, D(A) denotes the diameter of a set A.

Proof of Lemmal[3 Observe that

FIF](t) = FIF(¢)

/ 1txdF / eitlxdF*(l‘)
R4 Rd

/ 61 xdF Zweltz]

d

N
_ / eit/zdF(x) + Z/ (eit/x et /2 dF + Z elt/zj w]]
Vo j=1"V; j=1

=

Since the mapping p — ei*'# has Lipschitz constant at most ||¢|| and Zjvzl F(V;) =1, we obtain

I8 7

N
[FIF](®) — FIF ]()\<FV0)+HtH sw D, ZF +Z|F — wj|

F(Vo) + It SHPND Vi) + Z [E(Vj) = wjl.

Since Vo = R4\ Uj>1V; and F(RY) =1 = Zjvzl wj, we obtain
N N N
F(Vo) =D wj =Y F(V;) <D |F(V)) —wyl.
Jj=1 Jj=1 Jj=1

For the second claim, first observe that the moment condition on F ensures that the gradient

exists. By differentiating the preceding expression for F[F|(t) — F[F*](t), we obtain
VFIF|(t) — VFIF]()

N
= i/ ze'TdF (z) + 12/ (zel'® — z;e¥2))dF (z) + 122 sl — wjl.
Vo j=1"Vi

For p € Vj, the mapping p — ueit/“ has Lipschitz constant at most 1 + sup,cy;, [[v]|[|¢] and by
Cauchy-Schwarz, [, [|z]|dF(z) < ( [pallz||?dF(x))"/*{F(Vs)}"/?. By using the same bound for

F(Vp) as above, we obtain
IVFIF](t) = VFF]@)]
1/2 ¢+ N 1/2
z|[?dF(x N s U v - '
< ([wrare) {2 s —wl ) (1 _sw wllil) s 205)

N =
UEUj:l j PRRX)

N
+_sup 21> 1F(V3) = wy] .
i=1,.. .

o1



For the third claim, let z;; denote the kth element of zj. Twice differentiating (with respect to
t.) the expression for F[F|(t) — F[F*|(t) yields

02 FIF)(t) — 02 FIF](t)
N
:_/VO 1t2dF Z/ lt:v_ ]keltz])dF ZZ?kGItZJ[F(Vj)—wj].

For o = (p1,...,pq) € Vj and a fixed component iy, the mapping p — ,uieitl“ has Lipschitz
constant at most 2sup,ey, [|v][+ supvevj||v|]2||t|| and by Cauchy-Schwarz, we have the bound
Sy, #RdF (z) < ( fpallz|S%dF (x NY2{F(Vy)}/2. The claim follows from an analogous bound to

the precedlng case.

O]

Lemma 4. Consider a measurable partition R% = Uj’vzo V; and points z; € V; for j=1,...,N.
Let F* = Z;VZI wj0,; denote the discrete probability measure with weight w; at z;. Then, there
exists a universal constant D > 0 such that for any positive definite matriz ¥ € R4 with

minimum eigenvalue o> > 0 and probability measure F on RY, we have that

N
lors — orsllm< D{U—WW swp D)+ Y IR - wj@ ,
j=L..., =

lors — (PF*,ZHIB%(T)S D[T(d+2)/2 SlupND Td/QZ IF(V wj\].
J

Proof of Lemma[j By Lemma [3] we have

N
[ FLENE) = FIF ]()\<||75H Sup D( j)+2Z‘F(‘/})_wj|'

seeey

Since e~ %t < e~ It172? it follows that

lers — 0F o

= /Rd s (t)[* | FF](t) — FIF*) (1) dt

_ /R U FIR)() - FIF @) di

< [ I F R - FIF 0 e
Rd

N 2
<2 s (W) [ P s{ Y1) - wl ) [ e
j R4 R4

]:17"'7N ]:1

The first claim follows from observing that the two integrals scale with rate at most g~ (@+2)
and 0~ ¢, respectively. The second claim follows by an analogous argument from truncating the
integral to the set {||t||oo< T} and using the trivial bound e *>* < 1.
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O]

Lemma 5. Suppose F is a probability measure supported on [—R, R]? for some R > 0. Then,
given any k > 1, there exists a discrete probability measure F' with at most (k+ 1)+ 1 support
points in [—R, R]? such that for every t € R, we have

. i) < oM (VAR
@) 1FIFIE - FIFI0] < 2 e

(i) [VFIE)E) - VfWMNK2¢RW”““R),

k—1 k—1
(i) sw | FIFI(E) = O FIF(0) < 2ar2 ] . (e 1/)2;31) '

In particular, there exists universal constants C, D > 0 such that for all T, R sufficiently large
and € € (0,1), the choice k = [C max{log(e™!), RT'}] satisfies

(i) ”tﬁugT\f[F}(t) — FIF'|(t)] < De,

(i) HtﬁugTHV}"[F](t) — VF[F|®)]I< De,

(tt1)  sup  sup latl F](t) — 8,521.7:[F/](t)| < De.
[tl|oo<T l=1,....d

Furthermore, the support points of F' can be chosen on the grid Z = {T Ye(z1,...,24) : z; €
7, |zi| < [R/(T~ €)1}, with a multiplictive penalty of at most R and R? in cases (ii) and (iii),

respectively.

Proof of Lemma[j. Given any k > 1, by (Ghosal and Van Der Vaart|, 2001, Lemma A.1), there
exists a discrete measure F’ with at most (k4 1)? + 1 support points on [~ R, R]? such that

/ zlll. .zﬁlddF(z):/ zil. .zélddF’(z) V 0<l,...,lg<k.
R4 R4

For any t,z € R% and j € Z, a multinomial expansion yields
i
I N\ — _J ki ki
(=) = 2 b L1
k1+4-+kq=j,k12>0,...,kg>0 =1

It follows that F' and F' assign the same expectation to (t'z)7 for every t € R?, provided that
j < k. This yields

P - FIEN0 = [ Py =[S ()
/ Z G2) yr — By ().
R4 ] 1 .
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Observe that for every z € R, we have the bound E;’ikﬂ(ix)j/ﬂ ’ =

e — Y5 oz} /jt] <
lzFT (k4 D < |2)"T e /(k + 1)5L. For any z € [~ R, R]%, we have that |¢'z| < ||¢]|||z]|<
|t|[v/dR. Since F, F' are probability measures and have support contained in [~ R, R]?, it follows
that

/ = (it'z)? O (it 2)d )
7 -Frel < [ | S EElars [ S EEar

|
Jj=k+1 ’ ik J:

||t||k+1 (e\/gR)k'H
<2
- (k+ 1)k+1

For the second claim, the same reasoning as above implies that F' and F’ assign the same

expectation to the vector z(t'z)7 for every t € R?, provided that j < k — 1. This yields

VEIF|(t) - VFIF(#) =i / e A(F — F)(2) =i /R 5y (itlj’)j d(F — F')(2)

Rd =0 J
) = (it'z)? y
=i z —d(F — F')(z).
/. 3 SE =)

We have ||z||< VdR for every z in the support of F, F'. From using the bound in the preceding
case with k replacing k + 1, it follows that

o .t/ _7 oo .t/ j
v rIFe) - vrEIe) < var( [ S S ar e [ S )
R I RE|Tp )
j= j=
k k
< oyapltltevR)
kk
For the third claim, let z; denote the [** coordinate of z = (21,...,24). The same reasoning as

above implies that F' and F’ assign the same expectation to the vector 212 (t'2)7 for every t € R,
provided that j < k — 2. This yields

G2 FIF)(t) — G2 FIF')(t) = — /R A - P = -

i
R =0 J-:
L (it'z)!
:_/ 25 Wy
Rd k1 VE

Since 27 < ||z||2< dR?, the claim follows from an analogous bound to the preceding case.

For the final claim regarding the location of the support points, suppose F/ = Zf\i 1 Di0y; is
a discrete probability measure that satisfies the requirements of the first part of the Lemma.
Let F* = Zf\i 1 Pidy: denote the probability measure obtained by replacing each p; with i €
arg gléli}HMz — t||. From the definition of Z, it follows that [|u; — pf||< DT 'e. We claim F’
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satisfies all the same bounds. For the first bound, observe that

N

sup |FIF') = FIF']| = sup |3 pjfe™ — "]l < sup  sup
[tloo <T [Hloo <T [tlloo <T 5 =1,...N

. -
elt/.L]' _ eltuj

Jj=1

Since the mapping p — e!** has Lipschitz constant bounded by |[|¢]|, it follows that

sup |F[F'] = FIF*]| < VdT sup | — || < De.
Ithoo<T j=1,...N

For the second bound, observe that for u € [~R, R]¢, the mapping p — pel™ has Lipschitz
constant at most 14 v/dR||t||. Hence

sup [|[VF[F)(t) = VFIFT(0) < sup  sup [lpse™ — pseti)|

lltlloo <T tlloo<T j=1,...,N
< DET+1) swp[lus = pjl
J=1,..,
< DRe.

For the third bound, let p;; denote the " component of pj. On [—R, R]¢, the mapping
i — u?vleit/“f has Lipschitz constant at most 2v/dR + dR?||t||. Hence

sup  sup |82.7—"[F](t)—8%}'[F’](t)}< sup sup  sup uileit/“j—(u;fl)geitl“;

)

oo <T I=1,....d Itlloo <T I=1,....d j=1,...,.N
<SD(R+RT) sw ;=]
J=4L
< DR%.

O]

Lemma 6. Suppose F is a probability measure supported on [—L,L]d for some L >0 and X €
R4 is a positive-definite matriz with smallest eigenvalue o® > 0. Then, for all € € (0,1), there
exists a discrete probability measure F' with at most D max {(log(e™1))%, (L/a)%(log(e~1))%/2}
support points on [—L, L]d such that ||pp s —@p x| 2 < D'g=%2¢, where D, D’ > 0 are universal

constants. Furthermore, the support points can be chosen such that inf, 4|, — pj||> oe.

Proof of Lemmalfl Let D denote a generic universal constant that may change from line to
line. By Lemma [5| there exists a discrete measure F’ with at most k% + 1 support points on
[~ L, L]* such that

Vte R

k(e k
\ﬂﬂ@—fﬁ%MSQWHJ@m

—t'St/2 < et

Observe that |px| =€ 2*/2 From using the preceding bound, we obtain for every
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M > 0, the estimate

lors = el = [ lesF [FIFIO - FIFI0) d

: D[/Ilt|>M ‘Soz(t)‘g et (Le/;/g> ) /Ht<M’tH2kdt}

2k
< D[/ e lt*e® gy 4 <Le\/&> / Htsz’dt}
[¢])>M k t<M

By change of variables (to spherical coordinates) the first integral scales at rate DM?2e~ el
and the second integral scales at rate DM?**+?/(2k + d). The choice M = /4log(e~1)/c leads

to

M2g20_72

2 2 2 2
/ e ItP e gt < DMd—2e— M2 07?2 < De?g™ .
(Itll>21

Furthermore, if k > e3v/dmax{LM, log(e‘l)}, we have that

Lev/d\ % Lev/dM\ % M
L [ e <o eV < De.

The claim follows from observing that the number of support points in F” is N = k% + 1.

For the final claim regarding the separation of the support points, suppose F’ = Zf\i 1 Di0y; is a
discrete probability measure that satisfies the requirements of the first part of the Lemma. Let

Z denote a maximal ge separated subset of [~ L, L]?. For each p;, select u} € arg Itn121[1|| wi — t|
€

and let F™* = Zf\; 1 Pidyr. From the definition of Z, it follows that sup, || i — || < ge. Observe
that

N

Lo ok
§ :pj[ezt,uj o ezt,u]]e t'3t/2
Jj=1

ler s —wre sl =
L2

N
< DY pjli(et — ety
j=1

<D sup (e — e )e P
j=1,.,N

Since the mapping p — €/* has Lipschitz constant bounded by |[¢||, we obtain

) |2
elt“J . ezt,uj eft tht

(e — eyeriz, —
Rd
gy
< Dl = il [ el?e > a

< Dg?e? / [t]|%et > dt.
Rd

Since e >t < e_”t”292, the integral on the right scales with rate at most Do~ (@2 Tt follows
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that
H(eituj _ €itu;)€_t,2t/2”L2§ Dgeg_(d+2)/2 _ Dg_d/ze.
In particular, we obtain

|2+l pe 5 — o 5|2 < Do~ ?e.

lers — orsllr2< llors — o s

Finally, note that if pj = pj for some ¢ # j, F* can be reduced to a discrete measure with

N* < N unique support points.

O]

Lemma 7. Fiz any positive definite matric o € R¥? and denote by ag, the smallest eigenvalue
of Xo. Then, there exists a universal constant D > 0 (only depending on d) such that for any
distribution P and positive definite matriz % satisfying ||X — Xo||< 03 /2, we have

—d/2—1
leps — opsoll2< Doy M| — 5.

Proof of Lemma[7 For any distribution P and positive definite matrix ¥, we have that

2
dt < /
R4
— / eftlzot
R4

The mapping t — e (%0=2)t/2 hag gradient norm at most elI*15=201/2|5 —x0]|||#]|. If the bound
|2 — 2o[|< 03/2 holds, it follows that

e—t'zot
Rd

’ ! ’ ! 2
lons = ersylfa= [ FIPIOF |e 212 - 0t eruu2 el g

1 et’(EofE)t/2‘2 it

1 — o (So-D)t/2 2 &

1_et’(20—2)t/2‘2dt< / oIt
</,

= o e
Rd
The claim follows from observing that the integral on the right scales with rate at most Do, (@+2)

O]

Lemma 8. Suppose (W, Z) € RY x R? for some d*,d € N and E(||Z||?) < oo, E(||W]|?) < oo.
For every t € RY, define

xt(W, Z) = Wel'? = W cos(t' Z) +iW sin(t' Z).

Then, there exists a universal constant D > 0 such that for every T > 0 we have

Vg T, 1}
Lo}

E( sup ||En[xt<z>]—E[xt<z>]u) < praxd
It]|co <T

o7



Proof of Lemma[8 It suffices to show the result for the real and imaginary part separately. We
verify it for the real part, the imaginary part is completely analogous. If W = (W3, Wa, ..., Wy, ),
it suffices to verify the result for each vector sub component Wyeit'? where k € {1,...,d*}.
Fix any k € {1,...,d*}. For the remainder of this proof, we continue assuming x;(W, Z) =
Wy, cos(t'Z). Define the class of functions F = {x;(W, Z) : ||t||cc< T'}. Since ||W]| is an enve-
lope of F, an application of (Giné and Nickl, 2021, Remark 3.5.14) implies that there exists a

universal constant L > 0 such that

B s B 2] - B2 ) < 2 [ flog Ny 0
sup |En[xe(W, — Eix«(W, S/ 0g ) 1] , €)dE.
[toe<T ' ' vn Jo ! ©o

Let {t;}£, denote a minimal § > 0 covering of [~T,T]%. Define the functions

ei(W,2) = sup IxtW.2Z) —xe, (W, 2)| i=1,...,M.
LERL: ||| oo <T|[t—t;]| 0o <&

It follows that {x,(W, Z) — ei , xt,(W, Z) + e;}L, is a bracket covering for F. Since the map-
ping t — (W, Z) has Lipschitz constant bounded by ||W]|||Z]|, Cauchy-Schwarz implies that

HeiH%Q(P)S HWH%Q(P)HZH%Q(P)52. Since M < (3767 1)?, it follows that there exists a universal
constant L > 0 such that

8IIW Il
/ s \/logNH(]-", [l 22y, €)de < Lmax {/log T, 1}.
0
O

Lemma 9. Suppose (W, Z) € RY x R? for some d*,d € N and E(||Z||?) < oo, E(||W]|?) < oo.
For every t € RY, define

xt(W, Z) = We'? = W cos(t' Z) +iW sin(t'Z).

Then, there exists a universal constant L > 0 such that for any sequence T, T oo with log(T,,) =

o(n), we have that

) VIogTr
P(||ti1<anEn[xt<mz>] Bfu(¥. 2)] < Y5 )%1.

Proof of Lemmal9 Tt suffices to show the result for the real and imaginary part separately. We
verify it for the real part, the imaginary part is completely analogous. If W = (Wy, Wy, ..., Wy«),
it suffices to verify the result for each vector sub component Wyel'Z where k {1,...,d*}.
Fix any k € {1,...,d*}. For the remainder of this proof, we continue assuming x(W, Z) =

Wy, cos(t'Z). For a given sequence of deterministic constants Ly, 1 oo, define

X1t (W, Z) = x:(W, Z)I{[|W||< Ly} ,
x2t(W, Z) = xe (W, Z)I{|W|> Ly} .

o8



Observe that

n

(Bn —E)xe(W, 2)] = Y E14(Wi, Zi) + > Z04(Wi, Zi)
=1 =1

where Z1 (W, Z) = n = [x1.4(W, Z2)—Ex14(W, Z)] and Za (W, Z) = n~ [ x2.(W, Z)—Ex2.(W, Z)].

First, we derive a bound for ;" | 9 (W;, Z;). Observe that

\/5’?7) ﬁE( sup Z|~2tWZ7Z)|>

n

D Epu(Wi Zi)| >

P( sup
(Itlloo <Tn

— log(Th)  \ |ltlle<Tn {5
2/n
< 2 BqwL{W]> La})
log(T},)

2/
= Vg T.L,

Since E(||[W||?) < oo, the term on the right is o(1) when L,, = /n//log Tj,.

E(IWPL{IW > Ln}).

It remains to bound the first sum > | =1 +(W;, Z;) when L, = \/n/\/logT,,. Observe that
sup  E[|Z1,(W, 2)]*] < n 2|W |3
p =1,V > L2(P)
lItlloo<Tn
sup |E14(W, 2)| < 2n7'L,.

tlloo <Tn

The preceding bounds, Lemma 8 and (Giné and Nickl, |2021, Theorem 3.3.9) imply that there

exists universal constants C, D > 0 which satisfy

- VieeT,
P(Ht“ngnIEn[xt(Z)] Elx:(Z)]| > D 5 +>

22
Cn=YLp1og T, /v/n + ||W||%2(P)+1:Ln]
for all > 0. The choice x = y/log T}, /+/n with L,, = v/n/+/logT, yields

IFD< sup |En[x¢(2)] — E[x¢(2)]| > D\/long n Viog T,

il <Tw NG NG ) < exp (— Elog(Ty))

for some universal constant £ > 0. Since T, T 0o, the claim follows.

O]

Lemma 10. Suppose F is a probability measure supported on [—L,L|* for some L > 0 and
¥ € R4 is q positive-definite matriz. Then, for all € € (0,1), there exists a discrete probability
measure F' with at most D max {(log(e~*))?, LYT%} support points on [—L, L]? such that |¢px—
Qp EHIB < D’e, where D, D' > 0 are universal constants. Furthermore, the support points can
be chosen such that inf ;|\ — ps||> T~(@+2)/2¢,

29



Proof of Lemma[I0. Let D denote a generic universal constant that may change from line to
line. By Lemma [5| there exists a discrete measure F with at most k¢ + 1 support points on
[—L, L]* such that

FIFI(t) — FIF)(8)| < QW VteRY

From using the preceding bound and noting that the eigenvalues of ¥ are non-negative, we

obtain for every M > 0, the estimate

lers = orslzm < / s () [FIFI(8) — FIF) )] dt

t|lco

Lev/d\ " ,
§2< 6];/>> / e—t Zt||tH2kdt
ltlloo <T

g%‘j) [ e
oo <T
2k
<D <Le\fT> Td

The quantity on the right is bounded above by De? if k > e3v/d max{LT,log (5*1) }. The claim
follows from observing that the number of support points in F’ is N = k¢ + 1.

For the final claim regarding the separation of the support points, suppose F’ = Zf\il Pidy,; is a
discrete probability measure that satisfies the requirements of the first part of the Lemma. Let Z
denote a maximal T~ (4+2)/2¢ separated subset of [~ L, L]%. For each p;, select uf € arg ?é%lﬂ i —
t|| and let F* = Zi]\i1pi5uf~ From the definition of Z, it follows that supl¥,|u; — pf||< e
Observe that

lpr s — pr slpr) =

N

. skl
2 pj[eltuJ - elt,u]}e t'3t/2
j=1 B(T)

N
< DY pjli(ets — e P2 g
j=1

<D sup [[(e' — e5)e " E2 g .
j=1,.,.N

Since the mapping p — el has Lipschitz constant bounded by ||t||, we obtain

. w2 ,
eltuj . elt,uj eft Etdt

R |
lltlloo <T

smw—@wf t]2e e

[tloo<T

< DT-(+2) 2 / 1£]12dt.
=
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The integral on the right scales with rate at most DT%t2. Tt follows that

lers —ersllpm< lers — or sllsr +ers — er sllpm < De.

Finally, note that if 7 = uj for some ¢ # j, F* can be reduced to a discrete measure with

N* < N unique support points. ]

Lemma 11. Fiz any positive definite matriz o € R¥? and denote by o2, the smallest eigen-
value of . Then, there exists a universal constant D > 0 (only depending on d) such that for

any distribution P and positive definite matriz X satisfying || — Xo||< 03/27 we have
leps — opsollam < DTS — 5.

Proof of Lemma([I1] For any distribution P and positive definite matrix X, we have that

||90P,E B 90P720||I%B(Tn)§ / |]:[p] (t)’2 6—t/2t/2 - e_tlzot

’ dt < / ‘e—t/Et/2 - e—t’Zot/2)2 dt
Itllee <T Itlloo<T

— / e—t/zot
ltlloo<T

The mapping t — e’ C0=2)¥/2 hag gradient norm at most e“t”QHZ—ZOII/QHE—EOH |It]|. If the bound
|3 — 3||< 03/2 holds, it follows that

2
/ o—t'Sot 1_615/(20—2)15/2‘ dt S/ o IIt2o?
l[tlloe <T l[tlloo <T

Qmﬁwv e 198/2 ¢ 2
[t]] oo <T

1_ et'(zo_z)tmfdt

1 _ ot (Bo-5)t/2 2 i

< D||% — %o||2Td+2.
O

Lemma 12. Suppose F' ~ DP, where the base measure o is a Gaussian measure on R?. Fix

any q € N. Then, there exists a universal constant C' > 0 such that for any sequence u, 1T oo,

P<{ /HxquF(x)}l/q > un> < 2¢~Cui

holds for all sufficiently large n.

Proof of Lemma[I3 Suppose a = N(u,X) for some mean vector p € R? and positive definite
covariance matrix X € Si. Without loss of generality, it suffices to verify the result with u = 0.

By the stick breaking representation of DP, we can write

o0 o0
d d
FLS bz . [lelar@) LY plzil,
=1 =1

61



where (Z1,Zs,...) s independent of (p1,p2,...) and (p;)$°, are non-negative random
variables with > 0%, p; = 1. For an element w = (wy,ws,...) with w; € RY, the £4(R?) norm
is given by ||w||?7= ;2 |lw;]|9. Conditional on (p;)°,, let Z = (pl-l/qu,p;/qu,...). Define
v = (E||Z1]|9)"/9 and note that E||Z|9= 3, p;E||Zi||%= 77 < co. In particular, we can view
Z (defined conditional on (p;)32,) as a mean-zero Gaussian random element on ¢4(R%). From
an application of (Giné and Nickl, 2021, Theorem 2.1.20), it follows that

w2

IP’<HZ||> u—i—'y) <2 »? VYu>0.

The bound holds conditionally. However, as the term on the right is independent of (p;)2,, it

also holds unconditionally and we obtain

1/q 2
P({/Hxllqu(x)} >u+’y> <2 vuso.

The claim follows by letting u = u,, and noting that u, > 2v for all sufficiently large n.

O]

Lemma 13. For d > 2, let Q C R? denote a ball (with respect to any norm) of radius R. Let
f:Q — C be such that Vf € C(Q). Then, there exists a universal constant C > 0 such that

Il 220 < C(RHVJCHLQ(Q)+\/§”JCHL2(8Q)> ;

where L2(09)) is the L? norm on 0 with respect to the d — 1 dimensional Hausdorff measure.

Proof of Lemma[13. Let A(.) denote the Lebesgue measure on R?. Denote the d—1 dimensional
Hausdorff measure by%!. Define the exponents

_ 2 2d-1)
P=0io 4= g

An application of (Maggi and Villani, 2005, Theorem 1.2) on the real and complex parts of f
separately implies that there exists a universal constant D > 0 (that depends only on p) such
that

1 fllz2() < DIV fll o)+ fllLaan))-

Since € is a ball of radius R, there exists a universal constant C' > 0 such that

HITL(99) < CRT! | A(Q) < CR™
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By Holder’s inequality, it follows that

”Vfﬁmaf:[ﬂVfWﬂA:;LHVﬂH%dAs;(ANVfwd{y”ﬂMQﬂaz.

Taking the p = 2d/(d+ 2) root on both sides of the preceding inequality and using the estimate

on A(€) implies that there exists a universal constant C' > 0 such that
IV e )< CIV 2R

Similarly, for the boundary term, Holder’s inequality yields

T ﬂ;uww*zédﬁ%%mﬁg</|ﬂwﬂﬁ e oy

Taking the ¢ = 2(d — 1) /d root on both sides and using the estimate on H1(9€) implies that

there exists a universal constant C > 0 such that

£l zaoy < Cl fllL2(a0) VR

d

Proof of Theorem[1. The proof proceeds through several steps which we outline below. We use
D > 0 as a generic universal constant that may change from line to line. For ease of notation,

we suppress the dependence of m = m, and G = G,, on n

Depending on whether the model is mildly or severely ill-posed, define A as follows.

max{x ' (d+2) +d/2,d + 1} mildly ill-posed
max{x *(d+2) +d/2,d+1,d/¢ +1/2} severely ill-posed.

A=

Let €2 = n~!(logn)*.

(i) First, we derive a lower bound for the normalizing constant of the posterior measure.

Specifically, we aim to show that there exists a C' > 0 such that

n., —~
/exp < — g lley - %@P,z\lﬁ(Tn))dVa,G(P, %) > exp (— Cney) (81)

holds with P probability approaching 1.

Since m = m, < n, an application of Lemma [2| implies that

D . n lOg
Py — (PYHI2B(Tn): / 1By (t) — oy ()2 dt < Di() ,
B(Th) n

3 5  log
18— edly= [ 180 - plo)ar < DTET),
B(Tn) n
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with P probability approaching 1. On this set (and using that |@px| < 1) we obtain

T4 1og(Ty) )

2
BT+ "

2 2
‘B(Tn)_'_en) )

1By — Beppslia, < D (Hw s

<D (Hw — PPy

where the last inequality follows from the definition of 7T}, and €2.

It follows that

[ (=nDlpr -~ Guorslin, ) vac(P.D

> exp(—nDe;) / exp ( —nDllpy — @&Pﬂl!ﬁ@,ﬁ)d%c(ﬂ ).

By Condition the mixing distribution Fy satisfies Fy(t € R? : ||t||> 2) < Cexp(—C"2X).
There exists a universal constant R > 0 such that the cube I,, = [~ R(log ¢, 1)/X, R(log e;;*)'/x]¢
satisfies 1 — Fy(I,) < De,. Denote the probability measure induced from the restriction

of Iy to I, by
Fo(A) = W ¥ Borel A C R

Note that the restricted probability measure satisfies

sup
teRd

ey (t) — ¢, (t)] = sup /d e d(F — Fo)(z)| < ||Fo — Follrv< 1 — Fo(In) < Den,.
R

teR4

By Condition fx = ¢x, x Fy. As the eigenvalues of ¥y are bounded away from zero,
it follows that

loy — 0etr, B < Dliey — 0o, 5,172 = lleepros, — 0er, 5, 72
2 2
= [ les®F le0)
Rd
2
< [ lesl®F [en ) = on,0

< Dé / e~ ot
R4

< Dé2.

ory (1) — o, (1)t

2
(dt

Let ¢« = max{d,d/x + d/2}. By Lemma [6] there exists a discrete probability measure
Fr =N pid,, where N = D(log(e,'))" and p; € I, that satisfies

|’906‘Pf0720 - ‘PdPFg,Zo”B(Tn)S D”QDFO,EO - ‘:DFS,EOHHS Dep,.

From the second claim of Lemma [6, we can also assume without loss of generality that

the support points separation satisfies infy;||ur — p15||> co€, for some constant cg > 0
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(depending only on ¥g). From combining the preceding bounds, it follows that
[ e (= ablioy — peorslir, ool PD

> exp(—nDe,%) /exp ( - nDH‘PeSDFOZO - @e@P,EH%ﬂ%(TM)dVa,G(Pa E)

> exp(—nDe}) /eXp ( —nD|peprs xo — Pepps

‘I%B(T,J) dva,q(P,%).
Observe that if ||X — Xg]| is sufficiently small, Lemma 7| implies that for any distribution
P we have

”SOeQOP,E - SOeSOID,Er)HIZEB(Tn)S DH‘PRE - (lDP720H%2S D||E - 20”2'

In particular, for all such (P, ), this implies

lpeprs 0 — PeopllBE,) < Dllwerrs o — Peppsollrz+DI|E — Xol|-

From the preceding bounds, it follows that

/exp < —nD|lpcprs s — @e@P,EH?B(Tn))dVa,(;(P, Y)

>

/ exp <
(P:E):HE_ZO”SDfnuH(PFé‘,EO —¥P,5y ||L2 <Den,

> exp (—nDei) /

(PE):IE=20l|[<Den,lle g vy =P 5ol L2 <Den

—nD||peprs v, — %DESOP,EHIZB(TR)>CZVQ,G(P, »)

dve g (P, %).

Let Vi = {t € R?: ||t — ;|| < coen/2} for i = 1,...,N and Vo = R\ UY, V;. From the
definition of the {u;}Y,, it follows that {Vp, V4,...,Vi} is a disjoint partition of R%. For
any fixed (P, X), an application of Lemma (4| yields

N
lorss — ors sz < D(ez 31w —m).
j=1

Define G, = {(P,Y) : Z;VZI |P(V;) —pj| < €n, || — ¥o||< €,}. The preceding bounds
imply that

/ dymg(P,Z)z/ dva,q(P,X).
(PE):IZ=20l|<Den,lle g5y~ 9P 5ol L2 <Den

n

Since the prior is a product measure v, ¢ = DP, ® G, the integral appearing on the right
can be expressed as

Gn

dvo (P, Y) = / / dDP,(P)dG(X).
S8-S0l <en J PN [P(Vy)—pj|<en

As DP,, is constructed using a Gaussian base measure «, it is straightforward to verify
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that infj-vzl a(V;) > Cel exp(—C’(log e, 1)?/X) for universal constants C,C’ > 0. By def-
inition of DPy, (P(V4),...,P(Vy)) ~ Dir(N,a(V1),...,a(Vy)). As N = D{log(e; ')},
an application of (Ghosal and Van der Vaart} 2017, Lemma G.13) implies

/ dDP,(P) > Cexp (— C'(log 5 )™/ 1) = Cexp (~ C'(log ;"))
PN |P(V)—ps|<en

> Cexp(—C"né?)

for universal constants C,C’, C” > 0.

It remains to bound the outer integral. The law of G = G,, is given by Q/02 where Q ~ L
and L is a probability measure on S‘i that satisfies Assumption [2. By Assumption [2[ and

the definition of 02, there exists a universal constant C,C’, C” > 0 such that
/ dG(%) = / dL(X) > Cexp (— C'0,*") > Cexp(—C"ne2)
3E—30]|<en 3i|Z—02%||<c2en

The estimate for the lower bound of the normalizing constant follows from combining all

the preceding bounds.

Next, we establish a preliminary local concentration bound under the prior. Observe that

for any E > 0, we have

n, < —~
exp (= 518y = Geprslin, )t o(P.S) < exp (- nES)

(P:E)i||93Y—<ﬁe<PP,E||§(Tn)>2Ee%

The law of G = G,, is given by /o2 where Q ~ L and L is a probability measure on
S‘i that satisfies Assumption [2l By Assumption [2| it follows that for every E’ > 0, there
exists £ > 0 such that

/ dG(¥) = / dL(Y) < exp (— E'né?).
S:||=-1|>Eo2 (ne2)/x S:|=-1|> E(ne2)t/s

As the prior is a product measure v, = DP, ® G and ||py — @goP,ngB(Tn)z 0, the

preceding bound implies

n,
/ exp < = 5 lley - ‘PeSDP,E”?B(Tn))dVa,G(Pa %)
S| >Eo2 (ne2)l/

<

/ dG(%)
S| >Eo2 (ne2)l/
<exp(— E'né).

From combining the preceding bounds, it follows that for any E’ > 0 we can pick E > 0
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sufficiently large such that

A ~ 2
/ e (= 36y — eprsli ) dac(P.®)
(PE):|By —Beop sl 1, SER IS S Eof (ne?)!/»

> exp ( — E'né?).

n

(731) We prove the main statement of the theorem. From the bounds derived in steps (i) and
(i1), it follows that for any C’ > 0, there exists a M > 0 such that

ua,c(n@y — GeppslBi, < M2 [5|< M2o2(ne2) Vs

Zn,Tn> >1- exp(—C"nei)

holds with P probability approaching 1.

For any choice of (P, X)) satisfying ||y — @epsllp(r,)< Men, an application of Lemma
(and noting that |@p x| < 1) yields

Iy — eppslpm,) < oy — evlip@,) t(ve — e)epsipm,) Py — PeppslpT,)
<llpy — ovlipm,)+llve — Pellpm,) Py — Pevrslpm,)

< D\/Tglong

N + 1Py — eppsllB(T,)

< Den + ||y — PeppzllB(1)

< De,,.
Let tp = supjy <7 loe(t)| 1. Since py = px ., the preceding bound implies that

Den > [loy — veppslBr,) = [(ex — 0ps)PellB(T,)
> 1 [(ox — ops)1{t € B(T0)} 12,

It remains to examine the bias from truncating the L? norm to the set B(7},). Sup-
pose ||| < M2%02(ne2)'/* holds. It follows that there exists a ¢ > 0 for which A\;(X) >
c(ne2)~Y%g-2 holds. From the definition of 02, we have T2(ne2)~/*o2 =< (logn)(loglogn)

in the mildly ill-posed case. In the severely ill-posed case, we have

Tg(nei)_l/“a;Q _ (logn)(loglogn) ¢ €(0,2)
C=2.

logn

67



It follows that there exists a universal constant C' > 0 such that

Iex = ers) HIltloo> Tu}lIZe < 2llex M{[ltoo> Tu 72 +2l0ps1{I[tloo> Tu}Z:

<2 / e tZotgs 4 9 / ettt
(Itllco>Tn [tlloo>Tn

2/ e~!Sol gt 4 2/ ecltiPon®(ne) =" gy
[1tlloo>Tn [[t|| oo >Thn

—OT2 rd— _ _ COT25=2(ne2 )= 1/R d—
§D|:€ CTnT;Li 2—|-0'n2(’l’b€,21) l/ne CTiop “(nez) Trczl 20

IN

For all mildly ill-posed models and severely ill-posed with ¢ € (0,2), the preceding bound
reduces to Dn~!. For severely ill-posed models with ¢ = 2 it reduces to Dn~2X for some
constant K € (0,1/2] (that depends on, among other factors, the smallest eigenvalue of
30).

We verify the conclusion of the theorem. Suppose that the model is mildly ill-posed or
severely ill-posed with ¢ € (0,2). From combining the preceding bounds (and noting that
n~t < Tr,€n), it follows that for every C’ > 0, there exists a M > 0 such that

Va,G <||90X —ppxll2< M7, 60 |Zn,Tn> > 1 — exp(—C'ne).

holds with P probability approaching 1. If the model is severely ill-posed with constant

K as specified above, we have

Va,G’(”SOX —ops|l2< Mg, 6, + 075 |2, Tn> > 1—exp(—C'nel)

holds with P probability approaching 1.

For mildly ill-posed models, the claim follows from observing that

(log n)(MC)/?

T, €n < T(log log n)$/2.,

Similarly, for severely ill-posed models with ¢ € (0,2] and T,, = (cologn)'/¢ for some ¢
satisfying coR = v < 1/2, we have

T 6n = 02 (logn)M2e7 108" = 17 12(log n)N2.

O]

Proof of Corollary[]l The analysis is analogous to that of Theorem. Let tp = supjy|. <7 |¢e(?) =L
From the proof of that result, it follows that for any C’ > 0, there exists a M > 0 such that

n

Va,G<||<PX — opslEg < MPE, 571 < M2 (ne2)

Zn,Tn> >1-— eXp(—C/TLEQ)
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holds with P probability approaching 1. For any (P, ¥) an application of Cauchy-Schwarz yields
[ lox(® = ers)ld < DTPllex — orsloim,

In particular, convergence rates for the quantity on the right imply convergence rates for the
left up to a multiplicative factor of Tg/ 2. Tt remains to examine the bias from truncating
the L' norm to the set B(T},). Suppose |X||< M202(ne2)'/* holds. It follows that there
exists a ¢ > 0 for which A\;(2) > ¢(ne?)"/%¢-2 holds. From the definition of o2

=, we have

T2(ne2)~1/%¢-2 =< (logn)(loglogn) in the mildly ill-posed case. In the severely ill-posed case,

we have

T2(ne) Vro=? = (logn)(loglogn) ¢ € (0,2)
¢=2.

logn

It follows that there exists a universal constant C' > 0 such that

Iex = eps) H|[tlloo> Tu}llr < llex M{[tllco> Tu}ll 1 +llopsT{lltloo> Tn}| 1

S/ e—t’Eot/th+/ e—t’Et/th
lItllco>Tn lItll oo >Tn

< / e~ t'Sot/2qy 4 / o—clltl?on?(ned) =1/ /2 g
(£l oo >Tn lItlloo>Tn

—OT2 rd— _ _ —OT265=2 (12 V= 1/ o —
§D|:€ CTnT’r(zj 2+0n2(n€721) l/ne CT7on “(nez) Tg 2|

For all mildly ill-posed models and severely ill-posed with ¢ € (0,2), the preceding bound

~1/2.

reduces to Dn For severely ill-posed models with ¢ = 2 it reduces to Dn~¥ for some

constant K € (0,1/2] (that depends on, among other factors, the smallest eigenvalue of ).

From combining the preceding bounds, we obtain (similarly to the concluding remarks in the
proof of Theorem [1)) contraction rates for |[¢x —¢ps||z1. The claim then follows from observing

that | fx — dops|lLe< [lox — opsllL
O
Proof of Theorem[2. The proof proceeds through several steps which we outline below. We use

D > 0 as a generic universal constant that may change from line to line. For ease of notation,

we suppress the dependence of m = m,, and G = G,, on n.

Define
-1
_ e 2 (ognM2 o [XTHd+2) x <2
fn = » n 2610 )
n2<p+<)+d d/X + 1 X Z 2'

(i) First, we derive a lower bound for the normalizing constant of the posterior measure.
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Specifically, we aim to show that there exists a C' > 0 such that

.~ —~
[0 (= 510y~ Georslin, Jdma(P3) 2 exp(~Cnd) (62

holds with P probability approaching 1.

Since m = m,, =< n, an application of Lemma [2] implies that

-~ . T log(T),
1By — v llz )= / By (1) — @y (t)|* dt < Dn() ,

|Pe — <Pe||]23(Tn): /
B(T,

n

n

T log(T,
Bult) — ge(p) at < pT1BT)
)

with P probability approaching 1. On this set (and using that |@px| < 1) we obtain

Iy ~ vl < D(lor — peprs :

<D (H@Y — PPy |%(Tn)+€i> ,

where the last inequality follows from the definition of 7}, and €,. It follows that

n, < ~
exp ( — §Hs0y — Peppy

> exp(—nDe2) /exp ( —nD|lpy — pepps

‘%(Tn)) dVoz,G(P7 X)

’%(Tn)> dVa7G’(P, E)

By Condition [4.3] there exists universal constants y, C, M < oo and a mixing distribution
S..,, supported on the cube I,, = [-C(loge,; )X, C(loge; *)'/X]¢ that satisfies

”fX *fé - QZ)San,a%I*feHLQS DE?L

Note that F[fx x fe] = oxpe and Fldg, a27*fe] = peps,, a27- As the Fourier transform

preserves L? distance (up to a constant), it follows that

‘|¢Y 956905(1”,04%1”]% T <D ||¢Y 9&69&5&”,04%1”%2 D H¢X¢€ ¢E¢San7a%IH%2
(Tw)
Sl:HfX * Je ¢San,ail x fEH%Q

< Da%(P+C)

< Dé2.

From combining the preceding bounds, we obtain

/exp < —nD|lpy — pepps !%B(Tn)>dua,g(P, ¥)

> e (—nDe) [ex ( nDlgeps, it we@P,zH%(Tn)) o (P.5).
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Fix any (P, X) in the support of v, . Since || < 1, we have that

¢e@sa, 021 = PepPlBT) < 1050, 021 — PPElB(T,)-

By an application of Lemma there exists a discrete probability measure F,, =
Zi]\;l pidy, with N < DTg{log(e;I)}d/X and p; € I, that satisfies

H(Psﬁnzagll - SOFan,CM%IHB(Tn)S Den-

From the second claim of Lemma[I0} we can also assume without loss of generality that the

(d+2)/2

support points have separation satisfying infy;|| ur — 15> en T . From combining

the preceding bounds, it follows that

e ( S P soesop,z||§(Tn))dua,G<P, )
> exp(—nDe;) /exp ( —nDl¢r,, 021 — ¢P,2||12B(Tn)> dveo,c(P,%).

Define the set

(07

2
_ d .y . n 2 .
Qn_{z€s+.xj(z)e [1+e T_(d+2)/2,04n] Vy—l,...,d.}

Observe that for any distribution P and ¥ € §2,, an application of Lemma [11] yields

lipazs = erslla, < DTS —al] = DI max [A() - ol

< De,.
It follows that

/eXp < —nDl¢r,, a21— SOP,EHIQB(TH)> dva,c(P, %)

> /E . P ( —nDllpp, 21— PPs !%(Tn)>dva,G(P, Y)
€0,

> exp(—nDe,) /2 o P ( —nDl¢r,, az1 — @P,a%IHJQB(Tn)) dva,q(P,X).
€y
Define V; = {t € R% : ||t — p;|< eflTn_(dH)/Z} for i = 1,...,N and V = R*\ UX, V.

From the definition of the {u;}Y,, it follows that {Vp, V4,...,Vy} is a disjoint partition
of R%. For any fixed distribution P an application of Lemma [4] yields

N
lepazr — F., a21llBT,) < D [ﬁn + T2 Z [P(V;) — pjl } :
j=1
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The preceding bound implies that

/2 5 exp < —nDl¢p, o271 — SOP,a%IHI%B(Tn))dVa,G(P’ ¥)
(S92

>

/(P £):2€Qn, XN | [P(V))—pj|<enTy P < I T QDP’Q%IHI%B(T"OCZVQ’G(P’ %)
y24)t ns2 =1 j)7Pjl>€nin

> exp(—nDe>) / dve,q(P,X).
(P2):2€Qn, SN | P(V))—pjl <enTy /7
Since the prior is a product measure v, g = DP, ® G, the integral appearing on the right

can be expressed as

/ / dDP o (P)dG(D).
£€Q, J PN |P(V))—pj|<enTy V2

As DP,, is constructed using a Gaussian base measure «, it is straightforward to verify
that inféyzl a(Vj) > C’edeTn_d([Hm/2 exp(—C'(log egl)Q/X) for universal constants C,C" >
0. By definition of DP,, (P(V4),...,P(Vn)) ~ Dir(N,a(V1),...,a(Vy)). As N =
DTff{log(e;l)}d/X, an application of (Ghosal and Van der Vaart) 2017, Lemma G.13)
and the definition of (T},,€2) implies

/ dDP(P) > Cexp ( — C'TH{log ¢, 1}/ x+max{2/x1})
PN |P(Vy)—psl<enTy, 2

> Cexp(—C'ne).

It remains to bound the outer integral. The law of G = G,, is given by Q/02 where Q ~ L
and L is a probability measure on Si that satisfies Assumption [2. By Assumption [2[ and

the definition of (a2,02,¢€2), there exists a universal constant C,C’, C” > 0 such that

/ dG(%) = / dL(X) > Cexp ( — C'o, % a,*F) > Cexp(—C’//ne%).
$EQ, Seo2Q,

The estimate for the lower bound of the normalizing constant follows from combining all

the preceding bounds.

Next, we establish a preliminary local concentration bound under the prior. Observe that

for any E > 0, we have

n., o ~
exp < = 5 lley - wecpp,z!\%(Tn)>d”a,G(P’ %) < exp (= nPe).

(P,E):||$Y—$54PP,E”]§(TH)>2E5%

The law of G = G,, is given by /02 where Q ~ L and L is a probability measure on
Sjl_ that satisfies Assumption [2, By Assumption [2], it follows that for every E' > 0, there
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exists £ > 0 such that

/ dG(%) = / dL(¥) < exp (— E'né?).
|21 > Eo? (ne2)1/* (21> B(ne2)V/x

As the prior is a product measure v, = DP, ® G and |py — @cpp,g||%(Tn)Z 0, the

preceding bound implies

n, < .
/ exp ( — 5 lley = Geprs !%(Tn)>dva,c(P, ¥)
|| >Eo2 (ne2)l/

<

/ dG(3)
S5 > o (ned) 1/

< exp (— E'ne?).

From combining the preceding bounds, it follows that for any E’ > 0 we can pick F > 0
sufficiently large such that

UZTPN ~
/ exp ( - §||<PY - %SDP,EH]%(TH))dVa,(;(P, Y)
(PY):|18y =8P 5§ 1, SER I [SEoF (nef) /"

> exp (— E'ne).

ii1) We prove the main statement of the theorem. From the bounds derived in steps (i) an
1i1) W th in stat t of the th F: the bounds derived in st /) and
(i), it follows that for any C’ > 0, there exists a M > 0 such that

ua,a(uay ~ GeppslE < M2, SV < M202(ned)

Zn,Tn) >1-— exp(—C”neZ)

holds with P probability approaching 1.

For any choice of (P, ¥) satisfying |9y — Pe¢ps|lg(r,)< Mey,, an application of Lemma
(and noting that |ppx| < 1) yields

ey — %@P,EHIB(Tn) <oy — @HB(TR)JFH(% - @)‘PRZHB(Tn)J’_H@Y - @eSOP,EHB(Tn)
< ley = @vlpm)+llve — Pellpm,) HIPy — Pepprslpm,)

d
< D\/Tn log T,

T + 1Py — @eppslln(T,)

< Dey + ||Py — Pepps
< De,,.

IB(T3)

Since py = @xpe and infjy <7, |@e(t)| > TE:, the preceding bound implies that

Den, > |loy — veppslpm,) = I(ex — ers)eclsr,)
> 7 (px — ops)1{t € B(T,)}| 2
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It remains to examine the bias from truncating the L? norm to the set B(T}). Sup-
pose || X7|< M202(ne2)'/* holds. Tt follows that there exists a ¢ > 0 for which Ay (X) >

c(ne2)=1/%5-2 holds. From the definition of 02, we have T2(ne2)~ %02 < (logn)(loglogn).

Since fx € HP(M), we have that

/ lox (t)2dt < DT,
[[tlloo>Tn

It follows that there exists a universal constant C' > 0 such that

Iox = ops) I{l[thoo> Tu}lIZ: < 2llex H{{ltloo> Tu}IZ2+2llepsT{|[tloo> Tn}lIZ:

< 2/ |<pX(t)|2dt + 2/ e VSt gt
[tlloo>Tn It]] oo >Tn

< 2/ |<pX(t)|2 dt + 2/ e—clltl?on®(ned)=1/" 4y
[tlloo>Tn It]] oo >Tn

—1/k

< D|:Tn—2p_|_0_7:2(nei)—l/ne—CTfLU;Q(ne%) Tg—2 .

Since T2(ne2)~1/%¢-2 < (log n)(loglogn), the preceding bound reduces to DT}, . From
combining the preceding bounds (and noting that T, ¥ S 7, €,), it follows that for every
C’ > 0, there exists a M > 0 such that

Va’G<||<pX —ppx|l2< Mg, € |Zn,Tn> >1- exp(—C"nei).
holds with P probability approaching 1. The claim follows from observing that

T en = TSen = 0P/ 2OHOTd) (1og ) MO /24d/4.

O]

Proof of Theorem[3. The proof proceeds through several steps which we outline below. We use

D > 0 as a generic universal constant that may change from line to line. Define

X Hd+2)+d/2 x<2
d+1 X >2.

e =n"Ylogn)* , A=

(i) First, we derive a lower bound for the normalizing constant of the posterior measure.

Specifically, we aim to show that there exists a C' > 0 such that

., - ~
[ (= 1pnT toxtens) - Brnlin,) )doc(P®) 2 exp(~ Cacd)  (83)

holds with P probability approaching 1.

Fix e > 0 sufficiently small. By Condition the mixing distribution Fj satisfies Fy(t €
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Re : ||t]|> 2) < Cexp(—C'zX) for some C,C’ > 0. Fix a universal constant R > 0
such that exp(—C'2X) < € for every z > R(loge~!)Y/X. In particular, note that the cube
I = [~R(loge MX, Rlog e 1)V/X]¢ satisfies 1 — Fo(I) < De. Denote the probability
measure induced from the restriction of Fy to I by

Fo(A) = FOJ(;?(?)I)

V Borel A C R,
Observe that

<||Fo — Follrv< 1 — Fy(I) < De.

/ T d(F — Fo)(x)
R4

sup |¢r, (t) — 7, ()| = sup
teRd teRd

For all sufficiently large M > 0, the tail bound on the mixing distribution Fy implies
B[l X[ 1g x> M3] = /OOO P([X][> M, || X]|> t)dt
< MP(IX[> M)+ [ T B(X > o
<D [M exp(—C’MX) + /MOO exp(—C’tX)dt}
<D [M exp(—C'MX) + exp(—C'MX)Ml_X] :
It follows that

sup|[Viory () = Vg, (Ol = sup | [ ae"*a(Fy ~ Fo)a)

teRd teRd
< sup / xeitlxd(Fo — Fo)|| + sup / zelt T d
teRd zel teRd z¢I

< D tog X - Fally-+itog )]

< D(log e H)Yxe,

By Condition infyy <7, @R, (t)] > cexp(—'T}) for some ¢, ¢/ > 0. Since T2 5 log(n),
it follows that there exists a C; > 0 such that

inf g ()] > n"C.
HthSTn\ o (1)

In particular, we can choose L > 1 large enough such that the choice ¢ = efl implies F
has support contained in the cube I,, = [-E(log e, ))'/X, E(loge;;1)/X]? for some universal

constant E > 0 and T,,n“' (loge, “)'/Xek < ¢,. Since sup|j¢| <1, V108 o1, (B) IS Ty it
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follows that

er(®) ~ 7, (1) [V log ¢, (4)]
sup [|[Vlo t < sup —"8 0 sup g (t) — o= ()| < De
ey, IVlesen I < S0 @] [PRo(f) = em (1)) < Den

IVer ) = Vog, @)l _
sup - < sup ew (B)] T supl|Ver, () — Vg, (t)]|< Dey.
[tlloo <Tn lor ()] [tl]o0 <Tn teRd

Since €, | 0, observe that the preceding bound also implies

o, (0] = Lo (0)] — [or(0) — o7, ()] 2 lon ()]~ Den ko, (9] > 5 lor (1)

for all sufficiently large n.

It follows that

sup [[Vlog wr, () — Vlog op, (1)]]
tllo0 <Tn

= sup
tlloo <Tn

< o
[[tll o0 <Tn

<2 sup (
ltlloo <Tn

< De,,.

Vlog ¢, (t)

o5, (t) — o, (t) VR (t) — Veg, (1) H
P, (1) ©F, (1)

07, (1) — @R, (1)
©F, (1)
YFo (t) — PFy

PR (t)

1 og o) + [ 220 )

oF, (t
gt

“)' 19 1oz o, )] |

Next, we show that Fy can be suitably approximated by a discrete measure. Let ¢ =
max{d,d/x + d/2}. By Lemma [5| there exists a discrete measure F’ = SN Pid,; with
at most N = D(log e, !)* support points on I,, such that

sup “PFO (t) = or ()| < T, 'n" ey
lItlloo <Tn

sup |V, (t) — Vor (t)]|< n~en.
l[tlloo <Tn
From the final claim of Lemma [5] we can also assume without loss of generality that the
support points satisfy infy ;|| ur—p;||> €52 for some Ly > 1. Observe that 2infyy . <7, |97, (t)‘ >
inf <7, ler (t)] > n~¢" and

sup [[Viegog (D) < sup [[Viegpr () — Viegeg (D)[+ sup [[Vieger, ()|
[t 00 <Tn [t 0o <Ts 00 <Tn

< DT,,.
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The preceding bounds imply

o7, (1) = i (1)

Ve, (t) — Vo (t
sup \\Vlogwpo(t)ll‘ < De,, sup IVer, (1) = Vor @]

< De,,.
||tHoo§Tn ‘SDFO (t)’ ”t”oong ’@FO (t)’

From an analogous argument to the bound for F, and Fj, it follows that

e IV 1og 7, (t) — Vieg o (t)[|< Dep.
oo <Thn

Fix any L3 > Lo sufficiently large such that
Tsnc1 653 <en , nP'ne,/log neﬁ3/2 <e,, T,n" (log Egl)l/xeﬁ"’ < €.

Define V; = {t € I, : ||t — wi||< €} for i = 1,..., N and set Vo = R\ UY, Vi. From
the definition of the {u;}Y,, it follows that {Vp,Vi,...,Vn} is a disjoint partition of
R?. By Lemma 3| for any distribution P that satisfies [palz|?dP(z) < ne?logn and
Z?f:l |P(V;) — pj| < ek, we have that

t) — ot Vop(t) — Vot
sup Hwogwl(t)”!w( ) —er (1) < Dey. sup [Vep(t) — Ver (t)| < De,.
[¢l] o0 <Tn lpr (1] [l <Tn [92203]

For all such P, an analogous argument to the bound for Fy and F implies that

sup |[Vlegpp(t) — Viogwp (t)||< Dep,.
lltlloo <Tn

From combining all the preceding bounds, observe that such all such P also satisfy

sup [|[Vlegpp(t) — Viog g (t)||< De,

tlloo <Tn
sup [[Viogpp(t)||< Den+  sup [[Viogor,(t)||< DTy,
tloo<Tn [[tlloo <T'n

Given any positive definite X, the preceding bound also implies that

sup [[Vlogpps(t)||<  sup [IIVlogsOP(t)l+|!V10g<pz(t)ll
[[Elloo < [tlloo <Tn

< D(Tn + TnHZH>.

By Lemma 2] and [9] we have
~ T4 log(T),
/ 1By, () — oy, () dt < Di) 7
B(Tx) n

. T4 log(T;,
/ 1By ma(t) — oyt ma(®)]2dt < D 1n 108 Tn)
B(Tn) n
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with P probability approaching 1. On this set, when P satisfies the conditions specified
above and ||X||< D, we have that

T+ log(Tn)}

163,V 108 prs: — P,y < Dl Vogors = v alliry+

<D {Ilwﬂlog PPE — P11V, ||]2B(Tn)+€?b:| :

Define the set
N
G, — {(P, ) : T - Soll< &, / [o12dP(z) < ne2 log(n) , 3 |P(V;) — py] < }
Rd X
7j=1

From combining all the preceding bounds, it follows that

n, ~ ~
/ exp ( — 51w Viog(pps) — wl,YQH%(Tn)>dVa,G(P, %)
n, ~
> [ o (= S1enTiontors) - Bnnlim, |drac(r.3)

> exp (— nDe) / exp ( — nDlley,V1og prs — Pvi.va HI?B(T,L))dva,a(P, %),

n

Since ¢y, v, = ¢y, Vlogpx and ¢x = ¢F, 5,, the preceding integral can be expressed as

/ exp < —nD|py,Viogprs — ¢viv, ”I2B%(Tn)>dVOl,G(P7 )
= /g exp ( —nD|¢y,(Viog ops — Vlog SOFO,EO)”I%B(TH)>dVa,G(P7 ).
For every (P,X) € G, the preceding bounds imply that

sup [[Vlogyppys — Viogwr, sl
[Itllco <Tn

= sup |[(Vlegep — Vliogyr,) + (Vioges — Viog ox, )|
£l o0 <Tn

< sup ||[Vlegyp —Vioger |+ sup [Vloges — Vioges,||
[tlloo <Tn [t oo <Tn

< De, + D||X — %||T),
< De, s

where we used that ||X — %o||< €2 and €2T;, < €,. Since |¢y,||2< oo, it follows that

/g exp ( Dy, (Vlog pps — ¥ log @Fo,m)r\é(n))dua,a(ﬂ )

>exp(— nDe?L)/ dve,cq(P,Y).

On
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Define the sets

N
gn,l — {(P,E) : ||E _EOHS 6% 7Z’P(‘/]) _pj‘ S 67[7:3} )
j=1

N
oz = {(PD) |- Sall< &, [ 12aP() > néllog(o) S 1P(V) —pyl < et .
R ;
7j=1
Observe that G, = G, 1 \ Gn,2 and hence

/ dvac(P,X) = /gn 1 dva,c(P,X) —/ dveg(P,XY). (84)

gn,2

n

For the second term in , we have
| anares < [ e (P, )
Gn,2 P: [pallz||2dP(z)>ne? log(n)

<

/1 dDP,(P)
P: fpall2]|2dP(2)>ne} log(n)

< exp(—Dne?L log n) ,

where the second inequality is due to v, ¢ being a product measure v, g = DP, ® G and

the third inequality follows from an application of Lemma

For the first term in , we have that

/ dva,c(P, %) = / / dDP,(P)dG(%).
Gn,1 S S-Soll<e2 J PN | |P(V)—pjl<en

As DP,, is constructed using a Gaussian base measure «, it is straightforward to verify
that infé-v:l a(V;) > Ceksd exp(—C’(log €, 1)?/X) for universal constants C, C’ > 0. By def-
inition of DPq, (P(V1),...,P(Vy)) ~ Dir(N,a(Vh),...,a(Vy)). As N = D{log(e; ")},
an application of (Ghosal and Van der Vaart} 2017, Lemma G.13) implies

/ dDP,(P) > Cexp (— C'(loge; 1) Hmax{261hy — Crexp (— C'(log e )M)
PN [P(V))—pj|<en
> Cexp(—C"né).

It remains to bound the outer integral. By Assumption[2] there exists a universal constant
C > 0 and ¢ > 0 such that

/ JG(S) > Cel. (85)
Z:HZ—E()”S&%
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From combining the preceding bounds, it follows from that

/ o () = / ac(PS) - / dvec(P,5)
gn,l

n gn,2
> C’exp(—C”nei) — exp(—DnegL log n)
> exp(—Dne%).

The estimate for the lower bound of the normalizing constant follows from combining all
the preceding bounds.

We prove the main statement of the theorem. Observe that for any £ > 0, we have

n, . ~
/ exp ( = 51w lox(ors) — i B, ) (P
(P,Z)¢||¢Y2V10g(<PP,2)—¢Y1,Y2||]§(Tn)>2EE%

< exp (— nEée).

From combining the preceding bound with the one derived in step (), it follows that for

any C’ > 0, there exists a M > 0 such that

va,o(uaymog(w,z) ~ BrmlE < M2 Zan) > 1 - exp(~C'né2).

holds with P probability approaching 1.

By an application of Lemma [9] we have that

1Pv1,y2 — o1 vallB(1,) < Dén

holds with P probability approaching 1.

Since ¢y, y, = ¢y, VIogpr, s, and supyy <7, |V1og ¢, x,[|< DTy, an application of
Lemma [2] implies that

H@sz log PFy,So — $Y1,Y2 HIB%(Tn)S Dey,

holds with P probability approaching 1.

From combining the preceding bounds, it follows that for any C’ > 0, there exists a M > 0
such that

Va,G (H@YQ(VIog ppy — VIoger, s, 5, < Me,

ZnaTn>
>1- exp(—C’nei)

holds with PP probability approaching 1.

1/2

Since T, = (¢ logn)'/# for some ¢y satisfying coR = v < 1/2, an application of Lemma
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implies that

sap [Py, (t) — ya(t)] < Dn~2+7/loglogn

[lloe <Tn Py, ()]

with P probability approaching 1. As the quantity on the right converges to zero, it follows
that

~ ~ 1 1 _
[Pv2 ()] 2 [ova (D] = [0%2 (1) = pra(B)] 2 5 lowa (D)) 2 5n 77

uniformly over the set {||t||< T}, }, with P probability approaching 1. It follows that for
any C’ > 0, there exists a M > 0 such that

ua,G<||Vlog epy — Vlog QOFO:EOHIQB(TH)S M2n276,21 Zn,Tn>

>1— exp(—C'ne,%)
holds with PP probability approaching 1. The claim follows from observing that

enn) = n~ Y2 log n)M2,

O]

Proof of Theorem[] We use D > 0 as a generic universal constant that may change from line

to line. Define

3
& =n"'(logn)* , A={*
2

The proof continues from the conclusion of Theorem [3| with a few modifications to the preceding
bounds to account for the change in covariance prior. For ease of notation, we suppress the

dependence of G = G,, on n.

(i) First, we derive a lower bound for the normalizing constant of the posterior measure.

Specifically, we aim to show that there exists a C' > 0 such that

n, - ~
[ (= 1P toxtors) ~ Brnliin, )doo(PE) = exp(~ Cacd)  (56)

holds with P probability approaching 1.

The argument is identical to part (i) of Theorem (3| except that Equation is replaced
with the following argument. The law of G is given by /02 where Q ~ L and L is
a probability measure on Si that satisfies Assumption By Assumption [2| and the
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definition of (02, €2

=€), there exists universal constant C,C’,C” > 0 such that

/ dG(%) = / dL(Z) > Cexp (— C'o,*") > Cexp(—C"ne2).
S-S0 I<e2 S| E—02%||<o

22
n€n

The lower bound for the normalizing constant then follows from the conclusion of part (i)
of Theorem 3l

(13) Next, we establish a preliminary local concentration bound under the prior. Observe that

for any £ > 0, we have

n, o ~
/ exp (= 3w log(ors) — i, )P,

(PE):]|py, V 1Og(<PP,2)—$Y1,Y2 IIE(Tn)>2Ee%

<exp(—nEée).

The law of G is given by ¥/02 where & ~ L and L is a probability measure on S¢ that
satisfies Assumption 2l By Assumption [2}, it follows that for every E’ > 0, there exists
E > 0 such that

/ dG(%) = / dL(Y) < exp (— E'né?).
5S> Eof (nef)/® 5[ B> E(ned )/ x
As the prior is a product measure v, ¢ = DP,®G and ||py, V log(vps) — @y vs ”%(Tn)z 0,

the preceding bound implies

n, < ~
/ exp < — 5 lPnViog(ers) = &ny: HIZBK(Tn))dVOtyG(P7 %)
S| E7Y>Eo? (ne2)/ "

<

/ dG(3)
S8 > Eod (ned )1/

<exp(— E'né?).

From combining the preceding bounds, it follows that for any E’ > 0 we can pick E > 0
sufficiently large such that

n., - ~
/ exp ( — 5 llenVieg(ers) = &ny, ||IQB(Tn)>dVa,G(Pa )

(P7E):||$Y2V IOg(@P,E)f(PEYl,YQ ”?3(’1",”) SEC%’
IS~HI<Eo? (nep)' /%

>1—exp(— E'ne?).

(7it1) We prove the main statement of the theorem. From the bounds derived in steps (i) and
(i), it follows that for any C’ > 0, there exists a M > 0 such that

Va,G (H@YQV log(wp.s) = Py valli(r,) < MPe, 17| < MPop (nep) V™

va Tn>

>1- exp(—C/nei)
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holds with P probability approaching 1.

By an application of Lemma [9] we have that

1@yv1,v2 — ¢v1.vallB(1,) < Den

holds with P probability approaching 1.

Since ¢v;y, = ¢y, VIogyr s, and SUPIItIIOOSTnHVIOg YRy ||< DT, an application of
Lemma [2] implies that

||@Y2Vl0g PFy,S0 — PY1,Y2 ”IB%(TH)S De,

holds with P probability approaching 1.

From combining the preceding bounds, it follows that for any C’ > 0, there exists a M > 0
such that

Va,G (H@YQ(WOg ops — Viogor, zo)lfm) < M6, [271|< Moy (nep) "

ZTZ? Tn)
>1-— exp(—C’nei)
holds with P probability approaching 1.

Since T}, = (cologn)'/? for some ¢ satisfying coR = v < 1/2, an application of Lemma
implies that

sup |§0Y2( ) @YQ( )| < Dn*1/2+7 ]Oglogn

[lloe <Tn Py, ()]

with P probability approaching 1. As the quantity on the right converges to zero, it follows
that

~ ~ 1 1
22 ()] 2 [ova (D] = [0%2 () = ova(B)] 2 5 lowa (D)) = 577

uniformly over the set {||t||< T}, }, with P probability approaching 1. It follows that for
any C’ > 0, there exists a M > 0 such that

Va,G <||V log pps: — V10g ¢y 4 37, < M*n™7er, |[E71|< Mo (ney) "

Zn, Tn>

>1— exp(—C'ne,QL).

holds with P probability approaching 1.

In dimension d = 1, the fundemental theorem of calculus, Cauchy-Schwarz and the initial
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value condition Vlogex(0) = Vlogepx(0) = 0 imply that

t
log 97 5 (£) — log pps(t)] = / (¥ log ory50(5) — ¥ log pps(s))ds
0

< VT Vieg v, 5, — Viog ppsllp,)

holds for every t € B(T},). Furthermore, for every fixed ¢t € R?, the mean value theorem

implies that

o Fy.50(t) — SDP,E(t)‘ < SU[.p | eSt108 Ry 5 () +(1—st) log op, 5 (t) llog o, 5, () — log 901372(75)’ ]
st€(0,1

Since |¢r, 5| < 1and |ppx| <1 (as they are characteristic function of random variables),

the preceding bound reduces to

|05 (t) — epx(t)] < [logpr s, (t) —log ppx(t)] .

From combining the preceding bounds and noting that the Lebesgue measure of B(T),) is

of order T}, it follows that there exists a universal constant D > 0 such that
lpr 20 — prellBm,) < DTLlIViog or, 5, — Viog vpsllsm,)-
It follows that for any C’ > 0, there exists a M > 0 such that

va,a(nsop,z — onnmnllsn < MTunlen, £ ]1< M202(ne2) V"

Zn, Tn>

>1— exp(—C’nei).

holds with P probability approaching 1.

It remains to examine the bias from truncating the L? norm to the set B(7},). Suppose
|Z7< M262(ne2)'/% holds. It follows that there exists a ¢ > 0 for which \((%) >
c(ne2)~Y55-2 holds. From the definition of o2, we have T2(ne2) /%o 2 < logn. It

follows that there exists a universal constant C' > 0 such that

I(er .20 — ops) Hltloo> To}l7e < 2llersoL{ltloo> Tu}Zo+2ll0rsL{lto> T}z

< 2/ et Zotgy 4 2/ eVt gt
lItl| oo >Tr (1tll00>T

2/ e~ t'Zot gy 4 2/ efc\\tllzaﬁ(ne%)‘”“dt
Itloo>Tr (1t 00>T

—1/k

IN

2 2, =20 2
<D 67CTnTT(572+O_;2(n6721)71/n670Tn0n (nez) Tﬁl72 )

From substituting Tﬁ(nei)*l/ ®o. 2 < logn, the preceding bound reduces to Dn=2K for

some constant K € (0, 1/2] (that depends on, among other factors, the smallest eigenvalue
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of E()).

With constant K as specified above, it follows that for any C” > 0, there exists M > 0
such that

Va,G (H@Fo,zo —ppyll< MTynYe, + 1|2, T") > 1 - exp(~C'ney)
holds with P probability approaching 1. The claim follows from observing that

T,n7e, =< n /27 (log n))‘/2+1/2.

O]

Proof of Theorem[5 The proof proceeds through several steps which we outline below. We use

D > 0 as a generic universal constant that may change from line to line. Define

X Hd+2)+d/2 x<2
d+1 X = 2.

e =n"Ylogn)* , A=

For ease of notation, we supress the dependence of G = G,, on n.

(7) First, we derive a lower bound for the normalizing constant of the posterior measure.

Specifically, we aim to show that there exists a C' > 0 such that

., - ~
[ e (= 5180 T tox(ors) - Briall sin ) dvac(P.3) 2 exp(~ Cncd)  (57)

holds with P probability approaching 1.

The argument to verify this is completely analogous to part (i) of Theorem . To be
specific, all the estimates in that proof hold uniformly over ||¢||.o< 7, and so they also
hold over the set {tz : ||z]|c< Ty , t € [0,1]}. Furthermore, as H*1(0B(T,)) < DT},
Lemma [2] and [9] imply that
[ om0 - enp awty < pT 08T
OB(T}) n

T4 1 og(T,,)

/ 1Bviya (£) — @yawa(8)[2dH (1) < D
OB(T») n

holds with P probability approaching 1. The only other significant change is that Equation
is replaced with the following argument. The law of G is given by Q/02 where Q ~ L
and L is a probability measure on Si that satisfies Assumption [2. By Assumption [2[ and

the definition of o2, there exists a universal constant C,C’, C” > 0 such that

/ dG(X) = / dL(2) > Cexp (— C'0, %) > Cexp(—C"ne2).
| E-5||<e? S| E—02%||<o

22
n€n
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(7i) Next, we establish a preliminary local concentration bound under the prior. Observe that

for any £ > 0, we have

n. ~
exp ( = 5llPv Vieg(ppys) — Pvivall3, B(T)>dVa,G(P» %)
(PE):|1By, Viog(eps) =8y v, I3 5(r)>2E€2

< exp (—nEée).

The law of G is given by ¥/02 where ¥ ~ L and L is a probability measure on S‘i that
satisfies Assumption By Assumption [2| it follows that for every E’ > 0, there exists
E > 0 such that

/ dG(%) = / dL(X) < exp (— E'né?).
||| >FEo2 (ne2)1/x 2|1 >E(ne2)t/s

As the prior is a product measure v, = DP, ® G and ||py — QBEQDP,EHIQB(TH)Z 0, the

preceding bound implies

LIPS ~
/ exp < — 5ll¥vVieglers) — &viy, I3, B(T))dVOuG(P7 ¥)
|21 >Eo2 (ne2)l/x

<

/ dG(%)
SIS 1> Bod (ne3)1/x

< exp(— E'ne?).

From combining the preceding bounds, it follows that for any £’ > 0 we can pick E > 0
sufficiently large such that

n, ~
/ exp ( — 518w Viog(prs) = &viy, I3 ]B(T))dya,G’(Pv %)

(P.X):|py, V log(ﬂoP,Z)_(ﬁYl,Yg ||?;7 B(T>SEE%,
[SY|<Eo2(ne2)l/®

>1—exp(— Ené).

(737) We prove the main statement of the theorem. From the bounds derived in steps (i) and
(i1), it follows that for any C” > 0, there exists a M > 0 such that

Va,G (II@YN log(wps) = v vall3, mery < MPen, |E71 < MPoy (ne;) /"

Zn, Tn>

>1— exp(—C"nefL)

holds with P probability approaching 1.

By an application of Lemma [9] we have that

1@y1,v2 — ¥v1.v2 llo, (1) < Deén
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holds with P probability approaching 1.

Since ¢y;v, = ¢y, VI1og @R, s, and supjy <7, IVI1og @R, 5, l|< DTy, an application of
Lemma [2] implies that

||95Y2V log PFy,30 — PY1,Y2 ”B, B(T) < Dey,

holds with P probability approaching 1.

From combining the preceding bounds, it follows that for any C’ > 0, there exists a M > 0
such that

VmG(H@YQ(Vlog prs — Viogpr, 50)l3 s < Men, [S71|< Moy (nep) /"

vaTn)
>1- exp(—C’nei)

holds with P probability approaching 1.

Since T}, = (cologn)'/? for some ¢q satisfying coR = v < 1/2, an application of Lemma
implies that

/oo <Tn Py (1)]

with P probability approaching 1. As the quantity on the right converges to zero, it follows
that

~ ~ 1 1
P2 ()] 2 vz (D)] = [0%2(t) = va(t)] 2 5 [owa (D)) = 577

uniformly over the set {||t||< T}, with P probability approaching 1. It follows that for
any C’ > 0, there exists a M > 0 such that

Va,G(IIVIOg opy — Viog o, |3 5 < MPnPe, |57 < M0 (nep) /" Zn,Tn>

>1- exp(—C'nei).

holds with P probability approaching 1.

As ppx, and ¢p, v, are characteristic functions, they satisfy the initial value condition

log opx(0) =log ¢, 5, (0) = 0. In particular, every z € 0B(T},) can be expressed as

1
log ppx(2) —log pr, s, (2) = / (Vlog ppx(tz) — Viog pr, s, (tz), z)dt.
0

By Cauchy-Schwarz and Jensen’s inequality, this implies that

1
log ppx(2) = log pry,s, (2)I” < ||z||2/ IVlog s (tz) — Vg oz, (t2)|*dt.
0
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In particular since ||z||< DT, for every z € 0B(T,,), we obtain the bound
| logens(c) - lospns () dHi (2
OB(T})

1
< Tz /&B(T | /0 |Viog opx(tz) — Viog vr, s, (tz)szthd_l(z).

Suppose (P, ) is such that ||Vlogppy — Vlog ¢r, 5, ||(29 BT < M?n?7e2. By definition of

the metric, this means that
[ IV o8 0ms = Viogior s P < M2l
B(Tr)
1
/ / IV 1ogppx(tz) — Viog or, 5, (t2)|2dtdH ™ (2) < M?*n*7é2.
aB(T,) Jo

From the preceding bounds and the Poincaré inequality (Lemma, it follows that there

exists a universal constant D > 0 such that
og wpx — log ¢k, 5l (7, < DM*Tin*e..

Since |px (t) — ppxn(t)| < |logpx(t) — log ppx(t)| for every t € R, it follows that for any
C' > 0, there exists a M > 0 such that

Va,G(H‘PP,E — pry2ollBer) < MT, nen, | S7Y|< MPo7 (nep) V"

Zn, Tn>

>1— exp(—C’nei).

holds with P probability approaching 1.

It remains to examine the bias from truncating the L? norm to the set B(7},). Suppose
=7 < M262(ne2)'/* holds. It follows that there exists a ¢ > 0 for which \((X) >
c(ne2)~Y55-2 holds. From the definition of o2, we have T2(ne2) /%o 2 < logn. It

follows that there exists a universal constant C' > 0 such that

I(er .20 = eps) Hlltloo> Tol7e < 2llersoL{ltloo> Tu}Zo+2ll0rs{ltlo> T}z

< 2/ e VR0t gt 4 2/ e V2t
l[tlloo>Tn ltlloo>Tn

2/ e Vot g 4 2/ e*CHtHQUZz(nE%)_l/”dt
Il co>Tr (1] 00>T

—1/k

IN

<D

—CT2pd—2 —2( 2\—1/k, —CT20;%(ne d—2
e T2 4 572 (ne2) ke (nen)=/rpd=21

From substituting Tﬁ(nei)_l/ #g-2 < logn, the preceding bound reduces to Dn~2K for
some constant K € (0, 1/2] (that depends on, among other factors, the smallest eigenvalue
of 20).

With constant K as specified above, it follows that for any C” > 0, there exists M > 0
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such that
Vo, G2 <H<,DF0,EO —opy|l2< MTT}‘SnVen +n K ]Zn,Tn> >1-— exp(—C'nei)

holds with P probability approaching 1. The claim follows from observing that

T on7e, =< n~ Y2+ (logn)M2+3/4,

O

Proof of Theorem[fl. The proof proceeds through several steps which we outline below. We use
D > 0 as a generic universal constant that may change from line to line. For ease of notation,

we suppress the dependence of G = G, on n.

Let 8 = max{0,d — 2} and define

-1

2 _( QT—B)ﬁ 2 _ (log n)Ad/2 N X (d+2) x<2
an €nln y €n 2(s+¢)—B )

nIGTOTd—F d/x +1 X > 2.

(i) First, we derive a lower bound for the normalizing constant of the posterior measure.

Specifically, we aim to show that there exists a C' > 0 such that

n, ~
[0 (= 516vT tox(ors) - Briall i ) dvacP.3) 2 exp(~ Cned) - (58)
holds with P probability approaching 1.
As H¥1(OB(T,,)) < DT?~!, Lemma |§| implies that

5 T og(T,
/ 18v; v, (1) — ©viv, (1) 2dt < p Lo log(Tn)
B(T,) .

)

T4 1 log(T),)

/ 1By () — oviya (DI2dHI (1) < D
OB(Ty) n

holds with P probability approaching 1. On this set, it follows that

n. . ~
[0 (= BenVi08(orns) - Bv il acr) )P
nD
> exp(—nDe;,) /eXp ( — 5 19y Viog(pps) — ovivll3, B(T))dVa,G(Py X).

Observe that ¢y, v, = ¢v,Vlogpx. By Condition there exists universal constants
X, C, M < 0o and a mixing distribution S,,, supported on the cube I,, = [-C(log e, })Y/X, C(log e;; 1) '/X]¢
that satisfies

oy, (Viog ox — Viog@s,, a2)l3 55, < DTS2 < Dep.
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It follows that
nD
[ e (= 2216V ostors) — eviall acr) )P 2)
9 nD . 2
> exp(—nDey) [ exp | — — 9% Vlog(prs) — 0y, V10g(#s,, 02013, 5(r) | dVa,c(P, 2).
By Condition and the definition of (v, T;,), there exists a Cq > 0 such that

inf s, (t)] > n=¢,
l[tlloc <Tn | ' ‘
Next, we show that S, can be suitably approximated by a discrete measure. Fix any v > 1
such that e%ﬂTT‘f < De2. By Lemma |5, there exists a discrete measure F/ = ZZJ\L 1 Pi0u;
with at most N = D(loge, ')¥XT? support points on I,, such that

sup s, (t) — o (1) < =€)
1t]lco <Tn

sup || Vs, () = Ver ()< n~“e)
l[tll oo <Tn
From the final claim of Lemma [5] we can also assume without loss of generality that
the support points satisfy infg;||ur — pj||> €52 for some Ly > 0. By Condition
Sup|y| .. <1, [IV10g s, (t)|[< D. From the preceding bounds, it follows that

()H\@san — (1)

sup || Vloges,, (¢ < D¢},
[#llo0 < |5, (8)]
t) — '
Vs, (0= Ter®l _ .
[t 0e < |5, ()]
Since €, | 0, observe that the preceding bound also implies
1
lor (t)] > |@sa, ()] = |¢5a, (t) = 0 (1)| > |@s,, ()] = Den |@s,, ()| > 5 |05, ()]
for all sufficiently large n and ||t||< T,. It follows that
sup [|[Vloggs,, (t) — Viogep ()]
l[tlloc <Tn
(t) — t \% t) — Vo (t
— s [Fogs, 220 | Tes, 0 Ter()
[llo0 <Tn ©r(t) ©p(t)
@rr(t) — S, ( Vs, (t) = Vo (t)
< s ( 19 10gps., 011+ |
Itlloo<Tn pr (1) e (t)
Pr wsan Vs, (t) = Vor(t
<2 s ([P 0900 g, o)) | oD
Itlloo <Tn ¢S (¢ P50, (1)
< De].
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Fix any Ls > Lo sufficiently large such that
n1Thels <€l | n“y/neg/logne?/? <€ | n T, (log e, )/ Xeks < €.

Define V; = {t € I,, : ||t — w;||< €3} for i = 1,..., N and set Vp = Rd\Ufil‘/Q. From
the definition of the {u;}¥,, it follows that {Vp,Vi,...,Vn} is a disjoint partition of
R?. By Lemma 3] for any distribution P that satisfies [pa||z||*dP(z) < ne?logn and
S IP(V;) — pj| < €k#, we have that

t) — op(t t) — r(t
wp [Viogop (o) EPO =200l _ po o IVer) = Ver®l _ p.

[lloe <Tn lor (1] [tlloc<Th lop (t)]

For all such P, an analogous argument to the bound for S,, and F’ implies that

e V1og pp(t) — Viegpp (t)||< Dey.
t oong

From combining all the preceding bounds, observe that all such P also satisfy
sup [|Vlegpp(t) — Viegps,, (1)< De,)
tlloo<Tn

sup [[Viogp(t)|[|< De) + sup [[Vioges,, (1)< D.

Given any positive definite ¥ with ||X||< Da?2 the preceding bound also implies that

sup [[Viogops(t)|< sup |[[Viogpp(t)||+|Vlog s ()]
1tllo0 <Tn Itll00<Tn

<D,

where the last inequality follows from 7,02 < 1. By Lemma [2] we have that

9

5 T4 og (T,
/ 1By, () — oy, (1) ||Pdt < pLnlog(Tn)
B(T,) n

-~ _ T4 log(T),
[ o) - enlPani- < pTi 220
OB(T,)

n

holds with P probability approaching 1. On this set, when (P, ) satisfy the preceding

requirements, we have that

T4 log(Tn)]

18y, Viog ops — ovi vallgz,) < D [WYQV log ops — ovi vallF(z,) + "

<D [HS%VlOg PPY — VY H%(Tn)ﬂi] :
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Define the sets

2
Q, = {zesizxj(z)e [1;:,;}1@3] ijl,...,d.}

N
G, = {(P, ¥): X e Qn,/ |z||2dP(z) < ne2log(n) ,Z |P(V;) —pjl < 653}.
R4 -
7j=1

From combining the all the preceding bounds, it follows that

/GXP < —nD||3y, Viog(eps) — ¢y, Viog(ps, a21)ll3, B(T))deG(Pv %)
> / exp ( —nD||3y, Viog(eps) — ¢y, Viog(¢s, a21)ll3, ]B(T))dya,G’(Pa ¥)

> exp (—nDe;,) / exp ( —nD|¢y,[Viog(¢pps) — Viog(es,, a21)1l3, IB(T)) dva,c (P, X).

n

For every (P,X) € G,, the preceding bounds imply that

sup [[Viogyps — Vlogps, 21l
oo <Tn

- ”sup [(Vlegop — Viogps,, ) + (Viogps — Viogpaz )|l
oo <Th,

< sup [[Vilegpp —Vlogys,, [+ sup [[Viogps — Viogp ||
oo <Tn [t]loo <Th

< D€l + D||2 — a2I||T;,
< De].

Since ||y, ||f2< oo and v > 1 is such that T%;" < De2, it follows (from the change of

n?
variables and coarea argument in ) that

/g exp ( nDllpny (Viog gps — Viog ps, a)l B(Tn)>dua,a<P, )
>exp(— nDei)/ dVa’G(P, Y).
Gn

Define the sets

N
g = {(P,z) 1S e, Y |IP(V)) —pjl < efﬁ} :

Jj=1

N
Gno = {(P, Y):¥e Qn,/ |z||2dP(x) > ne2 log(n) ,Z |P(V;) —pj| < 653}.
Rd ;
7j=1
Observe that G, = G, 1\ Gn2. It follows that

/ dve,q(P,Y) :/ dve (P, Z)—/ dve (P, %).
gn,l

n gn,?
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For the second term, observe that
/ dve (P, 5) < / dvoc(P,%)
Gn,2 P: [gallz||?dP(z)>ne?, log(n)

<

/ dDP,(P)
P: [allz||2dP(z)>ne2 log(n)

< exp(—Dnei log n) ,

where the second inequality is due to v, ¢ being a product measure v, g = DP, ® G and

the third inequality follows from an application of Lemma,

For the first term, we have that

/ dl/mG(P,E)—/ / dDP,(P)dG(%).
Gn,1 S8€Qn J PN |P(V))—pj|<en®

As DP,, is constructed using a Gaussian base measure «, it is straightforward to verify that
infévv:l a(V;) > Ceksd exp(—C'(log €, 1)?/X) for universal constants C, C’ > 0. By definition
of DPy, (P(V1),...,P(Vy)) ~ Dir(N,a(V1),...,a(Vy)). As N = D{log(e;)}¥/XT2, an
application of (Ghosal and Van der Vaart, 2017, Lemma G.13) implies
/ . dDP4(P) > Cexp (— C'Ty(log e, )X Tmax2/th) — Cexp (- C'Tyl(log e, 1))
P30 |P(Vy)—pyl<en®
> Cexp(— C"né?).

It remains to bound the outer integral. The law of G = G, is given by /02 where Q ~ L
and L is a probability measure on Si that satisfies Assumption [2. By Assumption [2[ and

the definition of (a2, 02, €2), there exists a universal constant C,C’,C" > 0 such that

/ dG(¥) = / dL(X) > Cexp (— C'o,, % a,*") > Cexp(—C"ne2).

It follows that

/ dvec(P,) = / vac(PS) - / dvec(P. )
n gn,l

Gn,2
> Cexp(—C”ne,zl) - exp(—Dne,Q1 logn)

> eXp(—DneZ).

The estimate for the lower bound of the normalizing constant follows from combining all

the preceding bounds.

(7i) Next, we establish a preliminary local concentration bound under the prior. Observe that
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(iid)

for any E > 0, we have

n, ~
/ exp (= 31w log(ors) — i B s ) o 3)
(PXY):]|By, Viog(wrs)—Byy vy 13, B(r)>2E€,

< exp (— nEée).

The law of G is given by ¥/02 where ¥ ~ L and L is a probability measure on Si that
satisfies Assumption By Assumption 2| it follows that for every E’ > 0, there exists
E > 0 such that

/ dG(¥) = / dL(%) < exp (— E'né?).
S:||=-1|>Eo2 (ne2)/x S:|=-1|> E(ne2)t/s

As the prior is a product measure v, = DP, ® G and ||py — @gpp,gH]QB(Tn)Z 0, the

preceding bound implies

n, ~
/ exp < — 5 lPnViog(ers) = &ny I3, B(T))dva,G(P, )
S ||=-1|>Eo2 (ne2)/x

n

<

/ dG(2)
SHS1[> B (ne2 )1/

<exp(— E'né).

From combining the preceding bounds, it follows that for any E’ > 0 we can pick E > 0
sufficiently large such that

n, . R
/ exp ( = 5llPvViog(eprs) — Pviv i3, ]B(T))dua,G(Pv )

(P,X):|@y, Viog(ep s )—By; vy 13, 5ry <Een,
£~ < B0 (nep)t/*

>1—exp(— Ené).

We prove the main statement of the theorem. From the bounds derived in steps (i) and
(i1), it follows that for any C” > 0, there exists a M > 0 such that

VmG(H@YQVIOg(wP,E) — onml3, By < M2, |E7YI< Mo (nep) /"

Zn; Tn)

>1- exp(—C’nei)

holds with PP probability approaching 1.

By an application of Lemma [9] we have that

[#v1.v2 — ¢vivallo, Br) < Dén

holds with P probability approaching 1.
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Since vy, = ¢y, Vlogpx and supjy <7, [|V1ogpx||< D, an application of Lemma
implies that

[Py, Viog ox — v vallo, 1)< Den

holds with P probability approaching 1.

From combining the preceding bounds, it follows that for any C’ > 0, there exists a M > 0
such that

Vo,G <\$Y2(V10g opy = Vg px)l3 5 < Me, |E71 1< MPoy (ne;) /"

Zn: Tn)

>1-— exp(—C”nei)

holds with P probability approaching 1.

An application of Lemma [2] implies that

sup ‘SOY2 (t) — Py, (t)| < DTg\/@
[tlloo <Tn [Py, (1) NG

with P probability approaching 1. As the quantity on the right converges to zero, we also

have

[Pv2 ()] = leow, ()] = |Pv2 (1) — ovy (8)| = % |y, (1))

uniformly over the set {[|t||cc< Ty }. It follows that for any C” > 0, there exists a M > 0
such that

v (1108 0pis = Vlog ol oy MPTEE 27| MPo3(ned)

Zn, Tn>

>1— exp(—C'nei).

holds with P probability approaching 1.

As pps and ¢px are characteristic functions, they satisfy the initial value condition

log o p»(0) =log ¢ x(0) = 0. In particular, every z € 9B(T},) can be expressed as

1
logppx(z) —logyx(z) = / (Vlog ppx(tz) — Vlog px(tz), z)dt.
0

By Cauchy-Schwarz and Jensen’s inequality, this implies that

1
log ppx(z) — logpx (2)* < IIZIIQ/ IVlog ops(tz) — Viegpx (t2)|dt.
0
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In particular since ||z||< DT, for every z € 0B(T,,), we obtain the bound
| ogens) - lospx (o) dri(z)
OB(T})

1
<72 /%(T )/0 |Vlog ppx(tz) — Viog ox (tz)||*dtdH* ().

Suppose (P,Y) is such that |[Vlegeps — Viegex||? B(T) < Mznge%. By definition of

the metric, this means that
| IV 1ogers - Viegex P < TG,
B(Tn)
1
/815%(T )/0 |V log opx(tz) — Viog ox (tz)||dtdH 1 (z) < MPT20E2.

From the preceding bounds and the Poincaré inequality (Lemma, it follows that there

exists a universal constant D > 0 such that
llog ops: —log ¢xl[f(p,) < DMT e

Since |px (t) — ¢px(t)] < |logpx(t) — log ppx(t)| for every t € R, it follows that for any
C' > 0, there exists a M > 0 such that

Va,G (HSOP,E — exllaen) < M, e, |£71|< MPoy (ne;) V" Zan)

>1- exp(—C'ne%).

holds with P probability approaching 1.

It remains to examine the bias from truncating the L? norm to the set B(7},). Suppose
=71 < M202(ne2)'/* holds. It follows that there exists a ¢ > 0 for which A\ (X) >

c(ne2)~Y%g-2 holds. From the definition of o2, we have T2(ne2) /%02 < log nloglog n.

Since fx € HP(M), we have that

/ lox (B)2dt < DT-2.
o>

It follows that there exists a universal constant C' > 0 such that

Iox = ops) Hlltoo> Tu}ll72 < 2llex1{lltloo> Tn}lI72+2ll0ps1{|ltloo> Tn}ll7

<9 / o (8)[2 dt +2 / 1ty
lIt]loo>Tn (1]l 00 >Tn

= 2/ lox (t)]? dt + 2/ o—clitlZon(ne2)=1/% 4y
Ht||oo>Tn ||t||oo>Tn

2,-2(,.2V—1/xk
< D|:Tn_2p—|—(7;2(TL6%)_1/H€_CT’LU" (ne2)—1/ Tg_Q _
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Since T2(ne2) /%2 < (logn)(loglog n), the preceding bound reduces to DTy, ?. From
combining the preceding bounds, it follows that for every C’ > 0, there exists a M > 0
such that

Va,G'(HQOX —ppxll2< M(Té"r’ﬂen +T7.7) Zn,Tn> >1— exp(—C’ne?L).

holds with P probability approaching 1. The claim follows from observing that

Ard/2+4C+3/2

3+o¢ o _ (logn)
Tn €p = 2s—B—3
n2G+0Fd—B

O]

Proof of Theorem[7. The proof proceeds through several steps which we outline below. We use

D > 0 as a generic universal constant that may change from line to line. Define

X Hd+2)+d/2 x<2
d+1 X = 2.

e =n"Ylogn)* , A=

n

(i) First, we derive a lower bound for the normalizing constant of the posterior measure.

Specifically, we aim to show that there exists a C' > 0 such that

n. . oS
/GXP ( - 5”@%{((%]& — (log (PP,cr2)”(t/Ak))‘%B(T))dl/a,G(Pa %) > exp (= Cne;,) (89)

holds with P probability approaching 1.

Note that |#'Ag| < Vd||t||eo||Ak||< VdT,||Ag|l uniformly over t € B(T). Since the
preceding constant is finite, it suffices to work under the setting where |t'Ag| < DT,,.
Fix ¢ > 0 sufficiently small. By Condition the mixing distribution Fy satisfies
Fo(t € R : |t] > z) < Cexp(—C'2X). Hence, there exists a universal constant R > 0
such that the cube I = [—R(loge™1)'/X, R(loge~')V/X] satisfies 1 — Fy(I) < De. Denote
the probability measure induced from the restriction of Fy to I by

V Borel A C R.
Observe that

sup @R, (t) — o7, (t)| = sup
teR teR

/d VT d(F — Fo)(z)| < ||Fy — Follrv< 1 — Fo(I) < De.
R
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For r = 1,2 and all sufficiently large M > 0, the tail bound on Fy implies

E[|X|" 1{|X| > M}] = / P(|X[" > M",|X|" > t)dt
0

< M'P(|X| > M) +/ P(X" > t)dt

i

<D [MT exp(—C'MX) +/

T

exp(—C’tX/T> dt}
< D[M" exp(—C'MX) + M' X exp(—C'MX)]
<DM" exp(—C’MX).

For r = 1,2 it follows that

sup |0 ¢k, (t) — O{ ¢, (t)| = sup

/ 2"V d(Fy — Fo)(x)
R

teR teR
< sup / a:’“eitlxd(Fo—Fo) + sup / a:’“eit/zdFo‘
teR |Jzel teR |Jxgl

<D [(bgﬁ_l)r/XHFo _ Fo||Tv+<loge-1>f/Xe}

< D(log e 1)/ Xe.

We can write (log ¢r,)" — (log¢z,)" as

"

(logpr,)" — (log ¢z,

S5 —0h)  er(Ph, —YF) g (er —er,) (Y5 )F— (R)°
= (log ) 5 + ; - . + 5 :
vz vz vz ¥

Fy Fo Fy Fo

Since inf i< pr,, @R, (t)] > Cexp(—C'T?) for some C,C’ > 0 and T;? < log(n), there exists
a C7 > 0 such that

inf )] > nCr.
o lor (t)| >n

Let L > 1 be such that n>“(loge,)*Xek < ¢,. The choice € = €~ implies F has
support contained in the cube I, = [~E(loge,; )X, E(loge;')/X] for some universal

constant ¥ > 0. Since ¢, | 0, we also have that

n~<

N |

o, ()] > om (] = o (1) — o7, ()] 2 lor ()] Denlor (0] > 3 lor ()] >

for all sufficiently large n and [t| < DT,. Since |[(logyr,)"|, |<p’FO‘ ) “P/}f})‘ are bounded

by a universal constant D and n?“1(loge, *)?/Xek < ,, the preceding expression for

(log vr,)" — (log gofo)” implies that

| lStg) (log or,)" (1) — (logp,)" (t)| < Dn* (log e, *)*/Xel < Dey,.
t|<DTp

Next, we show that Fy can be suitably approximated by a discrete measure. Let ¢ =
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max{d,d/x + d/2}. By Lemma [5| there exists a discrete measure F’ = SN Pidy; with
at most N = D(log e, !)* support points on I,, such that

sup |9, (1) = pp ()] <n e r=0,1,2

|t|<DT,

From the final claim of Lemma [5] we can also assume without loss of generality that the
er, ()] 2

support points satisfy infy;||ur—p;||> €52 for some Ly > 0. Observe that 2 infy<pr,
infjy<pr, [om ()] > n~°" and

swp |(logpr,)"()] < sup [(logor,)" (1) — (log vz,)" ()] + sup |(ogier,)"(1)]
|t|<DT [t|<DT It|<DT,

< D(en + D)
<D.

From the preceding bounds and an analogous expression to that of (log pr,)"” — (log ¢7,)",
it follows that

sup | (log )" (t) = (log )" (t)| < Dep.
[t|<DT,

Fix any Ls > Lo sufficiently large such that
n201+1e% lo,g;(n)e,Lli‘/2 < é€n, nzcl(log en)Qb‘Tneﬁ3 < €.

Define V; = {t € I, : |t — ;| < &3} fori = 1,...,N and set Vy = R\UfilVl From
the definition of the {y;}%,, it follows that {Vp, Vi,...,Vy} is a disjoint partition of R.
By Lemma 3| for any distribution P that satisfies ( [ lz[* dP(x))Y* < \/ne,/Iogn and
Zé\f:l |P(V;) — pj| < ek2, we have that

sup 0] pr(t) — O pp(t)] <n *e, 1 =0,1,2.
[t|I<Tp

For all such P, the preceding bound and an analogous expression to that of (log¢g,)” —

(log z,)", yields

sup |(logp )" (t) — (logpp)”(t)| < Dep.
t|<DT,,

From combining all the preceding bounds, observe that all such P also satisfy

sup |(logep)”(t) — (logr,)"(t)| < Dey

t|<DT,
sup !(log cpp)"(t)} < De, + sup ’(log gopo)"(t)‘ < D.
[t|<DT; [t|<DT,
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Given any o2 > 0, the preceding bound also implies that

sup |(logp,2)"(t)] < sup | |(logep)”(t)| + |(logpy2)"(t)|
[t|I<DT, |t|<DT,
< D(1+72).

Observe that the (I, k) element of $3(t)[V'V'log @y (1)] is given by
~ By (DB [V Yie™ Y] + B [Vie!" Y B, [Vie Y],

From this representation and an application of Lemma [2] and [9}, we have that

PORSIIP S . T4 log(T,
18%QiPy — A Qv < D) < pez

with P probability approaching 1. On this set, when P is specified as above and ¢ < D,

we have that

185 (Q;iVy — (log opq2)" (AR I3z,

=P [”“"%f (QiVy — (log sop,g2>"<t’Ak>>H%mﬁei] |

Define the set

N
Qn—{( %) 1 ]o? _0-0‘<6n7/’x‘ dP(z) < nel (logn)? Z pj<eL3}
From combining the all the preceding bounds, it follows that
[ (= BB QiTx — (oo (A e, ) (Pr)
> [ oo ( - IBQiDy — (logoron) (A, ) (P,

> exp (= nD) [ exp ( — nD|| G (Q}Vy — (log wp,a2>"<t'Ak>>H%m))dvmﬂ o).

n

Since QVy (t) = (logpx)"(t'Ak) and px = PFy,02: the preceding integral can be ex-

pressed as

/g exp ( — nD|lp3 (QpVy — (log wp,o2)"(t'Ak))Hﬁ(n))‘i’/aﬁ(P? o?)

= / exp ( — D¢ [(log v, 02)" (t'Ax) — (log wp,az)”(t’Aw]H?B(Tn)>dva,G(P, a?).

n

For every (P,X) € G,, the preceding bounds imply that

s 108 01, 02)" (E'Ak) = (10g 9p,p2)" (E'Ar)| < Dey.
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Since [|¢%||12< oo, the preceding bound implies that

/ exp ( —nD| ¥ [(0g ¢, ,2)" (t'Ar) — (log pp,2)" (' Ay)] \|128(Tn>> dvac(P,0%)

>exp(—nDei)/ Ve (P,0?).

Gn

Define the sets
N
Gn1 = {(P=U2) Ho? —af| < e D IP(V) —psl < 653} ;
j=1
N
Gno = {(P, o?) : ’02 - 03‘ < ei,/R]:crl dP(x) > n?€l (logn)? ,Z |P(V;) —pj| < e£3}.
j=1

Observe that G, = G, 1 \ Gn2. Hence

dl/mg(P, 0‘2) = dVa,G(P7 0'2) — dl/ayg(P, 0‘2).
gn gn,l gn,2

For the second term, observe that

/ dVa,G(Py UZ) < / dVajg(P, 0'2)
Gn,2 P:fR\x|4dP(x)>n26%(logn)2

< dDP,(P)

/I;:fo|4dP(x)>n26‘}L(log n)?2
< exp(—Dnei log n) ,

where the second inequality is due to v, ¢ being a product measure v, g = DP, ® G and
the third inequality follows from an application of Lemma

For the first term, we have that

/ Ve (P, 0?) = / / dDP,(P)dG(c?).
On,1 02:|U2—08|§e% P:Z?’:1|P(Vj)—pj|§ef;3

As DP,, is constructed using a Gaussian base measure «, it is straightforward to verify

that infj-vzl a(V;) > Ceksdexp(—C'(log e, 1)?/X) for universal constants C, C’ > 0. By def-

inition of DPy, (P(V1),...,P(Vy)) ~ Dir(N,a(V1),...,a(Vx)). As N = D{log(e; ')},

an application of (Ghosal and Van der Vaart} 2017, Lemma G.13) implies

/ _dDP,(P) = Cexp (— C'(log ) =201}y — Coxp (— C/(log ;1))
Py [P(V))—pjl<en®

> Cexp(—C"né?)

It remains to bound the outer integral. The law of G is given by /02 where Q ~ L and

L is a probability measure on R, that satisfies Assumption 2] By Assumption [2] and the
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definition of o2, there exists a universal constant C,C’,C” > 0 such that

/ dG(c?) = / dL(0?) > Cexp (—C'o;, %) > Cexp(—C"nei).
02:’02—03|§e% 02:’02—0303‘§0%e%

It follows that

/ dVa,G(P7 0-2) = / dVa,G(P> 02) - dVa,G(P7 02)
n gn,l gn,2

> Cexp(—C”ne?L) — exp(—Dnei log n)

> exp(—Dnei).

The estimate for the lower bound of the normalizing constant follows from combining all

the preceding bounds.

(71) Next, we establish a preliminary local concentration bound under the prior. Observe that

for any £ > 0, we have

n, . oS
/ exp ( — 5\]@%((QkVY — (log @p,ﬂ)”(t/Ak))HI%s(Tn))dVoz,G(Pa by
(PJQ):H@%{(Qﬁv*(logwp,az)”(t’Ak))H§<Tn>>2E6%

<exp(—nEée).

The law of G is given by £/02 where & ~ L and L is a probability measure on S¢ that
satisfies Assumption By Assumption |2, it follows that for every E’ > 0, there exists
E > 0 such that

/ dG(0?) = / dL(0?) < exp (— E'né?).
02:|0=2|>Eo2(ne2)l/» 02:|l0=2|>E(ne2)l/~

As the prior is a product measure v, ¢ = DP,®G and H@%((ijy—(log opy2)'(t'A)) H]2B(Tn)2
0, the preceding bound implies

n, . oS
/ exp ( — 5 183 (QiVy — (logwp )" (t'Aw))E(z,) | dVa.c(P,0?)
02:|0=2|>E02(ne2)l/r 2

<

/ dG(o?)
02:|0=2|>E02(ne2)l/r

< exp (— E'né).

From combining the preceding bounds, it follows that for any £’ > 0 we can pick E > 0
sufficiently large such that

n. . £ ‘
/ exp ( = 5137 (QVy — (log sop,az)”(t’Ak))\@(Tn))d”a,G(Pa o

(Po?)il|8% (QiVy —(log ¢ o ,2)" (' A)) 12 1, S E€2,
‘0'*2|§E0'7%(n6%)1/"

>1—exp(— E'né).
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(737) We prove the main statement of the theorem. From the bounds derived in steps (i) and
(i1), it follows that for any C’ > 0, there exists a M > 0 such that

VoG <H@(QZVY — (log pp2)" (' AW))Ir, < M6, [E71]I< M2 (nep) V™

Zn, Tn)

>1- exp(—C'nei)

holds with P probability approaching 1.

The (I, k) element of (ﬁ%{(t)ljy(t) is given by
Py (OEL[YV1Yie Y] + B, [Vie Y, [Vie Y].
From this representation and an application of Lemma [2] and [9}, we have that
183 Q1 Vy — o3 QiVy s < Den.

Since Q;Vy(t) = (10g¢F0703)”(t’Ak) and ‘(loggpFoygg)”(t’Ak)‘ < D, an application of
Lemma [2] implies that

185 (log pr, 50)" (' Ak) — 03 QiVy llp (1) < Den

holds with P probability approaching 1.

From combining the preceding bounds, it follows that for any C’ > 0, there exists a M > 0
such that

Va,G (I@%z[(log Pro) (' AL) = (logop ,2)" (' AR r, < M6, |02 < Moy (nep ) V"

Zn, Tn)

>1— exp(—C’nei)

holds with P probability approaching 1. Since T}, = (cologn)'/? for some ¢ satisfying
2¢oR = v < 1/2, an application of Lemma [2| implies that

~9 2
S U T
doests 3 (0]

with P probability approaching 1. As the quantity on the right converges to zero, it follows
that

53 ()] > |93 ()] = [#% (1) — ¢3 ()] > n.,

N

% (t)] =

N |

uniformly over the set {||t|lco< T}, }, with P probability approaching 1. It follows that for
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any C’ > 0, there exists a M > 0 such that

VoG (wog o) (UAR) — (log o) (U AR [3r, )< MPn®e2, o< M20?(ne2)/" zn,Tn)
>1- exp(—C”nei)
holds with P probability approaching 1.
Recall that we use the posterior measure
Vag( | T k,2,) ~Z —E[Z] where Z~voc(.|T,k,2Zy). (90)

Denote the characteristic function of a demeaned Gaussian mixture pp,2 by @p 2. For
"

any distribution we have (logypz)" = (lo _ . From this observation and the
y distribution Z, we have (log¢z)" = (Iog 5 g(z)". From this observation and th

preceding inequalities for v, g, it follows that

Voc,G(H(log ory02) (' Ak) = (1ogBp 52)" (A 51,y < MPn™el, o7 < MPoy (ne) "

Zna Tn)
>1- exp(—C”nei)

holds with P probability approaching 1.
Denote the elements of Ay by Ax = (ai,...,ar). Fix any ¢ such that a; # 0. Without
loss of generality, let ¢ = 1 and a; > 0. Consider the change of variables

’
71=UAr, z9=19,...,21 = 1.

The Jacobian of the change of variables (¢1,...,tr) — (21,...,21) is given by J(z1,...,21) =
ar'. Let ¢ = infycp(r,) t'Ax and cy = supyep(r,) t'Ag. It follows that for any non-

negative Borel function f: R — R, we have that
1 v
/ f(t/Ak)dt = ]al\_ (2Tn)d1/ f(zl)dzl.
B(Tn) cr,

In particular, since ¢y > a17Ty, and ¢, < —a1T},, we have ||f|]%(a1Tn)§ DT%_dHf(t/Ak)H]QB(Tn)
for some universal constant D > 0. It follows that for any C’ > 0, there exists a M > 0
such that

va,a(wlog ery0)" () = (108Bp2)" (V< M T2 o] < M202 (ne?) V"

Z’I’L? Tn)

>1-— exp(—C"nei)

holds with P probability approaching 1. Since the Gaussian mixture and the true latent
distribution are demeaned, we have (logyp, ,2)'(0) = (log®p,2)'(0) = 0. From the
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Fundemental theorem of calculus and Cauchy-Schwarz, we obtain

t
(log g, 02)(t) — (log@a,gz)’(t)‘ = ' /0 [(log ¢ 02)" (5) — (log Bpg2)" (5)]ds

< VarvToll(log op, 52)"(-) = (108 Bpe2)" ()llB(aiT)

for every t € B(a17},). As all characteristic functions satisfy log¢(0) = 0, we similarly

obtain

log ¢, 02 (t) — log Pp 2 (t)) = /0 [(log ¢ 52)'(s) — (log Bpx)'(s)]ds

< VaryTul(log op, 52)' () — (108 Bpe2) (Bt

for every t € B(a17T,). Furthermore, for every fixed t € R, the mean value theorem implies
that

stlogpp, ,2(t)+(1=s1)logPp ;2 (t) ‘

@z () — Ppx(t) < sup 108 61, 03 () — log B (1)

Ste[o,l}

Since |¢x| <1 and |<p p’02‘ < 1 (as they are characteristic function of random variables),

the preceding bound reduces to

[0m03(0) = Broa (1)] < [log 91, (1) — 08B (1)

From combining all the preceding bounds, it follows that there exists a universal constant
D > 0 such that

195,02 = Pro? Bz < DTR(log o 52)" () = (108 Bpe2)" () ls(ar 7,)-
It follows that for any C’ > 0, there exists a M > 0 such that

_ — 2 2 2 5—d 2 —2 2 2 231
Va,G(HQOFo,US — 90P,02||]B(a1Tn)§ M*n WTn € ‘U ‘ <M O'n(nen) /K

Zn, Tn)

>1— exp(—C”n62)

n

holds with P probability approaching 1.

It remains to examine the bias from truncating the L? norm to the set B(a17,). Sup-
pose |o7% < M 262 (ne2)t/* holds. It follows that there exists a ¢ > 0 for which

02 > ¢(ne2)~/%¢ -2 holds. From the definition of o2

2 we have T2(ne2)~/%¢-2 =< logn.
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It follows that there exists a universal constant C' > 0 such that

(e r 02 = Pro2) LIt > arTu} s < 2lp, o3 1{It] > a1 T} 24218 p02 LIt o> a1 T} |72

<92 / e 8 dt 42 / e dt
[t|>a1Tn [t|>a1 Ty

2 / e 0t + 2 / emet o ()T gy
[t|>a1 Ty [t|>a1 Ty

—1/k

IN

2 2,—2( 2
< D|:€—CTnTﬁl—2+J;2(n6721)—1/H€—C’Tnan (nez) T;Ll_2 )

From substituting Tg(nei)_l/ #g.2 < logn, the preceding bound reduces to Dn~2K for

some constant K € (0,1/2] (that depends on, among other factors, 03).

With constant K as specified above, it follows that for any C’ > 0, there exists M > 0
such that

Va,G (H‘pFo,aS — goszHng MTT(LE’*d)/QnVen +n K |Zn,Tn) >1-— exp(—C’nei)

holds with P probability approaching 1. The claim follows from observing that

TE=D/27¢, = 1247 (1og )/ 2HOE-D/4,

O]

Proof of Theorem[§ The proof proceeds through several steps which we outline below. We use

D, D’ > 0 as a generic universal constant that may change from line to line. Define

9 rEs 5 (log n)’\+d/2 \ X Hd+2) x<2

Qp = €n )y €p = 2(s+20) ) =

n 2620 +d d/x+1 X > 2.

(i) First, we derive a lower bound for the normalizing constant of the posterior measure.

Specifically, we aim to show that there exists a C' > 0 such that

| *3
[ e (= 1PQTY ~ Qogne) (AN ) o(P.o?) > exp(~ Crned) (01

holds with P probability approaching 1.

Note that [t/Ar| < Vd|t]leo||Arl|< VdT,||Ak|| uniformly over t € B(T,). Since the

preceding constant is finite, it suffices to work under the setting where [t'Ag| < D'T,,.

Observe that the (I, k) element of 3% (¢)[VV'log Py (t)] is given by

—Px (OER[YiYie" Y] + En[Vie Y En[Yie Y]
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From this representation and an application of Lemma [2] and [9] it follows that

9 T . T4 og(T,
I8 QP - 4 Qv < DB < pe:

with P probability approaching 1. On this set, it follows that

n, . P
[ (= SIEQiDy - ogopa WA s v (P )
> exp (— nDe;) / exp ( — nD|l¢3 Q;Vy — 35 (log wp,a2)”(t’Ak)H%m))%c(ﬂ a?).

From the model, we have that Q;Vy(t) = (logyx,)"(t'Ax). By Condition there
exists universal constants x,C, M < oo and a mixing distribution S, supported on
I, = [-C(log e;1)'/x, C(log €;1)'/X] that satisfies

13 (1) [(1og @5, a2)" (' Ax) = (log px,)" (' Ap)]l[f (1) < D™ < De.
It follows that
/eXp < —nD[ ey QiVy — 3% (log SOP,U2)”(7?’AI<:)\|%(T”)>dVa,G(P, a?)
> exp(—nDe) / exp ( —nD|py (log ¢s,, a2)" (1'Ax) — §3 (log ¢P,a2)ll(t/Ak)‘125%(Tn)>dVoa,G(P7 a?).
By Condition and the definition of (a,,T,), there exists a C; > 0 such that

. —C
inf t)| >n" 1.
o, e 0] 2
Next, we show that S,, can be suitably approximated by a discrete measure. By Lemma
there exists a discrete measure F/ = Zi]ilpiém with at most N = D(loge, 1)¥/xT14
support points on I,, such that

sup |0} s, (t) — 0o ()] <n*Te, 7 =0,1,2.
t|<D'T,,
From the final claim of Lemma [5| we can also assume without loss of generality that the
support points satisfy infy_s; || g — p5]|> €&2 for some Ly > 0. From the preceding bounds,

we obtain

|07 5., (t) — OF op (1)]
sup  sup

5 < De,.
|t|<D'T,, r=0,1,2 |5, (1))

Since €, | 0, observe that this also implies

|05, (1)]

N

lor ()] = | @54, ()] = [0, (t) — 0r ()] = |@s., ()| = Den | s, ()] =

for all sufficiently large n and [t| < D'T,. We write the difference (log ¢s,, )" — (log pgr)”
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as

"

(log ¢s.,, )" — (log op)
(V% — %, ) . PSan (¥5, — ) | PlPsa, —m) | (Ppr)? = (¢, )?

2 2 2 2
Prr P Prr PEr

= (log s, )"

By Condition we have |(log s, )’| < D and sup,_;, |0} ¢s,,| < D. From the

preceding representation and bounds, we then obtain

sup |(log ¢s,, )" (t) — (log wr)"(t)| < Dey,.
\t|<D'Ty

Fix any L3 > Lo sufficiently large such that
n2 12 log(n)eks/? < e, , n*“1(log n)¥ XTpel? < .

Define V; = {t € I, : |t — pi| < €&3} for i = 1,...,N and set Vo = R\ UN, V;. From
the definition of the {y;}¥ ., it follows that {Vo, V4,...,Vy} is a disjoint partition of R.
By Lemma 3| for any distribution P that satisfies ( [ lz[* dP(x))Y* < \/ne,/Iogn and
Zé\f:l |P(V;) — pj| < ek2, we have that

sSup |8Z€0F/(t) - 8{9013(75)’ < n_QClen r=0,1,2.
|t|<D'Tn

For all such P, the preceding bound and an analogous expression to that of (log ¢s, )" —

(logpr)", yields

sup }(log o))" (t) — (log gop)”(t)’ < De,.
[t|<D'Ty,

From combining all the preceding bounds, observe that all such P also satisfy

sup |(logp)"(t) — (logps,, )" (t)| < Den

t|<D'Ty
sup ‘(log gpp)”(t)‘ < D¢, + sup ‘(log ©Sa,, )"(t)‘ < D.
t|<D'Tp |t|<D'Ty

Given any o2 < D, the preceding bound also implies that

sup |(logpp,2)’(t)] < sup | |(logep)”(t)] + |(logpy2)"(t)|
[t|<D'T, [t|<D'Ty,
< D(1+ 0%

<D.
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By Lemma [2] we have that

d
T 1log(T},) < De%
n

[ 1w - pvioP e < pT:
B(Tx)

holds with P probability approaching 1. On this set, when (P, 0?) satisfy the preceding
requirements, we have that

183 (108 92" (¢ Ar) — 93 (108 9po2) (F AR)IE (7, < DE2.

Define the sets

2
(%
Qn = {0'2 ER—F : 0—2 S |:1—i—n€n’a721:|}

N
G, = {(P, 0?0 e Qn/ 2| dP(x) < ne)(logn)? Y " |P(V;) — ps| < 653}.
R -
7j=1

From combining the preceding bounds, it follows that

/ exp ( —nD|p3(log ps,  a2)"(t'Ar) — 7% (log sOP,az)"(t'Ak)\@(Tn)) dvo,c (P, 0%)

> / exp ( —nD|lp3 (logps, a2)"(t'Ax) — 5 (log wp,az)”(t’Ak)H%(Tn)> v, (P, 0”)

n

> exp (- nDe,) / exp ( —nD|¢¥[(log ¢s,, a2)" (' Ax) = (log pp2)" (¢ Ag)] H%m)) Ao, (P, 0?).
For every (P,0?) € G, the preceding bounds also imply that

sup |(log pp,2)"(t) — (log ¢, «2)"(t)]
t|<D'T

< sup |(logpp)"(t) — (log¢s,,)"(t)| + sup |(logp,2)"(t) — (log a2 )" ()]
|t|<D'T \t|<D'T,,
§D€n+D|O'2—042‘

n

< De,,.

Since ||¢%||12< 0o, we obtain that

n

/ exp ( — nD|¥[(1og w5, 03)"(E'Ar) — (log sop,ga”(t'Ak)n@(Tn)) dvo,c(P,0”)

>exp(— nDei)/ dve,c(P,0?).

n
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Define the sets
N
Gos = {(Pr?): 0 €00 S IPV) —pyl < et}
j=1
N
Gna2= {(P, 02) 0% € Qn,/ |Jc|4dP(:U) > nQefL(logn)2 ,Z |P(V;) —pj| < 653}.
R =

Observe that G, = Gy, 1 \ Gn,2. Hence

/ dVoa,G(P,U2) =/ dl/a7g<P,02) —/ dl/mg(P, 02).
gn,l

gn,2

n

For the second term, observe that
/ dve.c(P,0?) < / dve.c(P,0?)
On.2 P: [y l2|*dP(2)>n2e} (log )

<

/ dDP . (P)
P:fR\x|4dP(m)>n26%(log n)?2

< exp(—Dne% log n) ,

where the second inequality is due to v, ¢ being a product measure v, ¢ = DP, ® G and

the third inequality follows from an application of Lemma

For the first term, we have that

dva (P, 0%) = / / (DP.(P)AG(o?).
Gn,1 02 J PN |P(V)—pjl<er

As DP,, is constructed using a Gaussian base measure «, it is straightforward to verify
that infé-\[:1 a(V;) = Ceksd exp(—C'(log egl)Q/X) for universal constants C,C’ > 0. By def-
inition of DPq, (P(V4),...,P(Vy)) ~ Dir(N,a(Vh),...,a(Vx)). As N = D{log(e; ')},
an application of (Ghosal and Van der Vaart} 2017, Lemma G.13) implies

J ,, dDPa(P) = Cexp (= C'(log ) +m121)) — Cexp (— C'log 1))
P3| P(Vy)—pjl <en

> Cexp(—C"né?).

It remains to bound the outer integral. The law of G' = G, is given by Q/c2 where Q ~ L
and L is a probability measure on R that satisfies Assumption [2 By Assumption [2| and

the definition of (a2,02,€2), there exists a universal constant C,C’, C" > 0 such that

/ dG(c?) = / dL(0?) > Cexp (- C'o, %, %) > Cexp(—C"ne%).
0'26Q7L J2EU%QTL
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It follows that

dve,c(P, 02) — / dve (P, 02)

/ dymg(P,az):/
gn gn,l gn,2

> C’exp(—C’”nei) — exp(—Dnei log n)

> exp(—Dnei).

The estimate for the lower bound of the normalizing constant follows from combining all

the preceding bounds.

(1) Next, we establish a preliminary local concentration bound under the prior. Observe that

for any E > 0, we have

n. . WS
/ exp ( = 5137 (QiVy — (log sop,a2)"(t'Ak))||123(Tn>> v, (P2
(Po?)(12% (Q4 Py — (108 0, 2)" (AL I3, >2E€3

< exp (— nEée).

The law of G is given by ¥/02 where ¥ ~ L and L is a probability measure on S‘i that
satisfies Assumption By Assumption [2| it follows that for every E’ > 0, there exists
E > 0 such that

/ dG(c?) = / dL(c%) < exp (— E'né?).
02:|0=2|>Eo2(ne2)1/x 02:|o=2|>E(ne2)l/

As the prior is a product measure v, ¢ = DP,®G and H@%((Q;;ljy—(log opy2)(t'A)) ||12B(Tn)2
0, the preceding bound implies

n. . o
/ exp | = 132(QiPy — (g poe) (VA Er,y ) dvac (P o?)
02:|0—2|>E02(ne2)l/x 2

<

/ dG(c?)
02:|0=2|>E02(ne2)l/x

< exp( — E'ne?).

From combining the preceding bounds, it follows that for any E’ > 0 we can pick E > 0
sufficiently large such that

n, . N 7
/ exp (= SIBQiPy — (08 0p02) (AW i,y ) dac(Po

(Po?)il|8% (QiVy —(log ¢ o ,2)" (' AR)) 112 1, S E€R,
‘0'_2|§E0721(n6%)1/“

>1—exp(— E'né).

(731) We prove the main statement of the theorem. From the bounds derived in steps (i) and
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(11), it follows that for any C” > 0, there exists a M > 0 such that

Vot (H@%((QWY — (1086 po2) (AR 2y < M2, 571 < M202 (e

Zy, Tn)

>1-— exp(—C'nei)

holds with P probability approaching 1.

The (I, k) element of @%((t)ljy(t) is given by
— By (DEL[Y1Yie Y] + B, [Vie YE, [Vie Y].
From this representation and an application of Lemma [2] and [9] we have that
183 QiVy — ¢ Qi Vy lls(r) < Den.

Since Q}Vy (t) = (logpx, )" (t'Ax) and |(log x,)" (' Ak)| < D, an application of Lemma
implies that

1% (log ox)" (' Ax) — 3 QiVy |la(1,) < Den

holds with P probability approaching 1.

From combining the preceding bounds, it follows that for any C’ > 0, there exists a M > 0
such that

Va,G (\@%([(108; ox)" (' Ak) — (log op o2)" (VAL B 7, < M6y, |072] < MPa (nep) V™

Zn, Tn>
>1- exp(—C”neTZl)

holds with P probability approaching 1.

An application of Lemma [2] implies that

52, (t) — 02 (t
sup ‘SOY( )2 ey ( )‘ < DTgC\/logn'
o<t |93 ()] vn

with P probability approaching 1. As the quantity on the right converges to zero, it follows
that

185 ()] = o3 ()] — |85 (1) — o3 (1)| = 5 |3 (t)]

N =

uniformly over the set {||t|lco< T}, }, with P probability approaching 1. It follows that for
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any C’ > 0, there exists a M > 0 such that

Vo,G (\ (log ox,)" (t'Ax) = (log o) (1 A Fr, < MPTo e, o2 ||1< MPay (nep) V™ | 25, Tn)
>1- exp(—C”nei)
holds with P probability approaching 1.
Recall that we use the posterior measure
Vag( | T k,2,) ~Z —E[Z] where Z~voc(.|T,k,2Zy). (92)

Denote the characteristic function of a demeaned Gaussian mixture pp,2 by @p 2. For
"

any distribution we have (logypz)" = (lo _ . From this observation and the
y distribution Z, we have (log¢z)" = (Iog 5 g(z)". From this observation and th

preceding inequalities for v, g, it follows that

U_2| < ]\420721(7%72%)1/N

Vo (H (log px,)"(t'Ax) — (logBp2)" (' An)llg s, < M°T, €, Zn, Tn)

>1- exp(—C”nei)

holds with P probability approaching 1.
Denote the elements of Ay by Ax = (ay,...,ar). Fix any ¢ such that a; # 0. Without
loss of generality, let ¢ = 1 and a; > 0. Consider the change of variables

’
21=UAr, z9=19,...,21 = 1.

The Jacobian of the change of variables (¢1,...,tr) — (21,...,21)is given by J(z1,...,21) =
a;'. Let ¢ = infycp(r,) t'Ax and cy = supyep(r,)t'Ag. It follows that for any non-

negative Borel function f: R — R, we have that
1 v
/ f(t/Ak)dt = ]al\_ (2Tn)d1/ f(zl)dzl.
B(Tn) cr,

In particular, since ¢y > a17Ty, and ¢, < —a1T},, we have ||f|]%(a1Tn)§ DT%_dHf(t/Ak)H]QB(Tn)
for some universal constant D > 0. It follows that for any C’ > 0, there exists a M > 0
such that

072‘ < M?%2%(ne?)V/*

va,a(wlog ox)"() = (1088 p2)" (Vary < MPTHTIE, zn,Tn)

>1-— exp(—C"nei)

holds with P probability approaching 1. Since the Gaussian mixture and the true la-
tent distribution are demeaned, we have (logyx,)'(0) = (log®p,2)'(0) = 0. From the
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Fundemental theorem of calculus and Cauchy-Schwarz, we obtain

|(log ox,,)'(t) — (log Bp,2) (1) = logka)"(S)*(10g¢p,gz)”(5)]d8

< \/E\/TLII (logpx,)"(.) = (log Bp o) ()lB(arT)

for every t € B(a17},). As all characteristic functions satisfy log¢(0) = 0, we similarly

obtain

[(log x,,)'(s) — (log Pp ) (s)]ds

< VarVTall(log x,)'(-) = (10g Ppe) (e )

|log ¢, (t) — log Ppg2(t)| =

for every t € B(a17T,). Furthermore, for every fixed t € R, the mean value theorem implies
that

eStlogwx; (1) +(1=s¢)log®p 2 (1)

[ex.(®) = Pps(®)] < sup | 108 ¢.x, (£) — 1og Pp 2 (¢)]

Ste[o,l}

Since |px, | <1 and ’gp p,02| < 1 (as they are characteristic function of random variables),

the preceding bound reduces to

lox, (1) — Ppo2(t)| < [logpx, (t) —logBp,2(t)|.

From combining all the preceding bounds, it follows that there exists a universal constant
D > 0 such that

lx, = ProB@r) < PTE(log ¢x,)" (1) = (108 Bp02)" (lB(arTs)-
It follows that for any C’ > 0, there exists a M > 0 such that

ua,a(umk FrotlBa < MPT4E, 02| < M0 (ne2) U/

Zn,T>

>1— exp(—C”nei)

holds with P probability approaching 1.

It remains to examine the bias from truncating the L? norm to the set B(a17,). Sup-
pose |o7% < M? o2(ne2)'/* holds. It follows that there exists a ¢ > 0 for which

02 > ¢(ne2)~1/%¢ -2 holds. From the definition of o2, we have T?2(ne2)~'/*¢ -2 < logn.
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It follows that there exists a universal constant C' > 0 such that

(e, = Ppo2) 1t > a1 Tu} |72 < 2llox, 1{[t] > arTu}l 72 +21#p o2 L[t oo> ar T} 72

<2 / lox, (8 dt + 2 / e " dt
[t|>a1Tn [t|>a1 T}

= 2/ ’SDXk(t)Ith + 2/ p—ct?on 2(nea) 1 gy
|t\>a1Tn \t|>a1Tn

2 _—20. 2\—1/k
< D|:Tvn—2p_|_0_;2(,'16721)—1/;ie—C'Tnc77L (ne2)~1/ Trczl_Q )

Since T2(ne2)~/%¢-2 < (log n)(loglogn), the preceding bound reduces to DT}, **. From
combining the preceding bounds, it follows that for every C’ > 0, there exists a M > 0
such that

Vo,G <Hsox — opsllpe< M(TXTE=D2e, 4 TP) ’Z”’ Tn> >1—exp(—C'ne}.).

holds with P probability approaching 1. The claim follows from observing that

(log n) A+2¢+5/2

2s+d—5
n 2(s+2¢)+d

Tﬁ<+(5_d)ei =
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