Redistribution and Investment

Wendy Morrison®

September 8th, 2024

Click here for current version

Abstract

This paper studies the trade-offs associated with income redistribution in an overlapping gen-
erations model in which marginal savings rates increase with permanent income. By transferring
permanent income from high savers to low savers, redistribution lowers aggregate savings, and de-
presses investment in capital. If more capital is welfare improving, the government faces a trade-off
between redistribution and investment which depends on the distribution of marginal propensties
to save. I estimate this distribution using U.S. household panel data, and use my estimates to cal-
ibrate a quantitative overlapping generations model with un-insurable idiosyncratic earnings risk.
I study the effects of a simple labor income redistribution policy in this calibrated model and a
standard model with homogeneous marginal savings rates. The direct effect of the policy on the
permanent income distribution has no effect on capital in a standard model, but a large effect in the
calibrated model. This channel accounts for 23% of the drop in aggregate consumption following
the policy.
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1 Introduction

What is the optimal amount of income redistribution? The existing literature has answered
this question primarily by focusing on trade-offs between greater equity and inefficiencies
introduced by distortionary taxation (Mirrlees 1971, Piketty and Saez 2013a, Werning, 2007).
At the same time, empirical evidence suggests that marginal savings rates increase with
permanent income (Dynan et al., 2004, De Nardi and Fella, 2017, Straub, 2019). This implies
that redistribution may have additional effects on welfare by changing the permanent income
distribution and lowering aggregate savings. In this paper, I explore the consequences of
this savings behavior for the trade-offs associated with income redistribution in overlapping
generations (OLG) models. In particular, I show that when marginal propensities to save
(MPS) out of permanent income increase over the income distribution, an additional trade-off
arises between redistribution and investment.

Intuitively, if lifetime savings increases with permanent income, all permanent redis-
tributive policies — including non-distortionary lump-sum redistribution — will result in a
transfer from households with a high MPS to households with a lower MPS, lowering aggre-
gate savings and putting upward pressure on interest rates in a closed or large open economy
(Straub, 2019, Mian et al., 2020)." This increase in borrowing costs will curb firms’ capital
investment, reducing the productive capacity of the economy. It is this potential trade-off
between permanent income redistribution and optimal capital accumulation that will be the
focus of this paper.”

I make several contributions towards better understanding this trade-off. The first set of
contributions are theoretical. In a simple OLG model, I first present sufficient conditions for
a welfare trade-off between non-distortionary (lump-sum) permanent income redistribution
and capital accumulation in both the short and long run. I show that whether such a
trade-off exists depends both on whether high-income households have higher MPS out of
permanent income, and on the desirability of additional investment.® Intuitively, for there
to be a trade-off, it must both be the case that redistribution dampens investment and that
boosting investment is welfare improving. 1 explore how these conditions change when the
government is given the ability to tax/subsidize capital, make inter-generational transfers,
and issue debt, policies which are well known to alter the savings level.

I show how the size of this channel depends not only on the distribution of MPS out of

' As long as the economy is not a small open economy and the domestic savings supply has some impact
on interest rates.

2As noted in Piketty and Saez (2013b) and Atkinson and Sandmo (1980), this trade-off is conceptually
orthogonal to inefficiency concerns.

3Importantly, the presence of a trade-off does not depend on why high income households have greater
marginal propensities to save.



permanent income — how much more would a rich household save out of a marginal dollar —
but also on the interest rate elasticities of firms and savers. If the interest rate elasticity of
firm investment is low, permanent income redistribution will simply drive up interest rates
with little effect on aggregate capital.* Additionally, if the domestic economy is open and
small relative to the rest of the world, a decline in aggregate domestic savings has little
impact on the total supply of savings available to domestic firms, muting the size of the
redistribution investment trade-off.

The final theoretical point I make, is that when the above sufficient conditions are sat-
isfied, this trade-off applies to all permanent redistribution policies. Using a standard re-
distributive labor income tax as an illustrative case, I decompose the steady state welfare
impact of a small increase in the tax into the benefits of greater equality, the well-understood
efficiency costs of distorted labor supply, and the costs associated with the permanent income
redistribution investment trade-off.

The second contribution of the paper is empirical. I use data from the Panel Study
of Income Dynamics to estimate the distribution of marginal propensities to save out of
permanent income by permanent income quintile. I borrow the techniques use in Dynan et al.
(2004) to estimate household permanent income, but make use of modern PSID consumption
data to directly compute (rather than indirectly impute) household savings. I find that
MPS out of permanent income rise sharply over the distribution, ranging from near 0 for
the bottom income quintile to over .5 for the highest quintile.

With these estimates in hand, I am able to quantify the size of the redistribution in-
vestment channel. I solve a quantitative OLG model with un-insurable idiosyncratic labor
income risk, heterogeneous time preferences, and non-homothetic preferences over savings
and bequests, similar in form to the model in De Nardi and Yang (2014). I calibrate the
baseline model to the United States in 2019 and choose the degree of non-homotheticity and
time preference heterogeneity to target my estimated MPS. I compare the effects of redistri-
bution in this environment to a standard model with homogeneous MPS out of permanent
income. In particular, I study the effect of a simple labor income redistribution scheme, in
which a linear labor income tax is levied to fund a uniform lump-sum transfer.

I first isolate the direct effect of this policy on the permanent income distribution —
before any general equilibrium responses — and consider its effect on capital. In a standard
model, capital is unchanged, while in my baseline calibrated model, the direct effect on a 1
percentage point increase in the linear tax on the permanent income distribution decreases

capital by .8 percentage points. Relative to the total effect of the tax, this channel can

4n Straub (2019) and Mian et al. (2021), an increase in permanent income inequality lowers interest
rates in an economy without capital when savings behavior is non-homothetic.



account for around 20 percent of the decline in aggregate consumption.

Framework and Methodology. I begin by studying a simple closed-economy OLG model
with a possible motive for bequests and two labor productivity types. The model nests several
prominent micro-foundations for marginal propensities to save that increase with permanent
income. In particular both bequests and consumption later in life can be considered luxury
goods (De Nardi, 2004, Mian et al., 2021, Straub, 2019), and high-productivity households
may discount the future less than low-productivity households (De Nardi and Fella, 2017).”

I first consider the impact of lump-sum permanent income redistribution from the high-
productivity households to the low-productivity households on steady state welfare, defined
as the Pareto weighted sum of each type’s lifetime utility. An unconstrained planner who
could choose any feasible allocation would redistribute resources until the Pareto-weighted
marginal utility of consumption was equal across households — the first best level of inequal-
ity. A welfare trade-off exists whenever the optimal redistribution policy for a fiscal policy
maker constrained to using the lump-sum tax results in more inequality than first best.

I find that a long-run trade-off exists whenever MPS out of permanent income are higher
for the high productivity types and when the steady state with the first-best level of inequal-
ity is dynamically efficient. Intuitively, suppose the fiscal authority were to set redistribution
policy to implement the first best level of inequality. If MPS increase with permanent income
and this steady state is dynamically efficient, reducing the amount of redistribution slightly
will improve welfare by boosting savings, investment, and ultimately aggregate consumption.

I then consider the entire transition path, such that welfare is defined as the Pareto
weighted discounted sum of the lifetime utility of all present and future generations. Now,
the planner cares about both the short and long-run. In this case, the presence of a trade-off
depends not only on the sufficient conditions for a long-run (steady state) trade-off, but also
on the rate at which the planner discounts future generations. For a welfare trade-off to
exist, the planner must put sufficiently high weight on future generations for the benefit of
greater future capital to outweigh the costs of more inequality today. Finally, I show that
these sufficient conditions extend to a setting in which the the government has access to
a broader set of fiscal policy tools, including debt, inter-generational transfers, and capital
subsidies.’

Assuming the sufficient conditions derived above are satisfied, a natural question is how

the size of this trade-off depends on other features of the economic environment. I perform

5The simple model does not take into account earnings risk or heterogeneous rates of return. I consider
earnings risk in the quantitative model.

6These tools can be used to alter the savings supply in life cycle models, and could possibly be employed
to offset the effect of changing the permanent income distribution (Diamond, 1965).



several comparative static exercises in the simple model, varying both the substitutability
of capital and labor, as well as the size of the domestic economy relative to the world
economy. As the substitutability of capital changes, both the elasticity of firm investment to
the interest rate and the distributional effects of capital change, both of which determine the
size of my channel. Meanwhile, as the size of the domestic economy shrinks relative to the
rest of the world — and as the interest rate elasticity of foreign savings increases — the size
of the trade-off decreases and the optimal amount of redistribution approaches first-best.

I then estimate the distribution of marginal propensities to save out of permanent in-
come using PSID data starting 1999. Doing so allows me to measure savings directly using
the consumption data introduced that year. I follow Dynan et al. (2004) and use lagged
and future income as proxies for permanent income, and use within-quintile cross sectional
variation to estimate the effect of higher permanent income on savings. I find that MPS
increase from near zero for the first income quintile, to over .5 for the highest quintile.

Finally, in order to quantify the size of my trade-off, I solve a quantitative version of the
simple life-cycle model with idiosyncratic income risk calibrated to the United States econ-
omy in 2019. I calibrate the parameters governing savings behavior to target my estimated
MPS distribution, first using only non-homothetic preferences over lifetime consumption and
bequests, and then in my baseline model, using both non-homothetic preferences and het-
erogeneous discount rates. I consider the same simple policy experiment as in the simple
model: a linear labor income tax that funds a uniform transfer.

I first consider the direct effects of this tax on the permanent income distribution — before
any equilibrium adjustments — on steady state aggregates in 3 environments: A standard
model with homothetic preferences and homogeneous time preferences (and therefore ho-
mogeneous MPS), a model with only non-homothetic preferences, and the baseline model
with both non-homothetic preferences and heterogeneous discount rates. To do so, I con-
struct a set of lump-sum taxes/transfers set equal to the direct effect of the labor income
tax on a household’s permanent income. Doing so allows me to isolate the effect of changing
the permanent income distribution from the effects of the tax on idiosyncratic risk, inter-
generational transfers, and labor supply distortions.

As expected, the change in the permanent income distribution has no effect on capital in
the standard model, as households marginal propensities to save out of permanent income
are homogeneous. However, there is a substantial effect on capital in models with realistic
distributions of MPS. The direct effect of a .5 percentage point increase in the labor income
tax causes capital to fall by .4 percent in both versions of the targeted model. For larger
changes, the effect on capital in the model with only non-homothetic preferences is smaller

than the model with type-dependent time preferences, presumably because as the degree



of redistribution increases, the distribution of MPS compresses more in a model with only
non-homothetic preferences, muting the effect on capital.

Finally, I find that in the baseline model, the direct effect of the change in the permanent
income distribution on capital can account for around 20 percent of the decline in total
aggregate consumption resulting from the tax, suggesting that optimal policy calculations

that ignore this channel may underestimate the costs of redistribution.

Related Literature This paper is related to the substantial literature on redistributive
taxation. In their review of the optimal labor income tax literature, Piketty and Saez (2013a)
note that researchers typically focus on  the classical trade-off between equity and efficiency
which is at the core of the optimal labor income tax problem.” Similarly, Piketty and Saez
(2013b) analyze the optimal inheritance tax through the lens of an equity-efficiency trade-
off, noting that their results are orthogonal to concerns over optimal capital accumulation.”
Werning (2007) considers the equity-efficiency trade-off in a dynamic economy subject to
aggregate shocks.

Golosov et al. (2016) focuses on the trade-offs between efficiency and both equity and
insurance in a model with idiosyncratic household labor income shocks. Heathcote et al.
(2017) focus on the trade-off of between the benefits of equity and insurance and the costs
of labor supply distortions and disincentives to invest in skills. Imrohoroglu et al. (2018)
study the trade-off between greater equity through taxing top earners and entrepreneurial
activity. I depart from much of the literature in considering the non-distortionary effects of
redistributing permanent income on optimal capital accumulation.

This paper is certainly not the first to consider a trade-off between capital accumulation
and taxation (Atkinson and Sandmo 1980; Hamada 1972, Pizzo 2023). However, this paper
is one of only a few that analyze a trade-off between redistribution and capital accumulation
while abstracting away from inefficiency concerns (notably Pestieau and Possen (1978) and
Okuno and Yakita (1981)).

A growing literature studies the effect heterogeneous savings behavior on optimal tax
policy in various settings. Golosov et al. (2013) solve a static model with preference het-
erogeneity. Pestieau and Possen (1978) and Judd (1985) consider a ‘two-class’ model with
capitalists and workers. Sheshinski (1976) considers a model with infinitely lived agents.
Several papers take a Mirrleesian approach (Saez and Stantcheva (2018); Gerritsen et al.
(2020); Schulz (2021)). This literature primarily studies the effect of distortionary taxa-

"Note that if the economy is dynamically efficient, less capital may be sub-optimal for a given set of
Pareto weights, but is not inefficient. That is, one can find Pareto weights such that a lower level of capital
is optimal, namely by weighting current generations more.



tion in infinitely lived models. In this paper, I highlight a new channel through which even
non-distortionary permanent income redistribution impacts welfare in life-cycle models.

This paper also contributes the the empirical literature studying the relationship be-
tween permanent household income and savings. I use the Panel Study of Income Dynamics
(PSID) to estimate marginal propensities to save (MPS) by permanent income type, and find
significantly higher MPS for high income households. These findings echo those of Dynan
et al. (2004), who use the PSID in combination with several other data sets to estimate both
average and marginal savings rates by permanent income group. Relative to this study, I
take advantage of the fact that the PSID added consumption data in 1999 in order to gen-
erate a more straightforward measure of ‘active’ savings. Straub (2019) uses the same data
set to estimate a related statistic: the elasticity of consumption with respect to permanent
income. Using the elasticity of savings implied by his findings in conjunction with estimates
of savings rates by income group, I can generate additional estimates of the MPS and find
that they are very similar to my direct estimates.

Finally, this paper contributes to a small recent literature on the macroeconomic effects of
heterogeneous household savings behavior. Straub (2019) shows that non-homothetic savings
behavior and increased inequality can explain falling interest rates. Blanco and Diz (2021)
study the effects of non-homothetic preferences on optimal monetary policy. Mian et al.
(2021) show how non-homothetic preferences have contributed to increased indebtedness
and dampened aggregate demand in the long run. Doerr et al. (2023) show that because
high-income households save relatively more in stocks and bonds, which increases relative

borrowing costs for bank-dependent firms, lowering their employment share.

Layout. The rest of the paper proceeds as follows. In Section 2, I lay out the baseline
overlapping generations model and establish its key properties. I derive sufficient conditions
for a welfare trade-off between permanent income redistribution and capital accumulation.
In Section 3, I estimate the distribution of marginal propensities to save out of permanent

income. In Section 4, I present the quantitative model and results. Section 5 concludes.

2 The Redistribution-Investment Trade-off

In this section I derive sufficient conditions for the existence of a welfare trade-off between
non-distortionary redistribution and capital accumulation in a simple overlapping genera-
tions model. The model nests several leading micro-foundations for MPS that increase over
the income distribution. To derive the conditions, I consider the problem of a planner who

aims to maximize social welfare, defined as the Pareto weighted sum of household utility. A



planner free to choose any feasible allocation would allocate resources between households to
generate an ideal (first best) level of equality. On the other hand, a constrained fiscal planner
faces a trade-off between lump-sum redistribution and capital accumulation whenever it is
optimal for fiscal policy to tolerate more inequality than the ideal level. 1 characterize this
trade-off in both the short and long run, show how key features of the economic environment
determine its size, and show how it impacts the welfare costs of a more realistic distortionary

labor income tax.

2.1 Environment

I begin with a variant of the canonical 2-generation overlapping generations closed-economy
model with fixed exogenous labor supply. Time is discrete. Agents have perfect foresight

over future variables and there is no uncertainty.

Households. There is a unit mass of households who each live for 2 periods, j € {y,o0}
and have heterogeneous labor productivity types, ; for i € {L, H} where 6, < 0. There
is a constant fraction, m; of each productivity type with an equal share, m; = 1/2 of each
generation (no population growth). While young, households supply a single unit of labor to
firms and receive w;#; in labor income. The weighted sum of labor productivity is normalized
to 1. Households can borrow and save at gross rate of return R; and may leave bequests
a;y to households with the same productivity type in the next period. Households born at
time t receive R:af, ; in inheritance when they are young. Capital depreciates at rate 9.
Households also receive a type-specific lump-sum tax(transfer) T;; when young. A type-i

household born in year t has lifetime utility given by equation (1).

AW () (@)
U Cy,CQ ,CL(-) — ( it + B it+1 + 1, it+1 1
(zt it+1 zt+1) 1_0_y 6 1_0_0 w 1+7] ( )
Note that the discount factor, 8; may be type-specific and that the parameters o, 0,, and 7,
which govern the elasticity of inter-temporal substitution and bequests, may differ from one
another. Households choose consumption when young and old and bequests to maximize (1)

subject to their lifetime budget constraint:

y | G T % 0
C’it + ’ - Rtaitfl + wtel + Et = P[’Lt (2)
Ry

[ define the right hand side of equation (2) as the household’s permanent income, PI;. Let

a household’s change in assets, a{ — ag;_ll = 5{ , their savings at age j. Note that when ¢, = 0



households do not leave bequests and s = af.

Firms. There is a continuum of perfectly competitive firms who rent capital and labor from
households and produce output in order to maximize profit subject to a constant elasticity

of substitution production function (3).

F(K;, L) = <ozKK7 + ong)i (3)

Government. The government runs a balanced budget each period. The transfer T}
is defined in terms of each generation’s lifetime income. The government cannot make net
transfers between living generations, and can only transfer resources between household types
in the same generation. I consider the case of a government with access to inter-generational
transfers and debt policy in the next section. The government budget constraint is given by

the following expression.

> wiliy =0

el

Equilibrium. I define an allocation A = {{c},, % }icr, Ki}i>0- An equilibrium, X is an
allocation, a sequences of financial positions, {a$,, a, }icr >0 a sequence of prices, { Ry, w; }+>o,
and policies T' = {1+, Tt }+>0 such that the household first order conditions and budget
constraint, the firms’ first order conditions, and the government’s budget constraint are
satisfied, the labor market clears (L, = 1), and the resource constraint (4) and asset market

clearing condition (5) are satisfied.
Zﬁij(c?t + ) + K = F(K, 1) + (1 - 0) Ky (4)
T

Ky = Z Tij (a5, + a3y) (5)
I

I define the set of all feasible allocations, X7/ as the set of allocations that satisfy the resource
constraint (4). T define the set of all implementable allocations, X’ as the set of allocations
for which prices and policies exist that implement all A € X7 as an equilibrium. When policy
is held constant, the economy converges monotonically to the unique steady state. Let X7
denote the set of all feasible steady state allocations and X! be the set of all implementable

steady state allocations.



Discussion of preferences. The parameters o, 0,, and 1 govern the elasticity of substitu-
tion between consumption over the life-cycle and bequests. I make the following assumption

about these parameters and the discount factor, j;.
Assumption. I assume that o, > 0, > 7 and that 8y > By.

The above assumption allows for the possibility that households with higher incomes have a
higher propensity to save out of their lifetime income. When any of the above inequalities are

strict, as long as the high productivity types have higher permanent income, the marginal
as%t

v 9Py 1S

propensity to save out of permanent income for high-productivity type households
greater than for low-productivity households at both ages.

When all elasticity parameters are equal and discount factors are uniform across types,
the marginal propensity to save out of permanent income is constant over types. In this case,
any lump-sum transfer from the high-types to the low-types has no affect on aggregate savings
or the interest rate. Therefore, the steady state capital stock is unaffected by fiscal policy.
When the marginal propensity to save is higher for high-permanent-income households, a
greater lump-sum transfer to the low types, 17 reduces aggregate savings. This puts upward
pressure on the steady state interest rate R and reduces steady state capital, K. These

results are summarized in the following Lemma.

Lemma 1 If either oy > 0, or Bg > B, and Plyg, > Ply,, the marginal propensity to save
as%t 85%

out of permanent income is higher for high-productivity types, T ey

If Yo > 0, and either o, > o, or Bg > By or o, > n, and Plg, > Py, the marginal

propensity to save out of permanent income higher for high-productivity types ai;if’;t ;;—;L;
for j € (y,0).

For a proof, see Appendiz A.1.

Lemma 1 shows that this simple life-cycle model nests several major explanations for
non-homothetic savings behavior. When o, > o,, consumption later in life is considered
a luxury, and households consume a greater share in the second period as their lifetime
income increases (Straub, 2019).® Whenever o, > 7, leaving bequests is a luxury good,
and households leave larger bequests as their lifetime income increases (De Nardi, 2004,
Straub, 2019, Mian et al., 2021). Finally, I allow for the possibility that high-productivity

8For example, more lavish retirements, private school for children, and out-of-pocket medical expenses
are all luxury goods purchased later in life.



households are simply more patient, which may explain some of the observed differences in
savings rates over the income distribution (De Nardi and Fella, 2017). Such type dependent
preferences can capture other type-dependent channels — for example, entrepreneurial talent

— in a simple way.

2.2 Redistribution and Steady State Welfare

I begin by considering the effect of an incremental change in steady state transfers to the
low-productivity households, 77, on steady state social welfare. Consider a social planner
with Pareto weights \; for each household type. Define steady state social welfare as in

equation (6).

(@ @5 ()
SW, = ; Am( - 1 o (1 s ﬁiwalz—n) (6)
The product A;(c!)~7 reflects the marginal value from the planner’s perspective of giving
additional resources to a type-i household.” For a given set of Pareto weights, as the con-
sumption of type-i households falls, their marginal utility of consumption, and therefore
their welfare weight increases. For a given allocation therefore, the ratio between the wel-
fare weights of the two household types characterizes the degree of inequality. I make the

following assumption about the Pareto weights.
Assumption. I assume that \g > Ap.

By assuming that the Pareto weights assigned to the high-productivity households are
always higher, I ensure that the planner will never prefer allocations in which the low-
productivity types consume more than the high-productivity types, and therefore that the
permanent income and the marginal propensity to save for the high types will always be
higher than that of the low types. I define the unconstrained first-best steady state allocation,

AY and the optimal constrained steady state allocation, A?¥.

Definition. Define the optimal unconstrained steady state allocation, A% = {{c/", ¢?"}icr, K"}

= argmax SWj and the optimal constrained allocation, A* = {{c/", ¢?"}icr, K"} = argmax SW.

Aexd Aext

9Note that in equilibrium, the households’ inter-temporal conditions ensure that this term is proportional
to the change in welfare of type-i households receiving additional consumption when old or being able to
leave greater bequests.
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The optimal unconstrained allocation is the allocation that maximizes steady state social
welfare subject to the allocation satisfying the resource constraint (feasibility). The optimal
constrained allocation maximizes steady state social welfare subject to implementability.
That is, there must exist prices, financial positions, and a policy that implement this al-
location as a competitive equilibrium. The ratio of the marginal utility of the two types

characterizes the degree of inequality for a particular allocation.

Lemma 2 (First best inequality) In the unconstrained first best steady state allocation, AY,

inequality is given by (7).

_ 2" 7
(cyu)_o-y )\L ( )
For a proof, see Appendiz A.2.

Lemma 2 says that the unconstrained planner will choose an allocation that sets the marginal
social welfare benefit of redistributing to the low-type equal to the cost of redistributing away
from the high type. If the ratio of the marginal utilities for a given allocation is higher than
this ratio — that is the marginal utility of the low types is relatively higher — this implies a
greater level of inequality.

How does inequality in the constrained optimum differ from the first best allocation?
To build intuition, it is helpful to first examine how a small increase in the lump-sum
transfer from high-types to low types affect steady state welfare. First, the transfer affects
welfare directly by shifting resources between households with different welfare weights. If
A(c])? > Ag(cy;)?, this direct effect of the policy will be positive. Second, if ¢, > 0 and
households have a bequest motive, the redistribution will equalize the bequest distribution
as well, further increasing the lifetime resources of the low-productivity households. Finally,
the policy may change the steady state level of aggregate capital, which in turn would affect
welfare by increasing the total level of bequests, and through general equilibrium effects on

household income. These results are summarized in Lemma 3.

11



Lemma 3 (Welfare impact of redistribution)
Denote Kpy as the semi-elasticity of the steady state capital stock to the amount of lump-sum

redistribution, %%. Define w; = N\i(c?)~7 fori e I.

The steady state change in social welfare, dSW from a small increase in Ty, is:

1 1
dSWs = Z Wiwidﬂ + RK§ Z szldl“f + <§ Z Wiwia?R + U)L@U)K> Kp[
1 1 1

[\ J/ [\ J/ N J/

-~

Vv Vv
Direct Effect Bequest Distribution Change in Capital

Here, © =), wim; <MLQ" — (;iz + %?)), and T'% denotes type-i household bequest’s share of

total capital.

For a proof, see Appendiz A.3.5.

Lemma 3 says that the total effect of the transfer can be decomposed into the direct effect,
the effect on the distribution of bequests, and the effect of changing the aggregate level of
capital.!’ The change in steady state capital affects welfare in two ways. First, through the
effect of a change in capital on factor prices, and second, whenever 1, > 0, through changes
in aggregate bequests left. The welfare impact of the change in factor prices is summarized
by the term ©. What the total effect of these changes are on aggregate welfare depends on
whether © is positive, which in turn depends both on the the rate of return, R at the current
steady state and on the current steady state distribution of capital and labor income.

When the steady state gross rate of return, R > 1, the steady state is dynamically
efficient, and more capital increases average consumption. Furthermore, when savings rates
are increasing in permanent income, high-productivity households have a greater share of
aggregate capital income than aggregate labor income. Therefore, if the welfare weight of the
low-productivity households is higher than that of the high productivity households, when
R > 1 and savings rates increase with permanent income, an increase in capital improves
welfare (© > 0) by both increasing average consumption and by increasing wage income
relative to capital income, disproportionately benefiting low-income households.

Whether the planner faces a redistribution-investment trade-off depends on the welfare
impact of additional capital at the steady state associated with the first best level of in-

equality. At this steady state, the direct benefit of redistributing resources from the high

10Note that this result relies on a standard application of the envelope theorem. Households are already
optimizing with respect to bequests and therefore the policy has no first order effect on utility associated
with bequests.

12



to the low types has been exhausted. That is, the economy is at the ideal level of equality.
A small reduction in the amount of redistribution would therefore have no direct effect on
steady state social welfare. If MPS out of permanent income are higher for high-types and
additional capital at this steady state would increase welfare (© > 0), the planner could im-
prove welfare by reducing the degree of redistribution and tolerating a slightly higher level

of inequality. Proposition 1 summarizes this result.

Proposition 1 (Redistribution-Investment Trade-off)
Let K be the steady state level of capital at the equilibrium, X¢ with first-best equality such that

(C?f): =21 Let A* = {{cV", ¢%*}ier, K*} be the constrained optimal steady state allocation.
(CL) AL S () ()

Yy

(1)1 80 = B o= 00 =, then G = 20

(2) If Fx(K) > § and either (a) By > Br, or (b) 0, > 0, and A\g > Ap, or (¢) 0, > 1, P, > 0,
and g > A, then (cp)7

Ag
(@7 =

AL ”

For a proof, see Appendiz A.35.

Proposition 1 states that when MPS are uniform, the degree of inequality in the con-
strained optimal allocation is identical to first-best. Intuitively, redistribution has no effect
on aggregate capital in this case, and the planner faces no trade-off between additional redis-
tribution and capital accumulation. However, when the high types have higher MPS at the
allocation with first-best equality, and the steady state corresponding to the first best level
of inequality is dynamically efficient, the constrained optimal level of inequality is greater
than first best.

To see why, suppose that the government were to use 77, to implement the first-best
level of inequality. Because the choice of redistribution policy pins down the level of steady

state capital, it may be the case that the marginal product of this level of capital, Fi(K)
is higher than the depreciation rate.'' In this case, reducing 77 would boost the capital
stock and increase average consumption. At the same time, the resulting small increase in
inequality would have no direct impact on welfare, as the economy is currently optimizing
with respect to the inequality level. Therefore, implementing the first-best level of inequality
is not optimal, and the planner should reduce T}, until the costs of greater inequality equal

the benefit of additional capital.

"Note that unconstrained the first-best level is the Golden Rule capital stock, in which Fx (K) = 6.
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2.3 Comparative Statics

While the conditions outlined above are sufficient for the existence of a trade-off between
non-distortionary permanent income and investment, the size of the trade-off — how much
equality should the constrained planner sacrifice — depends on features of economic environ-
ment. In particular, it depends on both the interest rate elasticity of firms and of savers.
Intuitively, suppose the savings supply contracts in response to redistribution and borrowing
costs rise, but firm investment is inelastic to the interest rate. In this case, the welfare cost of
redistribution will be muted, implying greater equality at the optimal allocation. Similarly, if
savings are highly elastic to the interest rate, then as interest rates rise in response to redistri-
bution, redistribution may simply crowd in household savings and crowd out household debt
rather than curbing capital investment. In this case, the size of the redistribution-investment

trade-off also shrinks. The following exercises illustrate these ideas.

2.3.1 Capital-Labor Substitutability

Recall that firms produce using a CES production function with elasticity parameter v €
(—o00,1). As « approaches —oo, capital and labor becomes perfect complements, and as
approaches 1, they become perfect substitutes. Varying « affects the size of the trade-off by
varying firm’s interest rate elasticity of capital as well as the distributional effects of a higher

capital stock. Proposition 2 summarizes this result.

Proposition 2 Let K be the steady state level of capital at the equilibrium, X¢ with first-best
equality such that ()7 _ i—fz Let Ax = {{c!", ¢ }icr, K*} be the constrained optimal steady

) i 0

state allocation.

If Fg(K) > & and either (a) By > B or (b) 0, > 0, and \g > A;, or (c) o, > 1 and

Y*\o
Ag > Ap, then % — i{—i’ > 0 and is mazimized at some vy € (—o0, 1).
L

For a proof, see Appendiz A.5.

Intuitively, as the production function approaches perfect complements, firms’ interest
rate elasticity approaches 0. Instead of crowding out capital, redistribution simply pushes
up the equilibrium interest rate, crowding in household savings to maintain firms’ original
capital stock. The cost of redistribution declines as a result, implying greater equality in
the constrained optimum. As v — 1, firms becomes more responsive to higher borrowing
costs, and redistribution crowds out more capital. However, the elasticity of wages to capital
declines, lessening the distributional benefits of additional capital. These two countervailing

forces imply that the welfare costs of redistribution are maximized at some v € (00, 1).
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2.3.2 Open Economy

How does the size of the trade-off change when the domestic economy is open to foreign
savings? Suppose the size of the domestic population were scaled by p > 1, so that the
measure of type-i age-j households = m;;/p. Let the measure of the foreign population,
7/ = (p — 1)/p. 1 define the domestic asset demand from foreigners, a/(R) and assume
a constant interest rate elasticity, aé. The size of the redistribution-investment trade-off
depends on both the scale of the domestic population, as well as the interest rate elasticity

of foreign households.

Proposition 3 (Open Economy) Let K be the steady state level of capital at the equilib-
rium, X¢ with first-best equality such that (cg)” _ ’/\\—IZ Let Af = {{cV", & }icr, K*} be the

e i 06

constrained optimal steady state allocation.

If Fx(K) > & and either (a) By > B or (b) 0, > 0, and Ay > g, or (c) o, > 1 and

Ag > A, then EZ%—;Z — ’/\\—;’ > 0 and decreasing in p and aé.

For a proof, see Appendiz A.J.

Intuitively, as p approaches oo, we approach the small economy limit. In this case, the
supply of domestic savings makes up such a small share of the savings available to firms,
that a decrease in aggregate savings following additional redistribution will have no affect
on the domestic capital stock. Similarly, as the interest rate elasticity of foreign households
increases, an increase the interest rate following additional redistribution will crowd in foreign

savings and mute the effect on investment.

2.4 Redistribution and Welfare Along the Transition

To see how taking into account short run welfare affects the trade-off, I consider the problem
of a social planner who weights each household type with Pareto weights, A\; and discounts
generations at constant rate, v. Here, social welfare is defined as the infinite Pareto-weighted

discounted sum of the lifetime utility of all households as in equation (8).

_ Y - o (ch) = -1 .(Cft)ligo -1 (ag)'"
SW(I)—;WZAz;V (—1_% +v @—1_00 + Biv ", T (8)

I characterize a second set of sufficient conditions for the existence of a redistribution-
investment trade-off analogous to the one presented the previous section. That is, I out-

line conditions under which the optimal redistribution policy results in a level of intra-
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generational inequality that is greater than first best. As in the previous section, whether it
is optimal for fiscal policy to implement the first best level of intra-generational inequality
depends on the distribution of MPS out of permanent income, and on whether the steady
state associated with the first-best level of inequality is dynamically efficient. However, now
the existence of a trade-off also depends on the rate at which the planner discounts the

future. These results are summarized in Proposition 4.

Proposition 4 (Redistribution investment trade-off in the short run)

Let K be the steady state level of capital at the equilibrium, X¢ with first-best equality such

that ((CC%))Z = ’;—}L’ Let A* = {{c}}", ¢ Vier, K11 his0 be the constrained optimal allocation given
v >

the wnitial capital stock, K.

(1) If B, = By and 0, = 0, =1, then ((C;I;”)): = ’/\\—IL{ for allt > 0.
Lt

(2) If Fx(K) > § and either (a) By > Br or (b) 0, > 0, and Ay > A, or (c) o, > n and
Ay > Ap, then there exists a v € (0,1) and 7 > 0 such that if v > D, ((i%%)):

Lt
t>0.

Al
> S for some

For a proof, see Appendix A.0

Proposition 4 states that when MPS are uniform, the optimal allocation features the
first-best level of inequality at every time horizon. Intuitively, because redistribution has
no effect on capital accumulation, the planner faces no trade-off between redistribution and
investment, and therefore it is optimal to simply use redistribution to achieve the first-best
level of equality in every period. However, when the high types have higher MPS out of
permanent income at the steady state corresponding to the first best level of inequality, and
this steady state is dynamically efficient, then as long as the planner puts sufficiently high
weight on future generations, a trade-off exists between permanent income redistribution and
investment, and the first best level of inequality is not optimal.

To see why, again consider a government who sets T, every period in order to achieve
the first-best path of inequality for all ¢ > 0. Such a policy pins down a particular path
for capital, {K;}:>1. No matter the level of initial capital, Ky, by setting such a policy,
the planner ensures that K; will eventually converge to K, the steady state level of capital
associated with the first best level of equality. If this level of capital is dynamically efficient,
then as K, approaches K, K, will eventually become dynamically efficient for all ¢t > 7. T},
has been set to achieve optimal equality at time t, but because the high types have higher

MPS, reducing T}, today will increase the entire future path of capital, and increase average
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consumption, C; for all t > 7. So long as the planner does not discount the future too heavily,
the marginal benefit of additional future capital will outweigh the costs of higher inequality
and lower aggregate consumption today, and the first-best level of inequality is not optimal
at all horizons.

Intuitively, the planner can use redistribution policy in order to target a future path for
capital. When deciding whether to increase savings to boost the future capital stock, they
must weigh the benefits against the costs of greater inequality today. As long as capital is
guaranteed to produce greater aggregate consumption in the future and the weight put on
future generations is sufficiently large, a trade-off emerges and optimal policy will implement
higher-than-first best levels of inequality in order to boost the future capital stock at some

point.

2.5 Redistribution with More Fiscal Policy Tools

In the previous 2 subsections, when high-income households had higher MPS out of perma-
nent income, a trade-off emerged between redistribution and capital accumulation because
the income distribution was the single tool available to alter the savings level. In reality,
governments have many fiscal tools available that allow them to alter the level of savings,
including debt management, inter-generational transfers, and capital taxes/subsidies. In this
section, I show how the sufficient conditions needed for an redistribution-investment trade-off

along the transition change when the government has access to a larger set of policy tools.

Government. Suppose the government can now issue age-specific lump-sum taxes(transfers),

T;; in addition to type-specific lump-sum taxes(transfers), T;;. The government can also tax

or subsidize capital directly, 7k, and borrow at the prevailing interest rate. The government’s

per-period budget constraint is given by Equation (9).

Z mili + Z T + T R Ky = Ry By — By 9)
T A

Crucially, the government also faces a set of political constraints. Equation (10) implies that
the government cannot redistribute lump-sum from the current old to the current young.

Equation (11) says that the government can issue debt but cannot invest directly.

Ty >02>T, (10)
0> B, (11)

I adopt these assumptions for their realism. To my knowledge no scheme to redistribute
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directly from the current old to the current young — essentially reverse pay-as-you-go social
security — exists. The few permanent government surpluses we observe in the data tend to
be the result of state-owned natural resources rather than fiscal policy. If these restrictions
are relaxed, and the government had a complete set of policy tools, I show below that they

can implement the first best allocation and there is no trade-off.

Households. Households are identical to those in the previous section. For simplicity, we
begin by considering the case without bequests in which v, = 0. Household utility is still
given by equation (1), however given the new fiscal policy, the type-i households’ lifetime

budget constraint is now given by the following.

(0]
Cit+1

==
! Rt+1(1 - TKt)

+ Ty + Ty,

Equilibrium. An equilibrium, X is again defined as an allocation, A, a sequence of prices,
{R:, wi}e>0, and policies k = {Trs, The, Tyt, Tor, Bt }+>0 such that the household first order
conditions, the firms’ first order conditions, and the government’s budget constraint (9) are
satisfied, the labor market clears (L, = 1), and the resource constraint (4) and asset market
clearing condition (5) are satisfied. I again define the set of all feasible allocations, X and
the set of all implementable allocations, X! as before.

As in the previous section, when MPS out of permanent income grow over the income
distribution, redistribution decreases steady state capital, as resources are transferred from
those with a high propensity to save to those with a lower propensity. However, now the
fiscal planner has additional tools to influence the savings rate. A well known feature of over-
lapping generations models is the ability of fiscal policy that transfers resources from the
current young to the current old to change the savings supply (Diamond 1965; Samuelson
1975). Both pay-as-you-go social security schemes and debt transfer resources from the
saving young to the non-saving old, resulting in a lower capital stock. These results are

presented in Lemma 4.

Lemma 4 (Debt and Social Security Lower Savings)
When 1, = 0, for a given set of policies, Ty, Tri, Tie, Steady state capital, K is decreasing

in steady state inter-generational transfers, T, — T, and steady state debt, B,.

A proof of 4 can be found in Appendiz ?7.

Lemma 4 implies that once the fiscal planner’s political constraints bind, they can no longer

rely on debt management or inter-generational transfers to increase the capital stock, and
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must trade-off the benefits of equality against the cost of lower future capital accumulation
and distortions associated with a capital tax/subsidy. However, when the political con-
straints do not bind the planner has all the tools needed to achieve the optimal amount of
capital accumulation while also achieving the first best level of inequality. Therefore, the
presence of a redistribution-capital accumulation trade-off now depends on whether savings
behavior is non-homothetic and on whether the steady state with the first best level of in-
equality, no capital tax, and binding political constraints is dynamically efficient. If so, then
for sufficiently high v, the optimal redistribution policy will result in a higher than first-best

level of inequality. These results are summarized in Proposition 5.

Proposition 5 Assume 1, = 0. Let K be the steady state level of capital at the equilibrium,

Y \o
X¢ with first-best equality such that ((CCyL))U = i—’;, Tk = 0 and binding political constraints. Let
L

A* = {{c, ¢ Yier, K1 b0 be the constrained optimal allocation given the initial capital
stock, K.

(1) If B = By and o, = 0, =1, then ((f’;“)):
Lt

:’/\\—fforalltZO.

(2) If Fx(K) > § and either (a) By > Br or (b) 0, > 0, and Ay > A, or (c) o, > n and

Ay > Ap, then there exists a v € (0,1) and 7 > 0 such that if v > D, ((CC%I—:)): > ’;—fLI for some
Lt

t>0.

For a proof, see Appendix A.7.

To see why, consider a hypothetical steady state in which 74; = 0, Ty, and Ty, are set
to implement the first-best level of intra-generational equality, and both political constraints
bind. That is, Ty = Tty = 0 and By = B for all t > 0. This set of policies is associated
with a unique steady state level of capital, K. If K is greater than or equal to the modified
golden rule (first-best) level of capital, then the planner can use debt or transfers from the
young to the old to lower the capital stock, while using 77, and Ty; to achieve the first best
level of inequality.

If instead Fi(K) > 6 and the steady state is dynamically efficient, then if debt, inter-
generational transfers, and 7x; remain unchanged, K; will eventually converge to K and
the economy will eventually become dynamically efficient. That is, there exists some future
period 7 such that for all ¢ > 7, increasing capital increases aggregate consumption. If future
generations are given sufficient weight —as v — 1, the welfare impact of this additional capital
outweighs the costs of reduced consumption and greater inequality today. In this case, the

planner will choose to keep inter-generational transfers and debt at their constrained level, so
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as to not further reduce the investment rate. They will set intra-generational redistribution
policy and capital subsidies so that the benefits of capital to future generations equals the
cost of deviating from the first best level of equality and the distortions created by the capital

tax.

2.6 Labor Income Redistribution

As alluded to in the introduction, the trade-off between permanent income redistribution
and investment will apply to any redistributive policy that affects permanent income. I
consider a simple labor income redistribution scheme as an illustrative case, and make the

following small modifications to the simple model.

Households. Households’ labor supply is now endogenous and supplied only in the first
period of life. Type-i households choose ¢;; and receive (1 — 1,)wily0; in after-tax labor
income while young and are retired when old. As in the previous section, households can
borrow or save each period with gross rate of return R;;;. For simplicity, I consider the
version of the model without bequests (¢, = 0), however none of the results presented below
depend on this assumption. Household lifetime utility is now given by equation (12).
(cg)' ™ ()™

Y\1-oy
(czt) + 51 o (12>
1—o, 1—o0, 1+~

u(ﬁt? iy lir) =

In addition to paying labor income taxes, households receive a uniform lump-sum transfer,

T. The type-i households’ lifetime budget constraint is given equation (13).

c?
ch+ 5 = (L= mw)wibily + T = PI (13)
t+1

Government. The government runs a balanced budget each period and can fund lump-sum

transfers using linear taxes on labor income, 7;.
E mil; = E T (wtgiteﬂ-ﬁ)
el i€l

Equilibrium. An equilibrium is a sequence of quantities, {{c%, a% }icr nen, K¢, Lt }+>0, prices,
{Ry, w}, and policies {T', 7,} such that the household first order conditions, the firms’ first
order conditions and the government’s budget constraint are satisfied, the labor market

clears, and the goods and asset markets clear.
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Again defining steady state social welfare as the Pareto weighted sum of household util-
ity, I consider the incremental impact on steady state welfare of a small budget-balancing
increasing in the uniform lump-sum transfer, d7', funded by a small increase in the labor
income tax, d7,. I show that the welfare effect this change in fiscal policy can be decomposed
into the direct effects of redistributing labor income from those with higher-than-average
labor income to those with lower-than average, the effects of distorted labor supply, and the

non-homothetic savings channel. This decomposition is presented in theoremion 6.

Proposition 6 (Effect of labor income redistribution on steady stare welfare) Define ©, wg
as in Lemma 2, and let wy be the labor elasticity of the wage. Define Kp; as the semi-
elasticity of capital to the direct effects of the tax and L., is the labor supply semi-elasticity
with respect to 1. Let w; = N\i(c!)~v. Then the impact of an incremental increase in 7, on

social welfare is:

dSW = Z wimi(wL — whil;)dr, + wL(© + m)wg Kpy
I

Direct Effect of Redistribution Direct Effect of NH Savings
Te
wL(© + )| wr, + L., +wL(®+1)(L+K)
©O+7 o g
h .7 Feedback E,
Direct Effect of Labor Distortion eedback Effects

Where L and K are defined as in equation (A.19) and (A.22).

For a proof, see Appendiz A.S.

Like lump-sum redistribution, the labor income tax affects social welfare directly by trans-
ferring lifetime income between households with potentially different social welfare weights,
w;. Now however, because labor is endogenous, the redistribution policy also distorts the

aggregate labor supply, which lowers taxable labor income directly and indirectly through
J

. ey . o Bs] . .
changes in the equilibrium wage. When marginal propensities to save, 3 ;It co-varies with
K3

labor productivity, an additional welfare channel emerges that is proportional to Kpy, the

semi-elasticity of steady state capital to the direct effect of the redistribution on the perma-
nent income distribution.

Finally, the policy impacts welfare through interaction between the latter two channels.
The distortion of labor supply caused by 7, impacts firms’ incentives to invest in capital and
households’ incentive and ability to save. These effects are captured in the term K. At the
same time, the decline in capital affects firms’ labor demand and households’ incentives to

work. These effects are summarized in the term L.
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3 Estimating Marginal Propensities to Save

In this subsection, I estimate the distribution of marginal propensities to save out of perma-
nent labor income flows and each households tax burden using data from the Panel Survey
of Income Dynamics (PSID). This term requires estimates of the lifetime average marginal
propensity to save (MPS) out of annual permanent income flow for each labor-productivity
type, as well as the difference between average annual labor income and annual labor income
for each age-productivity group. Estimating the latter is straightforward using labor income
data.

Both Straub (2019) and Dynan et al. (2004) (henceforth DSZ) use the PSID to explore
the relationship between savings behavior and permanent income. Straub (2019) uses con-
sumption data beginning in 1999 to estimate the elasticity of consumption to permanent
income. These estimates can be used to generate an implied savings elasticity.'> While this
is not the statistic in my formula, in principle, these implied savings elasticities could be
combined with savings rates out of permanent income by permanent income type to gen-
erate marginal propensities to save. I report the results of combining this implied savings
elasticity with my own estimates of savings out of permanent income.

DSZ use the PSID to estimate the marginal propensity to save out of permanent income
by permanent income type in 2 ways. First, they use variation in the cross section and
simply divide the change in median savings rates between income quintiles by the change
in median income to trace out a marginal savings schedule. Second, they use time-series
variation and regress the change in average individual household savings between an earlier
and later sample on the change in household income. Their cross sectional MPS estimates
use a change-of-wealth savings measure, which includes capital gains and therefore may not
accurately reflect the supply of loanable funds available to firms (Gale and Potter, 2002).
They provide time-series estimates for both the change-of-wealth measure and an ‘active’
savings measure corresponding to the change in wealth minus capital gains, corrected for
inflation and reporting error.

I follow DSZ and exploit cross-sectional differences in permanent income. However, my
approach differs from theirs in that I use variation in permanent income within a permanent
income quintile rather than across permanent income quintiles, as my formula calls for the
within-group MPS. Furthermore, I use a more direct measure of active savings: income less
consumption (Y;; — Cy). The reason they were unable to consider a more straightforward
income less consumption measure of active savings is that consumption data did not appear

in the PSID until 1999. Thankfully, the introduction of a set of consumption questions into

12For example, a consumption elasticity of .7 implies an approximate savings elasticity of 1.3.
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the survey in 1999, and an additional set in 2005, means that it is possible to observe both
many years of a household’s active savings — measured simply as income less consumption —

as well as many years of past and future income.

Ds; wL—wGZhK?
apr; and —— 7

permanent labor income quintiles. I do not observe permanent labor income in the data, and

Empirical Strategy. To estimate , I first define productivity types as
therefore must estimate it. I provide detail on this estimation procedure below. I measure
the savings of household j at time t (who is type-i, age-h), Sp;+ as current total income less
consumption and taxes. This measures so called ‘active’ savings — as opposed to changes
in total wealth — which is the closest analog to s; in the model and captures the change in
loanable funds available to firms.!® With an estimate for permanent income, PI ij¢ in hand,

I estimate a quintile’s average MPS using the following equation for each quintile.
Shijt = Boi + BuPLije + Xhije + €nije (14)

Here, Xp;;: is a vector of controls, €y;;; is an error term, and [y, is a constant. The estimated
coeflicient Bli can be used as the estimate of ;TSZ-

This strategy identifies MPS out of permanent income using within quintile cross-sectional
variation. For this specification to be valid, it must be the case that there is no third factor
driving both household permanent income and savings behavior. An obvious candidate of
such a factor would be age, and I include the age of the household’s reference person in the
set of controls Xp,;;. Similarly, general macroeconomic conditions over a household’s sample
would affect both my estimate of their permanent income as well as their savings behavior.
To address this I also include average annual labor income at year t.

Other factors such as lifestyle or innate preferences could also impact both savings and
permanent income. In a second set of regressions I add additional household level controls
for the reference person’s education, martial status, and family size to attempt to capture
these factors.

In the data, I only observe a household’s total annual labor income flow, and cannot di-
rectly observe what fraction of their current income reflects permanent rather than transitory
income. Furthermore, because current income is used to construct my measure of current
savings, any measurement error in current income will bias my estimate of the marginal
propensity to save. To deal with these issues, I follow DSZ and use both lagged labor income

and future labor income as a proxy for a household’s permanent labor income flow. Let Y,,;;

I3Measuring savings as changes in total wealth include capital gains. If the value of a household’s assets,
in particular their house, appreciates, this would increase total wealth but would not reflect new resources
available for investment.
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be the average labor income of household j for a sample of four years prior to(after) the start
of their sample.'* For a sample sufficiently far in the past(future) and for a sufficiently low
persistence transitory income process, Y,;; should be correlated only with the permanent
component of Y. I regress current after-tax labor income on lagged(future) income and
an age group dummy variable as in equation (15), and use the fitted values B, and B, to

predict PI hijt-

Yhz‘jt = Bo + B1Ypi; + Balage Group + €hijt (15)

Because the dataset is not balanced across age, for both measures of permanent income I
calculate the permanent income quintile for each age separately. That is, household j is put
in quintile i if their estimated permanent income is in the ith quintile for their age group.
All regressions control for age group and average annual labor income in year t. I run an
additional set with controls for household characteristics including marital status, family
size, and education of the response person. PSID sample weights are used in all regressions

and summary statistics, and robust standard errors are used to correct for heteroskedasticity.

The Data. The PSID is a longitudinal household survey which began in 1968. The survey
was conducted annually until 1997, at which point it became bi-annual. In 1999, the survey
added a large group of questions about household consumption, covering about 70% of
the categories in the Consumption Expenditure Survey (CEX). In 2005, an additional set of
categories was included. Because the ‘active’ saving concept I use is income less consumption,
I will only be able to measure savings starting in 1999. However, I use income data starting
in 1995 to construct my lagged income proxy for permanent income.

To construct my consumption measures, I simply add up all consumption categories
together using the 1999 and 2005 set of categories respectively. The PSID total family
income measure includes all taxable income of both the respondent and their spouse, as
well as all transfer income and social security income. Savings is then simply calculated as
total family income less taxes and consumption. I exclude households with missing data or
with unrealistically high levels of any individual consumption category.!” All variables are
then put in terms of 2019 dollars. I drop households with missing income data, households
younger than 25, households with fewer than 5 years of responses, and households with less
than $1,000 of total family income. I split the sample into 4 equally sized age groups, g.

The PSID reports only pre-tax income, however I need post-tax income in order to

14For example, if I observe a household starting in 2001, I begin that household’s sample in 2005 and set
the proxy Yp;; to be their average labor income in the years prior to 2005.
158pecifically, any household that spends more than a million dollars on any category.
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Table 1: PSID Summary Statistics

Quintile 1 Quintile 2 Quintile 3 Quintile 4 Quintile 5

All Ages
Median Income 34,147 50,644 70,193 103,175 174,726
Saving Rate (’99) 0.12 0.16 0.19 0.25 0.36
Saving Rate (’05) 0.00 0.02 0.06 0.12 0.23
Ages 20-35
Median Income 22238 29,178 45,502 75,008 121,959
Saving Rate (’99) 0.05 0.07 0.12 0.18 0.31
Saving Rate (’05) -0.14 -0.09 -0.04 0.06 0.18
Ages 35-50
Median Income 33923 55,640 80,221 111,767 181,068
Saving Rate (’99) 0.08 0.15 0.19 0.26 0.35
Saving Rate (’05) -0.07 0.02 0.05 0.12 0.22
Ages 50-65
Median Income 36,973 62,369 87,852 121,391 200,100
Saving Rate (’99) 0.16 0.24 0.28 0.33 0.41
Saving Rate (’05) 0.05 0.12 0.18 0.18 0.28
Observations (’99) 7,966 8,943 9,249 8,021 6,789
Observations (’05) 5989 7,164 7,500 6,367 5,321

This table reports summary statistics for the PSID data by age group and permanent income quintile.
Saving is calculated as annual total post-tax income less consumption. The Savings rate is equal to savings
over current total income. Saving Rate (’99) is the average savings rate using only the 1999 consumption
measures. Saving (’05) uses the 2005 consumption measures.

properly measure household active saving. To estimate each household’s annual total tax
payment, I use the NBER TAXSIM program.

Results. Table 2 reports the results from the estimation procedure outlined above. Columns
labeled ‘1999’ and ‘2005’ report estimates using the 1999 and 2005 measures of consumption
respectively. Columns with household controls control for education, marital status, and
family size in addition to age group and average annual labor income in year t. The left four
columns report the estimated MPS for each income quintile when the symmetric income
average is used to construct the proxy for permanent income. A clear pattern emerges.
Household in higher income quintiles tend to have higher marginal propensities to save out
of permanent income. The differences are especially pronounced between the top quintile and
the 3rd and 4th quintile, and between the 3rd and 4th quintile, and the bottom 2 quintiles.
The panels on the right report estimates using lagged labor income to construct the proxy
for permanent income. The results are largely similar.

The final column takes average savings rates out of current income for each permanent

income quintile and multiplies them by 1.3 — the permanent income elasticity of savings
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Table 2: Marginal Propensity to Save Out of Permanent Income

Lagged Income Future Income Implied by

1999 2005 1999 2005 1999 2005 1999 2005 Straub (2019)

Quintile 1 0.20 0.16 0.10 0.09 0.04 0.08 0.00 0.07 0.16
(0.04) (0.04) (0.04) (0.05) (0.09) (0.10) (0.09) (0.10)

Quintile 2 0.40 0.26 0.23 0.12 0.30 0.23 0.03 0.04 0.21
(0.06) (0.07) (0.06) (0.07) (0.20) (0.22) (0.06) (0.07)

Quintile 3 0.33 0.12 0.26 0.06 0.47 0.31 0.40 0.28 0.25
(0.07) (0.07) (0.07) (0.07) (0.07) (0.08) (0.07) (0.08)

Quintile 4  0.49 0.39 0.38 0.31 0.32 0.24 0.31 0.26 0.33
(0.06) (0.06) (0.06) (0.06) (0.08) (0.09) (0.09) (0.09)

Quintile 5 0.59 0.56 0.59 0.55 0.60 0.43 0.57 0.55 0.47
(0.01) (0.01) (0.01) (0.02) (0.01) (0.01) (0.01) (0.01)

Household

Controls No No Yes Yes No No Yes Yes

Note. This table reports estimated marginal propensities to consume out of permanent income by permanent
income quintile using PSID data. All regressions control for average age group and average labor income
for a given year. All regressions use PSID sample weights and heteroskedasticity robust standard errors.
Columns marked 1999 or 2005 use the 1999 or 2005 consumption data respectively. Household controls
include marital status, family size, and education. The final columns multiplies the savings elasticity implied
by Straub (2019) by average savings rates.

implied by Straub (2019). Multiplying a rate by an elasticity generates the derivative required
by the formula. The estimated MPS implied by this procedure are very similar to the direct

estimates.

4 Quantification.

In this section, I use the distribution of MPS out of permanent income estimated above to cal-
ibrate a richer quantitative OLG model with a realistic earnings life-cycle and idiosyncratic
labor productivity shocks. As in the simple model, I use a combination of non-homothetic
preferences over lifetime consumption and bequests, as well as type-dependent time pref-
erences to match the estimated MPS out of permanent income. A potentially important
model ingredient missing from the baseline quantitative model is heterogeneous rates of re-
turn. Empirical evidence shows that wealthier households receive higher returns to financial
wealth (Fagereng et al. (2016), Bach et al. (2020)), which may be compensation for greater
risk taking or evidence of greater investment skill. Idiosyncratic returns may help explain
higher savings rates at the top of the income distribution (Benhabib et al. (2019), De Nardi
and Fella (2017)).
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I use this model to quantify the size of the trade-off between permanent income re-
distribution and investment in the steady state. In particular, I study the same simple
labor income redistribution scheme as in Section 2.6, a linear labor income tax that funds
a lump-sum transfer. In addition to redistributing from high to low productivity types and
distorting labor supply, this tax impacts welfare by (i) providing insurance through redis-
tributing resources from households with higher realized productivity to households with
lower realizations, (ii) lowering precautionary savings and the capital stock as a result, and
(iii) redistributing resources from older higher earning households to younger households,
potentially impacting the capital stock.

I first show that in a standard model with homogeneous MPS out of permanent income,
the direct effect of this tax on the permanent income distribution has no effect on the capital
stock, confirming the results from Proposition 1. In my baseline model in which I directly
target the distribution of MPS, this channel is present and quantitatively larger. I show that
for small changes in the degree of redistribution, the size of the channel does not depend on
which model primitives are used to target the distribution of MPS. The estimated MPS are
sufficient statistics. However, as the size of the tax increases, the model primitives begin to
matter.

Finally, I use the baseline model to compare the welfare costs associated with the
redistribution-investment trade-off to the other channels present in the model. The change
in social welfare as a result of the tax can be decomposed into the benefits of a more equal
distribution of consumption over permanent productivity types and idiosyncratic states, and
the costs of a decrease in aggregate consumption. My channel alone can account for about
20 percent of the decline in aggregate consumption. The welfare costs of this decline are

equal to X percent of the welfare benefits of greater equality.

4.1 Environment.

Households. There is a mass of households indexed by &k € [0, 1] who each live for J periods.
Households supply labor to firms in all but the final retirement period, in which they receive
type-specific social security income S.S;. There are I permanent labor productivity types. A
household j born in year t who is age h and is type-i has labor productivity, 6{ €ik,t+; where
0{ is the permanent component of labor income for type-i age-j households and e;x s1p is
that household’s idiosyncratic labor shock that evolves according to an AR(1) process with
persistence p. and standard deviation o..

: J J J J : :
Households receive (1 — Tgijkt(ﬂ/téik,’t s Cikt+i))Welly, ;% €ike+j in after-tax labor income

each period. Here, Tgijkt(wtﬂﬁ?k . ﬂ-@f €ikt+j) 1S a progressive labor income tax following
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Bénabou (2002) and Heathcote et al. (2017), given by equation (16). Here, 7, parameterizes

the average level of the labor income tax, while v, determines the degree of progressivity.

: I .. -1 7 o, | )V
Tfijkt(wt+J€ik,t+j9i Cijirn) = 1 (wt+]€ij,t+j9i Cikits) " Te (16)
Households can save or borrow in a one-period bond, al, , +j» buy government bonds, B,

or capital K;,1 at gross after-tax interest rate R;yq3 = 1+ (1 — 7x)r¢41. Households face a
borrowing constraint a such that a < a{kvt +;- Type-1 household receive share o’ of profit flows
each period, as well as R;a%(1—7,) in after-tax bequest income when the are born. Note that
all type-i households recieve the same bequest transfer equal to the average type-i bequest
the year before they are born, a), = af_,.'° Finally, households may receive a lump-sum

transfer, T;. Lifetime utility for a household born at time t is given by (17).

(aic,tJrJ + C_‘)l_n

I—mn

j j J ! i—1 (Czjkz t—i—j)l_aj (ﬁik t+j)1+sz J
W Lt Gikaas) = Zﬁf ( ’ — Y— ) + 7%,

= 1—o; 1+ o0y

(17)

Note that this model nests the same three sources of non-homothetic savings behavior as
the simple model presented in Section 2. I follow Straub (2019) and include the term a in
households’ bequest motive in order to generate a mass of households who give no bequests.
Let R{ WS Hi:o R;y,. A type-i household born at time t has the following lifetime budget
constraint, given by equation (18).

ot (1 = Teigue)wer s 07 eaners + Tiry S8
a%]k,t+J + Z R]—J = Riay(1 —7) + Z Rj + R7 (18)
J t+7 J t+J t+J

Firms. There is unit mass of monopolistically competitive intermediate goods firms indexed
by m € [0,1] who rent labor and capital from households and produce a differentiated

intermediate good, y;" according to a CES production function (19). A competitive final

/v
yt = Z (aklm +(1- 04)@”7) (19)

goods firm aggregates the intermediate goods using a Dixit-Stiglitz CES aggregator (20).

This specification generates standard expression for demand for each intermediate good

16T make this simplifying assumption to avoid having to keep track of the history of idiosyncratic shocks
across generations.
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(21). Because there are no nominal rigidities, intermediate goods firms all produce the same

1 e—1 ﬁ
n:(/ Y dm) (20)
0

m A
=Y 21
yt t(Pt) ( )

€
e—1

level of output, employ the same labor and capital, and charge the same markup u =

over marginal cost.

Government. The government taxes returns on capital, bequests, and labor income, and
issues debt, By, pays social security, issues uniform lump-sum transfers, 7;. The government’s

per-period budget constraint is given by (22).
B, + wt/ Tzijktefeijktfgjktdk + AyriTie + ZWJia;'{:_lTb =T+ RBy + Z 7SS (22)
K I I

Equilibrium. An equilibrium defined as a sequence of prices, {R;, w;}+>0, individual and
aggregate financial positions, {{azjkt}k€K7i€]7je(], A }iso, policies, {7u, Tot, Tice, Be, Gi, Tt }, in-
dividual household and firm allocations, {{c},;, (};; }icrjesrer, {U" 1" k™ bmefo.1) >0, and
aggregate allocation, {Kjy, Ly, Ci}i>0 such that the following conditions hold. Households’
first order conditions and budget constraints hold for each productivity type, generation,
and history of shocks. The intermediate goods firms’ first order conditions (23) and (24),

production function and demand hold. The competitive goods firm’s technology constraint

wne= (1) (1= )z (23)
(re + 6)pt = (ﬁ) ;azt (24)

holds. Finally, the government budget constraint, labor market clearing, asset market clear-

ing, and resource constraint hold.

4.2 Calibration

Macroeconomic targets. A period in the model is 15 years. I set the depreciation rate,
) to target an investment share of 18%. I set the markup, u to target a 7.5% profit share,
and « to target a labor share of .67. In the baseline model I assume v = 0 and therefore the

production function in Cobb-Douglas. I normalize the supply of labor to 1, set K so that
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the capital to annual output share is 2.5, and set Z to normalize aggregate output in each
period to 1. Net foreign assets are set to clear asset markets, which in the calibration results
in a value of NFA/K = .5. The annual net rate of return is r = .03.

Government Policy. I set average labor income taxes, 7, to .35 and 7, to .15 following
Heathcote et al. (2017). I follow De Nardi (2004) and Straub (2019) and set the bequest
tax equal to .1. I set the capital tax to .4. I follow Huggett and Ventura (2000), De Nardi
and Yang (2014), Straub (2019) in setting social security payments by income quintile (see
Appendix X for details). Lump-sum transfers are initially set to 0. Government debt relative
to GDP, B/Y is set to .65. G is set to satisfy the government’s budget constraint, which in

the calibration results in a value of government spending to output, G/Y = .27.

Household Income. Labor productivity by permanent income type and age, 95 are set so
that Zm]ﬂf = 1 and so that relative labor productivity matches relative income by type
and age in the data. The parameters p. and o, are set as in De Nardi and Yang (2014).17
The AR(1) process is discretized into a Markov process with 2 states. I set the equity shares
to match the 2019 wealth Lorenz curve (Aladangady and Forde, 2021). Households live for
60 years (4 periods), ages 25 to 85. In order to match my own estimates from the PSID in
the previous section, I assume I = 5 and that permanent labor productivity stays constant
for 3 distinct 15-year periods, at which point households retire and have no labor earnings

in the final 15-year period.

Household Preferences. [ set the inverse Frisch elasticity, v to 1/.82 following Chetty
et al. (2011), and the inverse elasticity of inter-temporal substitution for the median age, &
to 2.5 following the literature. The weight on the disutility of labor, 1, and the weight on
the bequest motive, 1, are set to clear labor markets and target bequests as 10% of GDP
respectively. The remaining parameters, {f; }icr, 7, @, and o,, where 0; = 0,,0,41, are all
jointly calibrated so that the marginal savings rates by age and labor productivity type out
of the average annual permanent income flow in the model target their counterparts in the
data.

Figure 1 plots the baseline estimated MPS to save out of the average permanent income
flow from Section 3, alongside their model counterparts for 2 versions of the model. In the
baseline model I use a combination of non-homothetic preferences over lifetime consumption

and bequests, as well as heterogeneous time preferences, [3; to try to match the estimated

"These parameters are correspond to a 5-year labor earnings shock. Households in my model have the
same labor earnings for 15 years.
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MPS. In the second version, I impose uniform S; and only use non-homothetic preferences.
Specifically, I iterate over a grid of possible values for o,,, §;, @, and 7, select the combination
of the parameters than clears asset markets and minimizes the sum of squared differences
between the MPS out the average annual permanent income flow in the model, and the

empirical counterpart.

06 data

& baseline
05 & homog. beta

04
03
02
01
1 2 3 4 5
Quintile

Figure 1: Marginal Propensities to Save out of Permanent Income

This Figure plots the estimated marginal propensities to save (MPS) out of permanent income by permanent
labor income quintile from Table 2 (yellow). See Section 3 for details on this estimation procedure. The
Figure also plots the MPS by permanent labor income type in the baseline quantitative model (green) and
the model with homogeneous time preferences (blue).

Both strategies do well in matching the basic shape of the empirical distribution and have

approximately the same slope.'®

4.3 Policy Experiment

Suppose the fiscal authority increased the average labor income tax rate, 7, keeping the
degree of progressivity 7, constant, in order to fund a budget-balancing uniform lump-sum
transfer, T. I first consider the direct effect of this policy on the distribution of permanent
income. Before any general equilibrium adjustment in prices or labor supply from their
steady state levels, the effect of the policy on a household’s expected permanent income is

given by the following expression.

STS __ 1,8 J js
Appr) =3 W L( W)
J

1+ 7rs)d

18The distribution with homogeneous discount rates is slightly higher than that of the baseline model, as
this version of the model relies more heavily on non-homothetic preferences.
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Table 3: Calibration for Baseline Model

Parameter Description Value Source or Target
Distribution of Income
J Age Groups 4
I Income Groups 5
{0 Yier Labor productivity (young)  {.35,.46,.72,.1.18,1.92} PSID data
{07 Yier Labor productivity (middle) {.53,.88,1.26,1.76,2.85} PSID data
{07 }ier Labor productivity (old) {.58,.98,1.38,1.91,3.15} PSID data
Pe Persistence e .8 De Nardi and Yang (2014). See text.
Oc Standard deviation e 3 De Nardi and Yang (2014). See text.
{7itier Distribution of profit income {0,.05,.1,.15,.7} US Wealth Lorenz Curve 2019
oy Inverse Frisch 1/.82 Chetty et al. (2011)
Macro Parameters
U Markup 1.08 Profit share of 7.5% (BEA)
« Capital share after profits .24 Labor share of .67
1) Capital depreciation .07 Investment share of .1
Z Aggregate Productivity .76 Set Y=1
NFA Net Foreign Assets .54 U.S. NFA/GDP in 2019
Endogenously Calibrated Micro parameters
a Bequest utility when aj, =0 1 See text
Uq Bequest utility parameter A2 Bequests/GDP of .05
iy Labor disutility weight .99 L=1
{o;}ies 1/EIS {2.42,2.14,1.84,1.52} See text
{B}icr Discount factor {.83,.91,.99,1.08,1.18} See text
a Borrowing limit -.15 10% constrained
n 1/elasticity of bequests 1.5 See text
Fiscal Policy
TK Capital tax 1
Ty Average Labor Tax .35 PSZ. See text.
Th Bequest tax 1 De Nardi (2004)
B Government debt .65 Debt held by public/GDP in 2019
S Social security transfers {.06,.13,.21,.33,.41} See text
G Government Spending 27 See text
Ye Labor tax progressivity A4 CEX (see text)

Note. This table contains the model parameters, their values, and their source or target in the data. Details
on how the endogenously calibrated were calculated can be found in the text.
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In order to isolate the impact of the change in the permanent income distribution, I
construct a set of lump sum taxes and transfers, {T};} that equal the change in a household’s
expected permanent income. Furthermore, the taxes are constructed to satisfy the following

2 conditions.

> L = AE[PI}]

— (L+71)
T, = . forallj€J
(T+r)

By constructing the lump-sum taxes in this way, I ensure that they reflect the change
in a type-i household’s permanent income without redistributing resources over the life-
cycle. I study the direct effect of my channel in 3 versions of the model. The first is
a standard model, with homothetic preferences (o,, = 1), n = o, a = 0) homogeneous
time preferences (5; = (), and therefore homogeneous marginal propensities to save. The
second is my baseline model, and the third is the model with non-homothetic preferences but
homogeneous discount rates. Table 5 reports the direct effects of my channel on aggregate
capital, labor, output and consumption in the 2 models. The effects are reported in terms

of the semi-elasticity of each variable to 7. That is, dInX= dldLTX.

Table 4. Effect of Permanent Income Redistribution
7 =.005 7=.03
Model dlnK dInLL dinY dInC | dinK dIlnL. dlnY dInC
Standard  0.00 -0.41 -0.29 -0.15| 0.00 -0.38 -0.26 -0.14
Baseline  -0.80 -0.48 -0.58 -0.30 |-0.77 -0.45 -0.54 -0.29
Uniform ; -0.76 -0.50 -0.57 -0.29 | -0.67 -0.47 -0.52 -0.27

As predicted, the direct effect of the change in permanent income has no effect on ag-
gregate capital in the standard model. The direct effect of a .5 percent increase in 7 results
in a .4 percent decline in capital in the baseline model, and a slightly smaller .76 percent
decline in the model with uniform [;. For this small policy change, which model primitives
were used to generate the distribution of MPS appears to not matter very much for the size
of the redistribution-investment trade-off. The distribution itself is a sufficient statistic.

For larger changes however, the model with uniform discount rates generates a smaller
decline in capital than the model with heterogeneous discount rates: the gap in the semi-
elasticities of capital more than double. One likely explanation, is that when only non-
homothetic preferences are used to generate the distribution of MPS out of permanent in-

come, the distribution of MPS is more dependent on the degree of redistribution. That is,
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as redistribution increases, the permanent income distribution compresses, compressing the
distribution of MPS. On the other hand, if savings behavior is type dependent and not only
scale dependent then the distribution of MPS compresses less in response to redistribution.
This exercise highlights the importance for researchers to determine which micro-foundations
generate the savings behavior observed in the data.

Finally, I consider the size of the direct effect of the change in the permanent income
distribution relative to the total effect of the tax. When 7 = .005, the decline in consumption
stemming from the direct effect of my channel. The total decline in consumption can be
decomposed into the decline resulting from the general equilibrium drop in labor, the drop
in capital generated by permanent income redistribution, dK , and the remaining drop in

capital.

dc ac ac ac' . ac

The decline attributed to my channel accounts for 23 percent of the total decline in
consumption. This result suggests that any optimal policy analysis performed without taking
into account the impact of heterogeneous marginal propensities to save out of permanent

income may miss a quantitatively important share of the costs of redistribution.

4.4 The short run trade-off.

To be added.

5 Conclusion

The aim of this paper is to study the effect of heterogenous savings behavior on the trade-
offs associated with income redistribution in OLG models. When high permanent income
households have relatively higher marginal propensities to save out of permanent income, all
permanent redistribution policies transfer resources from high savers to low savers, lowering
both the aggregate savings level and investment. This savings behavior generates a novel
welfare trade-off between redistribution and capital accumulation that is present for all forms
of redistribution policy. This trade-off is distinct from the well-studied equity-efficiency
trade-off, in which distortionary redistribution shifts an economy inside the Pareto frontier.
I argue that all redistribution results in a movement along the Pareto frontier away from
allocations that put weight on future generations.

I show that the existence of such a trade-off depends both on whether the rich do indeed

have higher marginal propensities to save out of permanent income, and on whether achieving
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the first-best level of inequality would result in a savings level and aggregate capital stock
below the golden-rule level. Using U.S. household panel data, I provide empirical evidence
that this is the case.

Using a quantitative life-cycle model, I confirm that this trade-off is absent in standard
models in which MPS out of permanent income are uniform, but substantial when the
distribution of MPS is explicitly targeted. For small policy changes, the distribution itself is
a sufficient statistic, and the size of the channel does not depend on the model primitives used
to achieve it. When the policy change is larger however, a model with only scale dependent
MPS generates a smaller trade-off than a model with type dependent MPS.' In the baseline
model, my channel accounts for 20 percent of the decline in aggregate consumption resulting
from a small increase in labor income redistribution.

The next step in this project is to use the quantitative model to study the importance of
this channel in the short run. Redistribution affects long run capital by lowering the savings
supply and pushing up interest rates. If firms are slow to respond to these increases — for
example due to capital adjustment costs — the long run costs associated with my channel
may take many years to materialize. In this case, the weight placed on future generations
in the welfare calculus would become a more important ingredient in determining optimal

redistribution.

YGaillard et al. (2023) make a similar point.
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A Appendix

A.1 Proof of Lemma 1.

Show that when o, > 0, and / or when v, > 0 and o, > n that savings at each age, s is

increasing in permanent income, PI;.

The household’s problem is the following:

()~ iy ((C?tﬂ)lgo (aft+1)1+n)

+ a

T 1—o0, 1+mn

Yy —
{Cit7c?,t+17a?,t+1}h€{071} 1 Oy

(o] (o)
Citr1 T Q1 R

Yy
cy + R
i,t+1

g+ wit + Ty
If ¢, = 0, the households’ first order condition is:

(ch) " = @Rz‘t(czl,tﬂ)_go

If v, = 1, the household’s first order condition is:

(chy) ™7 = @Rz‘t(cz1 1) 7

(Czl,t-i-l) = Yq(a zt+1)

Permanent income, PI; is defined as:
Pl; = Ryag, | +wb; + Ty

For each household type, the derivative of steady state savings to permanent income is given

by the following expressions:

Case 1 (¢, =0):

1 oy

Czt + R} t+_1 (C?zt) o = Pl

act, Ty, yoou g i1 L -1
oPI, (1+U_<Cz't)"° Rit B (A1)

o

This term is positive, meaning consumption increases with permanent income When perma-

nent income increases, ¢, increases. From A.1 we can see then tha a - ia

decreasing in PI; whenever o, > o,. This derivative is also decreasing in ;. This implies
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_ Osp
8PI = 9PI;

is increasing in 3; and increasing in PI;; whenever o, > o,.

Case 2 (¢, > 0):

14 L oy 1
C;V'Jt + Rzio Bico (Cilt) 7o + R; (%52)"( zt) " - PIzt
86? oy . 01 o oy ) —1
L ((1 + ZU)E R BT+ 2 1R;;+1<waﬁ,>n) (A.2)

0PI

Again, this term is positive, meaning the derivative is decreasing in permanent income
whenever o, > o, or 0, > 1. It is also straightforwardly decreasing in 3;. The derivative of

o . . .
bequests, af,,, with respect to permanent income is:

aaio n —1/64 /.0 | n 1 om Ty ° mo_ 1 -1
a_pt;: = <0_y(¢aﬁiRz't+1) You(ag, ) —l—a—o(wa Yoo Rt )(agq) 7 1_|_}_%> (A.3)

Because this derivative is positive, bequests increase with permanent income. Therefore,

whenever permanent income increases and n < o, or n < 0,, the denominator in A.3

zt+1
OPI;;

Because the derivative of consumption with respect to PI is decreasing in PI

decreases and 2 increases. Therefore, the derivative of bequests

_ 0s},
’ 8P1t ~ OPI;

is increasing in Pl;.

A.2 Proof that Ag(cy) % = Ap(cf")~%
The unconstrained planner’s problem is to maximize social welfare, given by:
)1 oy

1—0, a® 1—
SW Zﬂ'zh)\ ((f_—+517(f> +Bz wa( 17777)

subject only to the resource constraint (4) in steady state.

Let u be the lagrange multiplier on the The first order conditions with respect to ¢! are:
TigAi(c]) ™7 = miyp

This implies that Az (%)™ = Ay (%)™,
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A.3 Proof of Proposition 1.
A.3.1 Properties of CES Production Function.

I assume that the representative firm produces output with capital and fixed labor, L = 1
according to a CES production function (A.4) where ay, and ak are positive constants and

v € (—o0,1).

Y(K,L) = (a,(m + aLm) (A4)

As in the text, I assume that § ~ 0, so R ~ 8Y . In this case, the elasticity of firm capital to
R, which I denote as K is given by the followmg.

dlogK 1 K\" !
= G = (725) () 1)

The elasticity of the wage to capital, wy is:

Ologw (1-) K 7
OlogK TRy

A.3.2 Solve for steady state capital as a function of the transfer,

WK —

aK

o and useful

properties of K(7}) function.

Case 1 (¢, =0):

First, use the firms’ steady state optimality conditions to write R = (1 + Fx(K) — ¢) and
w(K) = F(K). Then use the households’ Euler equations and budget constraints to write
a! as a function of w(K), Ty, and Ry(K;). Then use the government budget constraint to
write T;(Ty) for ¢ € {L, H}, and the steady state asset market clearing condition to write

the entire system in terms of K and T7,.

= 3wl (500w, 101))

Take the total derivative with respect to 7Tj :

da? OT;\ (dK da! ow 8ay OR
7 G o 1 _
dTL (Z 9P, 8TL) (dR( XI:W Jw oK)~ 2= 3R aK)
Define Xy = mféi as the elasticity of X with respect to Y, for any two variables X and Y.
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Then the above can be rewritten in the following way.

da! 0T, -
Kgr(1 - A, —A
dTL (Z i9PI 8TL>( r( W) R)
Because Y, mal = A = K, > ; Wi%ifg% = g}ggf} gllggfu(’ = A,wg where the elasticity of

aggregate assets to the wage, A,, is positive and bounded.

Using the results from section A.3.1, we know that,

ag(K/Y) )
ax(KJY) —1

KRU)K = (

de

Because in this case, Krwg is bounded, the limit o Iy a8 Y — —00 is 0.

The limit as v — 1 of wx = 0, while the limit of Kr = —o0. In this case, the limit of S as
v — 1is:

Z aay 0T
dTL "OPI, 0T},

Finally, to see that the term Kgr/(Kgr(1 — Aywg) — Ag) is always positive, note that this

can be written as:

(S )

Note that by definition, ax(K/Y)Y =1— (L/Y ) ar € (0,1) by assumption (as L=1), and
therefore the numerator of this term is positive. Because v < 1, A, > 0, and Kr < 0, the

numerator is also positive.

aaH > OaL

Therefore, whether K is increasing or decreasing in 77, depends on whether 5= > 3p1

That is,

0K Oa? 0a?
daiell ff H L
ar, <M 551~ apI,

Furthermore, when S, = [y, capital reaches its lowest point when permanent incomes
are equal. To see this, define T}, as the policy that generates equal permanent income share.

That is, PI.(T.) = PIy(Ty). Using Lemma 1, this implies that 8PI (Ty) = 8PI (Ty), and
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therefore that 8K = 0. To see that this is a minimum, note that o> 0 for all T, > T}, (as

the type L households now have greater permanent income and a greater MPS) and g% <0
for all Ty, < T7.

Finally, we can use equation (A.1) to show that as long as 8, = By, then ¢ (PI) =
¢4, (PI) for any PI, and therefore a¥ (PI) = a%(PI). Let PI, and PI}; be the permanent
incomes resulting from policy 7”. Consider values for permanent income PI; = Pj; and
PI}, = PI; (swapping the respective permanent incomes). Then it follows that a%(PI}) =
a¥;(PI};) and o (PI};) = a% (PI}), implying the same level of total capital and total income.
Therefore, PI}; and PI] can be implemented by some policy T}, and K(1}') = K(17}).

Case 2 (1, > 0): Again, use the firms’ FOC to write R = (1 + Fx(K) — ) and w(K) =
Fr(K). Then use the households’ Euler equations and budget constraints to write a; as a
function of w(K), T;, a?, R(K), and a¢, and R(K) for i € {L, H}. Now, use household’s
optimal bequest condition and second period budget constraint to write a! as a function of

w(K),a?, R(K), and T;. These two equations jointly determine a! and af as a function of
w(K), w(Ky), R(K), R(K), a?, and T;. The asset market clearing condition is:

zK:Zm<a3(w( R(K),a?,T;) + ((w(K),R(K)),a“T)>

Taking the total derivative with respect to 7 :

al +a?) OT; -
dTL - KRZ“( OPI, aTL) (KR“ ~ Avk) - AR)

Using the same logic as in Case 1, the denominator of jTK is always positive, and therefore
L

the sign of this derivative depends only on whether >, m; <%ﬁ”) > 0.

Using the results in Lemma 1, it is clear to see that again, when 8, = By, Ty, is the
argmin of the K (7}) function and that K(77) = K(T}) if PI}; = PI] and PI; = PI},.
A.3.3 Proof of Lemma 3

Social welfare in the steady state is defined as:

lay
i

1—0, 1-n
SW Zﬂ-zj <1_O_y +ﬁl( 10_ Bﬂ/}a(lzn)
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The lifetime budget constraint is given by:

cﬁ’%—LRai:Raf—kaiﬂLTi

I can express a change in SW; following a change in 7 as:

dSWy -, dei dT; dcy dT; da3 dT;
= , (c0) "0 L ! b (a0) Nk 2
dTL Zﬂ-’l] ( Z dT dTL /BZ(C’L) dn dTL +ﬁz¢a(az) dj-vl dTL)

Using the household’s budget constraint:

de! = Rda? + a%dR + O;dw + dT; — da?
dc¢! = Rda! + a!dR — daj

The household’s optimality condition for bequests is (¢)~7%° = ¢(a?)™" and Euler equation

is: (¢!)7% = B;R(c¢?)~%. Defining w; = \;(c!)~7 as in the text, and subbing in the bequest

condition and Euler equation, this change can be written as:
dSW, = mijw; (Rdag + aldR + 0;dw + dT;-) + TinWio <a§’dR)
I
Note that Rw;, = \iR3(c?)~% = w;. Therefore, w;, = w;/R. This is equivalent to:

dSW, = Z mijwdT; + Z W (Rda + afdR + 0;dw + (a )d]f)

Let T be type-i households’ bequests as a share of total capital:

dSW, = Z Tl + Z Ty RKdT + R Z i (Wil dK +

Zwmw( al + R)dR+9dw)

Note that for CES production functions, dR/dw = —L/K. Therefore, the above can be

written as:

dSW, = Z Tl + Z T RKdT + R Z i (Wil dK +

Y

f a; 0;
Zwﬁrw< % KR) Z)de
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Defining © and Kp; as in the text,

o Y

0= ijmj (% - (GE + ;(‘R)) (A.5)

Finally, multiply R, m;;(w;I'?)dK by K/K, and note that T?K = a? to get:

dSW, = Z miwidT? + Z WijwiRKdI’f + ( Z mij(wial) + wL@wK) dK (A.6)
I I

A.3.4 Consider each combination of parameters.

Case 1: 0, =0, =n and [ = fy

From Lemma 1, we know that in this case, % = 0 for all allocations. Therefore, the
J

necessary condition for the constrained optimum is:

dSW de
dTL == ( RKdTL)<7TLwL—7THWH) =0

This condition straightforwardly holds only when wy, = AL(¢%)™ = Ag (%)% = wpy.

Case 2: 0, > 0, and / or ¢, > 0 and o, > n and [, = fy
‘L

Ty
(a) Suppose Ay > Ar. In this case, an allocation in which wy = wy, implies i—f = (%) > 1

and therefore more permanent income for type-H households. Let T be the transfer that
implements this allocation. Then using the results from Lemma 1, we have that at this

allocation,

dal, da day,

“H E E
aTL(L) aT (T)<Of0rh€{y,0}

and therefore < 0.

’8T

Recall that © is defined in the following way.

— Y (B (9 a;
a - UL K KR

By evaluating O(TF), where wy = wy,, we see that as long as R > 1, it follows that © > 0,

and therefore that wy = wy, cannot be an optimum.
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(b) Next, evaluate equation (A.6) at some policy 7" = TE + € at some € # 0:

dSW, dr ) dK
ok (1 + WjR/ﬁ<T/)) (W — why) + (R/ﬂ'j zj:(wl’-ai’) + w’L@’wK) d_TL(T/) (A7)

To see that at the optimal allocation, wj < w} (and therefore less redistribution toward

type-L households), assume the contradiction.

Suppose instead at the optimal allocation A (c]')™% < Ag(c¥,')7v. Let T' be the policy that
implements this allocation, and let K'(7”) be the level of capital and PI; and Pl be the
permanent incomes associated with this alternative policy. Using the results from subsection
A.3.2, a second allocation is feasible, implemented by 7» with K" = K’, PI;, = PI; and
PI} = PI};, and therefore ¢]” = ¢%," and ¢}" = ¢},'. Because Ay > Ay, this feasible allocation

strictly dominates the first allocation in terms of welfare, a contradiction.

(c¢) By a symmetric argument, if A\, > Ay, then the optimal allocation is characterized by

wy, < wy, that is, more redistribution towards the type-L households.
Case 3: Ay > A\ and By > ;.

(a) Using identical logic as in case 2(a), if R(K(TF)) > 1, wy cannot equal wy, at the optimal

allocation.

To see why, note that if Ay > Ar, the first term in equation A.7 is 0 by construction, © > 0,
and g% is positive, as both Sy > ([ and the permanent income of type-H households is
greater than type-L households when wy = wp, violating the necessary condition for an

optimum.

(b) To see that wj; < wj at the optimal allocation, assume the contradiction.

A.4 Proof of Proposition 3

As in the text, assume that we vary the size of the domestic population relative to a foreign
population who can invest in domestic capital. The foreign population does not work in the
domestic economy or receive transfers. Therefore, the asset demand of foreigners, o’ (R) is

simply a function of the interest rate offered to them. Denote p > 1 as the scale of the
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domestic economy’s population. That is, m;(p) = m;/p. The foreign population is a mass

p;pl. The asset market clearing condition is now given by equation (A.8).

= = S w0 RU).T2) + o (R(E)) (A.8)

Using the same procedure as before, we can solve for the general equilibrium change in

capital from a change in policy, T},

dK dR T 1 Z da? (0T, Lo dw dK dR da! dR LP —10a" dR T
—_ = ur —_— Ry i— _—
dRdT;, *~ \opPr\or, " " "dK dR dT}, OR dTy, p ORAT, *
Collecting all the terms on one side gives the following.
dR (dK  0A dw dK 12 da? p—10ar 12 oT;
dT. \dR  dwdK dR P YOR p OR P GPI 8TL
Rearranging to solve for fgf :
OKR1N~ o (3a oT; )
dK OR K p I 7w\ OPI; 8Ty,
dTy, a_f@( _ @d_wwéﬁ) _y i Ol R ploefar R
OR K owdK wAK Ip"%WOR af K p OR o' K
Let Xy = gﬁ}; Then the above can be expressed as: Rearranging to solve for %f :
1 0s?
dK Kr; > 1 Tiyppr AL
T
d L KR(l—AwwKK) AAR—N—FAag
Here, 4 — Zrmu(e)al , the initial domestic asset share and X4 = 7(0)a" i the initial foreign

) K K K K
asset, share.

Note that again, the denominator is unambiguously negative, while the numerator is positive

Js y 88% . . .
350, > 3pr, - However, the numerator is also unambiguously decreasing as p — oo.

whenever

Note also that for a given p, the absolute values of the denominator is unambiguously

increasing in a¥.

Therefore, as p — oo or as aé — 00 — 0. Plugging this result into the constrained

’dT
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planner’s first order condition, (A.6), at the optimal allocation wy, = wy.

A.5 Proof of Proposition 2

From the constrained planner’s first order condition, the cost of redistribution is proportional

to:

wr Kr
L dT,
Kn(l— Ayuwg) AR<ZmaP1d)

dK

From the results in Section A.3.1, we have that wg 4+ T

can be expressed as:

A.6 Proof of Proposition 4.
A.6.1 Derivative of K;,; with respect to T}

Use the firms’ FOC to write Ryyq = (1 + Fg (K1) —0) and wy(K;) = F(K};). Then use the
households” Euler equations and budget constraints to write a, as a function of wy(Ky), Ty,

and Rt+1 (Kt—i-l) .

1

—1 9y
_ ING, — .
a Clt + Rz A1 7o (chy) 7o = Pl

Use the government budget constraint to write Ty (77;) and the asset market clearing

condition to write the entire system in terms of K, Ky, and Tj;.
Ky = Zﬂz zt( t); we(K5), Rt+1(Kt+1)> = K1 (K, Ti) (A.9)

Take the total derivative with respect to Tj; for a given K;.
th+1 _ 8@,“5 dT; 1_ ZT{',L- 8@% aRt+1 -1
dT} QPIM dT} - ORt 11 0K 41

Note that because savings is increasing the interest rate, and the interest rate is decreasing

in K;41 by the firms’ FOC the entire denominator is positive. The derivative of K;,; with

respect to K; =), m; aﬁf gl’? > 0.
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Therefore, Equation (A.9) defines K,y as an implicit function of Tj; and K, such that

th+1 _dajt_ > Oait

t+l
> 0 and 2 is positive whenever 9P, ~ PLy-

Next, we can write a type-i generation-t household’s share of consumption when young, I'%,
and share of total consumption when old, I'j,,; as implicit functions of K;, K;1, C;, and
T;;. Using the household’s Euler equation and lifetime budget constraint, and substituting in
the firm’s first order conditions for w; and Ry, both ¢, (K}, Ki41, T;) and 811 (K, K1, Tit)

can be expressed as an implicit function of Ky, K;iq, T3.

.. . . 0
The derivative of ¢/, with respect to K, gL = 861?; 0; 8““ t) while a}t(H = ;g[*j 0; augl(gt).
Y acY
Whether Sﬁé’; > aCJ and therefore whether ” > o depends on whether the product

of a type-i household’s marginal propensity to consume out of their permanent income and
their labor productivity is higher than that of a type-j household.

We also have that — O OBt g O _ O OFu Whether “* L > il
) 8K +1 8Rt+1 6Kt+1 8Kt+1 8Rt+1 BKt+1 8K1+1

depends on whether the interest rate elasticity of savings of type-i households is hlgher than

ore

that of type-j households. The derivative of consumption and the consumption share at
either age for a type-i household is unambiguously increasing in Tj;.

Because by construction m;c}, (Ky, Kiy1, Tir) = I'},Cy and w4 (K, Kiqr, Ti) = T4 Cra,
so we can rearrange and write I'}, and I'),_; as implicit functions of K;, K;11,T;; and Cy and

Cy41. respectively.

T
C%(KtaKt-i-laﬂt) (AlO)

Fi'lt(Kh Kt+17 j—zita Ct) - 6
t

ont+1(Kt7Kt+17Etact+l> = (KtaKt+laT’it) (All)

i o
Fﬂcit—kl
Equilibrium Definition. Recall from the text that an equilibrium in this simple model is
a sequence of financial positions {a}}, a¥; };>0, prices {wy, R;}i>o, taxes {Tir, T }i>0, and allo-
cations { Ky, ¢}, ¢ }+>0 such that (i) households’ Euler equations, intra-temporal conditions,
and budget constraints are satisfied, (ii) the firm’s optimality conditions for labor and cap-
ital are satisfied, (iii) the government’s budget constraint is satisfied, (iv) and the resource

constraint is satisfied for all ¢ > 0.

A.6.2 Necessary and Sufficient Conditions for an Equilibrium.

In this Lemma, I show that equations (A.9), (A.10), and (A.11), along with the resource

constraint (A.12) are necessary and sufficient for an equilibrium.

Ct — F(Kt, Lt) + (1 - 5)Kt - Kt-l—l (A12)
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Necessary. Follows directly from the construction of the functions.

Sufficient. To show sufficiency, I find a set of prices and financial positions such that any
allocation that satisfies equations (A.9)-(A.12) for policies, {1} }+>0 can be implemented as a
competitive equilibrium, meaning that at these prices and policies, the allocation satisfies the
firm’s optimality conditions, the households’ optimality conditions and budget constraints,
and the government budget balances, the resource constraint, and asset market conditions
clear. To satisfy the government’s budget constraint, set T;; = :—J it Set wy = Fr(Ky)
and Ry = 1 — § + Fg(K;). In doing so, the firm’s first order conditions are satisfied. Set
aly = Qywy + Ty — T%,Cy and a?t = Qw + Ty — ijtCt. By construction, at these prices the
household’s Euler equation and budget constraint are satisfied as long as equations A.10
and A.11 are satisfied. By construction, equation A.9 guarantees the asset market clears.

Finally, by assumption, the resource constraint A.12 is satisfied.

A.6.3 Constrained Planner’s Problem.

The constrained planner’s problem is to choose T}; to maximize social welfare (A.13) subject
to equations (A.9)-(A.12).

1—o0, 1—o0, 1—o0

oo v Cl—ay FZO Cl 0o F;) Cl 0o
SW = Z )\ﬂri Z Vt( it + BZ bl > B@ 0 (Alg)
t=0

Define \; as the planner’s lagrange multiplier with respect to the resource constraint at time
t. Define w;; = \v'(c%) ™% and wf, = B ' 1(c%) 7 = wy_1/Ry; as in the text. Let The

planner’s first order condition with respect to 17, is:

orY 8FH org , oy
Z Cij <7TLth+g aTtﬂ + ﬂ-Hw%[t—l-j T, =y 7TLWLt+JaTtJr + THWH aTtﬂ ) +
j=0
= 0K
Z s ()\t+1(FK(Kt+1) +1-10)— )\t) =0
>0 0T

The first order condition with respect to C} is:

Z”ﬁ( H(Lg) O+ AT ) N

50



A.6.4 Uniform §; and o, = 0,.
A.6.5 Rule out any allocation in which ¢} > ¢},.
A.6.6 Show that for v > v, first-best equality allocation is not optimal.

Here I show that for sufficiently high v, the full equality allocation in which (c;¢/c;i)% = :\\—J

for all £ > 0 can not be the optimal allocation whenever the following conditions hold.
Consider the steady state corresponding to fiscal policy setting the population-weighted

welfare weights equal across types. Let Ty, be the steady state fiscal policy that implements

this allocation.

(a) Suppose K, = K. Consider {T}};>0 (and therefore {K };>0 as a potential solution to
our planner’s problem. In this case, the allocation would remain unchanged, and therefore,
using the FOC with respect to C;, \yv = Aiy1. Recall that we have assumed that F K(I_( +
1-46)> ll/ Plugging this into the FOC with respect to Ty, :

ary Lt+j argljr{t—&-' aFLt—&-] aFHt—l—j

;C’ (wLth+g Ty, + THWH+ A7 Ty, + LW T, + THWr Ty, ):
= 0K, _ 1

- S SE (Fi(B) +1-8) = = A
0 i v

Using the fact that mrwrer; = Tpwaee; and Wl ; = wirj—1/R(K) = wierj=/R(K), we can

re-write the above as:

ZC J arLt+y arHt+y + 1/ v % + 1/ v %4
0Ty 0Ty, R(K) 0T R(K) 0Ty,

LWLt [

T, arg,t> aKtHﬂ( ) 1) .
e ) R K)+1—06)—= )
(GTM i v Z oy, B I=0) =0 v

j>1

Note that because, by assumption, Ri(/l-l;—) < 1 and therefore the left hand side of the

equation is non-zero. Ty, only affects the consumption share of generation t directly, but
changes the consumption share of every subsequent generation by decreasing the capital
stock and increasing the interest rate. Therefore, the first term above is negative, as the

increasing interest rate decreases the consumption share of the young (which is weighted

/v
R(K)

the right hand side is positive, as \; > 0, M > 0, and Fg(K)+1—6 — L is positive

more heavily, as < 1) than the increase in the consumption share when old. Note that
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by assumption.

As v — 1, the first term gets larger in terms of absolute value and approaches —oo.
Therefore, for sufficiently large 7, the first order condition is not satisfied, as the right hand
side becomes an increasingly large positive number, while the left hand side becomes an

increasingly large negative number.

(b) Now suppose Ky # K. Consider a path for fiscal policy, {T;;}, now with a time

subscript, that implements the first best level of inequality at each period.

Prove that T, converges to T, and therefore K, converges to K. To show that the
path of fiscal policy converges to Ty, the policy associated with the first-best steady state I

show that the following are true:

1. The ratio K[t(—tl is monotonically decreasing in K, for a given fixed Tp. Therefore, if
K, > K, %K:) -0 = Klz—:l — 1 < 0 and capital decreases, while the opposite is true if

K, < K. Therefore, steady states are unique and stable.

2. If K, = K, > K, then then T}, associated with first best equality in this case is
higher that the 77, associated with the steady state level of capital of K. Similarly, if
K, = K < K, then T}, < T.

3. Using (1) and (2) Setting T, at time t will bring K, closer to K. This implies that

the T7,,, is closer to T}

(1) Proof that K;{—tl is monotonically decreasing in Kj :

6‘Kt+1/Kt

The derivative, =57 is equal to:

aKt+1/aKt - Kt+1/Kt <

0
K

If we multiply by, %, we can see that this derivative is negative whenever:

0K 1 K

— <1
0K K

Using the implicit function theorem and the asset market clearing condition, this can be
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written in the following way, where A,, A,,, and wg are defined as in Section ?77:

o
0K 1 K, >0 71'Z'A_lewwK Apwi

OK Ky — > TS A R - 1- ARk

Where the final expression comes from the fact that K;,; = A;. Becuase A, > 0 and R < 0,
the denominator is above 1. Using the result from the previous section, that A,wx < 1, this
fraction is less than one, meaning the derivative is negative, and the steady state is unique
and stable.

(2) Take the first case where K, = K > K. Suppose that 17, = Ty. Then K;yy = K; = K.
In this case Tj, < Ty, which implies that &, < & and &, > &, and therefore &y > Qy.
A contradiction. Suppose T}, < T;.. Using the convergence result from Part 1, this implies
that K; 11 > K; > K. This implies that ¢/, < ¢/ and ¥, > &}, and therefore @y > @y. A
contradiction. Therefore, it must be that 77, > T:. By a symmetric argument, if K; = K <
K, then T}, < Ty,

(3) Combining parts (1) and (2) implies that if K, > K, then by (2) T}, > Ty. Therefore,
using (1), K41 < K; and |K;,, — K| < |K; — K|. This implies that K, converges to K and
therefore that T, converges to 717,

Again consider the first order condition with respect to consumption:

S A (e e ) =

Note that as K; 1, — K, Ciy1 — C, and therefore for any arbitrary small e, there exists a
7 >0, such that for ¢t > 0, [A\jy1 — N| < eforallt > 7.

Again using the fact that mrwriy; = Trwmt; by assumption, we can re-write the first order

condition with respect to Tr; as:

o0 [ arY, orY,,. or9 ore
O i t4j Hi+j Lt+j Ht+j
TL ; t4+5V (th Ty, + Wi OT,, + th oL, + th a7y, +

ory, arl;ﬁ) aKt+m< . )
+ = -\ Mi1(Fr(K)4+1—=6)— A
<aTLt 0Tt t“z o1y, \Me ) ) =X

This term can be broken further into the (finite) portion before t = 7 and the (infinite)
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portion for ¢ > 7.

> oY, ar,, .. ore
C.. 1/ +J Ht+j o Lt+j Ht-‘r]
”L; Y (“’” oy, T or, TV g, T 8TLt -
-1
u /oY, ore ore ore
C t+j Ht+] Lt+j Ht+j
™) Cois (““ oty T ary, Tiar, T ar, )t

ory, (9Fl['{t OKpi1sy i
(aTLt T Z Ty, M1 (Fr(K)+1-=6)— N

)
=30 M (Bt +1-6) - )

j>T

Because after t > 7, Cy, K11, and A\4¢/ A are all arbitrarily close to their steady state

counterparts, the above can be written as:

Y. Ol 1y OT%..  1/v OT%,..
Cy j Lt+] Ht+j v Lt+j ! Ht+j
“%[Z ( oy 0Ty T R(K) 9T, | R(K) oT.

T—1
j aFLt—i-‘ Oy oI,y oYy
C...1’ J — - Hit+g o t+j 0 t+j
WL; i (“” 0T Mar, Mo, M ar, )T

oy, . ar@;,t) aKtHﬂ( ] >
= M1 (Fr(K)+1-=96)—=A
(5 + S Z St (N (Fie () +1-8) =

0K _ 1\ .
)\t—&-l Z Y14y ( (K) +1— 5) _ _) 1

>0 8TLt 14

Again, as v — 1, the right hand side becomes an (infinite large) positive number, while
the left hand side is a negative number. Therefore, there exists a o € (0, 1) such that if v >

implementing the first best level of inequality violates the planner’s first order conditions.

Case 2 (1), > 0): The optimal implementable allocation 2} maximizes the following expres-
sion:
00 Fy Cr 1—oy (FQ C )1700 (at‘))lfn
t it t 1\ttt -1 i
max E i § v ( +v ﬁl—l_go + P e

{Ct}i>0,TL P n

o4



subject to:

I, =T% (K, Kyv1, Ty, Cryaf_y) forie {L,H}
I = Th (K, Ko, Ty, Cigsa7_y) forie {L,H}
Kipr = K1 (K, T, {ag, 1, a5, 9y,

Cy + Kpoy = F(K,, 1) + (1 — §)K,

o _ o o A
Qjpy1 = ait—l—l(Kt-i-la Ky, a5y, Ti)

Let p; be the lagrange multiplier for the resource constraint. The first order condition with

respect to C is:

) (wit(rg) + w}; 1 (Fft)) =ty (A.14)

I

The first order condition with respect to 17, is:

o arY ory. ore are,,.
C ' t+j T HiAj o Li+j o T Hitj
j; t (th+] aTLt + WHt+j aTLt + WLt+j o aT + WHt+; aTLt
° 8&0Lt+J ° aa/Ht+j > aKt-i—l 1
—H’ULtJr] aTLt Ht+j oT ) B — 6TLt <(FK(Kt+j) +1- 5) - ;)Mt-i-l <A15)

Combining equations A.14 and A.15:

orY, Lit orY,
thﬂ WLt+j A Ty, tWHij Ty,

j>0
0Ky i1 Wit+j—1 /10
== Z aTLJt (Fic (Kevg) + Z Wit (T zt-‘r] Rtj— (th+j)

t>0

or9 ore a9 a9
Ht+j Lt+j 0 Ht+j Lt+j o Ht+
’ +w Lt+] aT — +w Ht+] 8T — +w Lt-‘rj 8T — tw Ht+j aT ])

Again, suppose Ky = K and consider a solution where Writj = Wa; = wr, for all j > 0.

w? . .. . . .
Recall that wf, = gl. Plugging this into the above, pulling out and canceling the wy, gives

you:

ZC ](alﬂit—i—j 6F§it+j n 1/? (aF%tﬂ‘ I ar?{t—&-j I aaOLt+j i 3a?{t+j))
0Ty 0T, R(K)\ 0Ty 0Ty 0T Ty

7>0

0Ky j1 1 A,
== Z 8Tth ( FK(Kt+j) +1- 5) - ;) <P%t+g + FHt+] R(K) (PLtJrj + FHt+])

t>0
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This can be rewritten as:

iéyj L4 n My 1/ v Oy I s n 9agsy; n 0ayy,
0T, | 0T, « R(K)\ 0T, | 0T, | 0Ty, & 0T

0Kyt L\ Vv o 0
=— Z aTL]t (Fr(Kij) +1—=0) — > A\ Doy + Dy + Tf()< Lorj T D)

_[ory, — ory /v [oT9, OIY dag,  0al
O Lt Ht - Lt Ht Lt Ht
+ <8TLt o, T RE) (8TM o, "o, T o1y,

1/v
R(K)

share and bequests of generation t directly, but changes the consumption share and bequests

Note that by assumption < 1. Note also that T7; only affects the consumption
of every subsequent generation by decreasing the capital stock and increasing the interest
rate. Therefore, the first term above is negative. To see why, note that a lower capital stock
at each horizon decreases income and therefore decreases bequests left for both low and
high type (that is % < 0). To see that the remaining part of this term is also negative,
note that a decline in K}, increases R;.1, increasing the consumption share when old, but

because I% /R(K) < 1 by assumption, the decline in the consumption share of the young is

—O0Kiy144 >0
)

weighted more heavily. As before, the right hand side is positive, as pu; > 0, TTo

and Fi(K)+1—6 — % is positive by assumption.

Therefore, as v — 1, the first term gets larger in terms of absolute value and approaches
—o00. Therefore, for sufficiently large ©, the first order condition is not satisfied, as the right
hand side becomes an increasingly large positive number, while the left hand side becomes

an increasingly large negative number.

Suppose Ky, # K. By an identical argument as in the 1, = 0 case, because the policy
that would implement ideal equality, {77}, }+0 eventually converges to Tj, as v — 1, the
planner’s first order condition would have an ever large negative number on the left hand
side and an ever larger positive number on the right hand side. Therefore, wj, = wj;, for all

t is ruled out as a solution in this case as well.

A.7 Proof of Proposition 5
To be added.
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A.8 Endogenous Labor 4+ Labor Income Redistribution.

In the case with no bequest motive, the derivative of total steady-state social welfare with

respect to 7 is defined as the following.

; Yy
dSWdTe - lz (Wi)‘i(ci'/)ay ((1 - Te)ez’(gid—w + wd&) O, wl; + T’ _ da )

dTg 2 T dTg dTg dTg dTg
dv; da dR
— Y
TiNi EZd + mNiBi(cd) 7 (dTZR—i- a; ))dﬂg

The households’ labor supply condition is given in equation (A.16) and Euler equation is

given by equation (A.17).

(1= m)w(c!)™ = ¢] (A.16)
()™ = BiR(c})™™" (A17)

Plugging these conditions into the change in social welfare gives the following.

1 dw aT dR
dSW = 5 Z (WiAi(cZi’)—(’y ((1 — TE)HZ&CZ_TK - HZUJEZ + d_Tg) + WiAiﬂi(cg)_U azy dT )) dTK

I

Finally, the fiscal authority’s balanced budget implies,
dl' = drywL + 7(Ldw + wdL)

Plugging this and the households’ Euler equation into the change in social welfare gives the

following.

dw dL dR J
dTe dTg K

1 N dw
=3 ZI: (m)\l(ci) ((1 70)0:l; o + (wL — Qwt;) + 7o(L— + w—) + a Rr

Define © exactly as in the previous section.

@—Zw-)\-(cy)’”y (gé_ a/ )
n ! L RK
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Then, using the fact that for CES production, % = —%, the change in social welfare is:
dSW = wi| L —0;0; \wdty +L{© — 71, W % dw + 1pd(wl)
I I L
Direct\;Effects General Equ;ﬁbrium Costs

This can then be written as:

il dK dL dL
= ;wi (wL — wﬁiGi)dTg +wL((@ — ;wl( 7 )Tg + 1) (wKT + wa) + T@f)

Direct Effects General Equilibrium Costs
Define K, = dTKdLT,_; as the general equilibrium semi-elasticity of capital with respect to the

labor income tax. Define L, analogously. Then the change in social welfare can be written

in the following way.

L — wl;0; 0.0,
= ;Wi(%)ﬁh—é + @(wKKT + wLLT> + T <LT +wg K, +wr L, — sz< 7 ))

1

A.8.1 Solving for general equilibrium elasticities as functions of measurable

sufficient statistics.

Saving, a! is a direct function of permanent income and the gross interest rate, R.
a! = PI; — ¢J(R(K), PI;)
Where permanent income is defined as in the text.
PIL, = (1 —1)0;w(K, L)¢;(¢?, (1 — 1)w(K, L)) +w(K, L)L

The general equilibrium derivative of permanent income with respect to the tax, scaled to

average labor income, is given by equation (A.18).

wlL wl T 0L \tdr, " wdr, ) T\ Ldr, " wdr,

- wl el TN  Karn, T T,

wlL C;dry TZLdT[

+(1—7) (A.18)

Above, I am using the government’s budget constraint and the household’s labor supply
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condition at each age to write household labor as an implicit function of permanent income,

assets, and tax policy, ¢(.) = ;(PI;, 74, aY):
£ — w(K, L)(1 = 70! (e, ROK), w(E, L)) = €2 (re, K, L)

This implies that aggregate labor, L can also be expressed as an implicit function of the

linear tax and K.

L= Z Tiy0ili(1e, K, L)
I

Note that % can be decomposed into the direct effects of the linear tax, BTLC% and K.
oL 1
= —— Al
K L 0K (A-19)

The asset market clearing condition is given by the following.
K =Y mya!(PI;, R)
I

The total derivative of capital with respect to the tax is given in equation (A.20), which is

divided by K to give the elasticity.

_ A2
K dn, 2 9PL wL Y K T 0ROK K (A-20)

dK 1 12 (8ay dPL,wLY  0a! 8RdK)
Plugging equation A.18 into equation A.20 and 1solat1ng gives the following expression.
Here wgi and wy, are the elasticities of the wage to changes in capital and aggregate labor
respectively. Similarly, Ap; is the elasticity of savings to changes in permanent income, A,
is the elasticity of household savings to the interest rate, and K, is the elasticity of capital
to R-1.

da? wL—0;w;
Zlmyam < wL ) +L

(A.21)
Zfﬂzyagj ( = TZ)”w + T>wKwYL§ A K

Here, the term £ summarizes the effect of the general equilibrium change in labor supply on

59



assets:

,C = 7 — L.,- - A22
; m y(?PIz (wL ¢ ( wlL T L gldTl ( )
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