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ABSTRACT. The literature on cluster-randomized trials typically allows for
interference within but not across clusters. This may be implausible when units
are irregularly distributed across space without well-separated communities,
as clusters in such cases may not align with significant geographic, social, or
economic divisions. This paper develops methods for reducing bias due to cross-
cluster interference. We first propose an estimation strategy that excludes units
not surrounded by clusters assigned to the same treatment arm. We show
that this substantially reduces bias relative to conventional difference-in-means
estimators without significant cost to variance. Second, we formally establish
a bias-variance trade-off in the choice of clusters: constructing fewer, larger
clusters reduces bias due to interference but increases variance. We provide a
rule for choosing the number of clusters to balance the asymptotic orders of the
bias and variance of our estimator. Finally, we consider unsupervised learning

for cluster construction and provide theoretical guarantees for k-medoids.
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1 Introduction

The literature on cluster-randomized trials (CRTs) predominantly assumes partial
interference, which allows for interference within but not across clusters. However,
researchers often conduct CRTs in what Hayes and Moulton (2017) refer to as “ar-
bitrary geographical zones,” where clusters are not given by nature since “the popu-
lation is widely scattered and not divided up into clearly defined and well separated

7 A well-known concern in these settings is cross-cluster interference,

communities.
where units within a cluster may respond to treatments assigned to units in adjacent
clusters. Some references refer to this phenomenon as contamination (Hudgens and
Halloran, 2008; Staples et al., 2015), while others define contamination to mean that
control units procure treatment from treated neighbors, which is suggestive of inter-
ference (Hayes and Moulton, 2017). In either case, a simple comparison of treatment

and control clusters may be biased.

Example 1 (Infectious disease trials). CRTs are widely used in the infection control
and hospital epidemiology literature (O’Hara et al., 2019). An example is the Solar-
Mal trial (Homan et al., 2016), designed to evaluate the impact of mosquito trapping
on malaria transmission. The CRT was conducted on an island of Kenya, partitioned
into contiguous clusters using an unsupervised learning algorithm. As noted by Jarvis
et al. (2017) in a review of infectious disease trials, partial interference “can be vio-
lated due to movement of people or diseases across borders, such as mosquitoes flying

between control and intervention households.”

Example 2 (Large-scale social experiments). CRTs conducted on large populations
have become increasingly common in academia (Muralidharan and Nichaus, 2017)
and industry (Karrer et al., 2021). For example, Egger et al. (2022) study the gen-
eral equilibrium effects of unconditional cash transfers using a CRT conducted in
rural Kenya. The trial clustered villages into administrative units called “subloca-
tions.” The authors observe that “villages are relatively close to each other [and]
sublocation boundaries are not ‘hard’ in any sense nor reflective of salient ethnic or
social divides. . .there is extensive economic interaction in nearby markets regardless

of sublocation.”

This paper proposes methods for reducing bias due to cross-cluster interference in
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the analysis and design of cluster-randomized trials. Instead of partial interference,
we consider a spatial interference model proposed by Leung (2022b) which posits
that interference decays with geographic distance. This captures the central concern
expressed in the previous examples, namely potential interference between geograph-
ically proximate units.

At the analysis stage, a common bias-reduction strategy is the “fried-egg design”
(Hayes and Moulton, 2017, Ch. 4.4.3). This is not an experimental design but rather
entails excluding from estimation units in the trial located near cluster boundaries,
the “whites” of the “fried eggs” that are the clusters. An open question is whether
excluding observations in such a fashion is worth the loss of efficiency. We show that
conventional difference-in-means estimators can have large biases due to interference
near cluster boundaries. We then propose to improve the efficiency of the fried-egg
design by excluding not all units near cluster boundaries but rather only the subset
not surrounded by clusters assigned to the same treatment arm. We prove that this
can substantially reduce the asymptotic order of the bias relative to difference in
means with no increase in the asymptotic order of the variance.

We then turn to optimal design of clusters. Partitioning the region into a small
number of large clusters reduces bias since fewer units are located near cluster bound-
aries where they are most prone to cross-cluster interference. However, this comes at
the cost of higher variance because the sample size in a CRT is the number of clus-
ters. Unlike the conventional partial interference framework, our spatial interference
model induces a bias-variance trade-off, which enables the study of cluster design for
optimizing the trade-off.

We prove that the number of clusters k that balances the asymptotic bias and
variance of our estimators depends on a parameter v that measures the speed at which
interference decays with distance. This formally characterizes how domain knowledge
of interference informs optimal cluster construction. Such knowledge is implicitly used
in practice when researchers define fried-egg boundaries or construct clusters with
“buffer zones” to minimize interaction between units (Hayes and Moulton, 2017).

In practice, cluster construction is ad hoc. Homan et al. (2016) utilize a “traveling
salesman algorithm,” essentially an unsupervised learning method. More commonly,
researchers use administrative divisions (e.g. Egger et al., 2022) or manually partition
the study region (e.g. Moulton et al., 2001). Binka et al. (1998) study a malaria trial

conducted in Northern Ghana, noting that, “Where possible, small paths or road were
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used to delineate the clusters. However, in most cases, the cluster boundaries did not
correspond to natural barriers.” We contribute to the literature by providing formal
justification for constructing clusters using k-medoids, a well-known unsupervised
learning algorithm.

We study CRTs under a design-based framework, as in Hudgens and Halloran
(2008), Imai et al. (2009), and Schochet et al. (2022), among others. Unlike these
papers, we do not assume partial interference and therefore require a different formu-
lation of standard estimands.

Our work is most closely related to Leung (2022b). He studies designs targeting
the global average treatment effect (GATE) in which clusters are squares in R? with
identical areas. We consider a more general set of estimands and richer designs that
may utilize unsupervised learning to construct clusters. Also, to accommodate denser
spatial settings, we consider “infill-increasing” asymptotics in which the number of
units is of larger asymptotic order than the volume of the study region. Finally, we
propose new standard errors that are asymptotically conservative without restrictions
on the superpopulation.

Our analysis of k-medoids builds on Cao et al. (2024). We extend a key result of
theirs to the case where k diverges and characterize other k-medoid properties in this
regime which may be of independent interest. We generalize their Ahlfours-regularity
condition on the metric space to allow for infill-increasing asymptotics, though unlike
them, we also require an additional boundary condition.

Faridani and Nichaus (2024) substantially generalize the theoretical results in
Leung (2022b) while retaining his focus on the GATE. Their results hold for general
spaces defined using topological conditions that differ from Ahlfours regularity. For
this reason, their proofs differ substantially from ours. They study designs that
essentially cover the study region with non-intersecting balls of approximate radius
Jn, Where the radius is chosen to grow at an optimal rate. Our design specifies an
optimal choice for the number of clusters and uses unsupervised learning to construct
clusters.

The paper is organized as follows. The next section defines the model and esti-
mands. In §3, we discuss the disadvantages of existing estimators and propose an
alternative. We study the theoretical properties of the estimators in §4 and propose
an optimal design in §5. We present simulation results in §6 and an empirical appli-

cation in §7 using data from the Egger et al. (2022) trial. Finally, §8 concludes and
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summarizes the practical outputs of our analysis.

We will use the following asymptotic order notation. For two sequences of random
variables {X,,}neny and {Y),}nen, we write X,, < Y, if | X,,/Y,| = O,(1), X,, < Y, if
| X0/ Yal = 0,(1), X,y 2 Y, if |Yo/X,| = O,(1), X,, > Y, if |Y,/X,| = 0,(1), and
X, ~Y,if both X, <Y, and X,, > Y,,. For two sequences of constants, we use the

same notation for analogous notions of asymptotic boundedness and domination.

2 Setup

Let (X, p) be a metric space where X' is the set of spatial locations and p the metric.
We observe a set of n units N,, € X, so p(i,j) is the spatial distance between units
i,j € Ny. Let D; denote unit i’s binary treatment assignment and D = (D), the
vector of observed assignments, which is the only random quantity in our analysis. Let
{Yi(-) }ienr, be a set of functions with domain {0, 1}" and range R. For d = (d;)icn, €
{0,1}", Yi(d) denotes the potential outcome of unit ¢ under the counterfactual that
all units are assigned treatments according to d. Unit i’s observed outcome is Y; =
Y;(D). We maintain the following standard assumption, that potential outcomes are
uniformly asymptotically bounded. All asymptotic statements are with respect to a

sequence indexed by n € N unless otherwise indicated.

Assumption 1 (Bounded Outcomes). max;e;, maXgeqo,1y»|Yi(d)| < 1.

2.1 Spatial Interference

The primary metric space of interest is R2, but our results apply to a more gen-
eral “Ahlfors-regular” space, augmented with a boundary condition. Define the r-

neighborhood of unit 7

N(i,r) ={jeN,: p(i,j) <r}.

Assumption 2 (Metric Space). There exist constants C,d > 0 and a positive se-
quence {&,}nen such that 1 < &, < n and the following hold. (a) For any n € N,
i€ Ny, and r > 0, min{C*&,r% n} < IN(i,r)| < max{C&,r% 1}. (b) d = 1, and
NG, + 1)\N(,7)| < Cmax{&,r4 1 1} for any r > 0.

maXien,,

The constant d represents the spatial dimension and &, a measure of density (units
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per unit volume). The dependence on &, is new to this paper relative to prior work on
spatial interference and accommodates applications with denser regions. To under-
stand the assumption, consider the standard increasing-domain case in which &, =1
for all n. Part (a) says that the number of units in an r-neighborhood is the same
order r? as the neighborhood’s volume. This defines a (C,d)-finite Ahlfors-regular
space, the same metric space studied by Cao et al. (2024). The boundary condition
in part (b) is new relative to their setup, but both (b) and the upper bound in (a)
are satisfied if X = R? under the usual increasing-domain assumption that units are
minimally separated in space (Jenish and Prucha, 2009, Lemma A.1).

Assumption 2 also accommodates the infill-increasing case in which &, diverges
with n. Here the number of units in any neighborhood is of larger order than the
neighborhood volume by a factor of &,, corresponding to a denser region. Because
we require &, < n, this is a hybrid of infill and increasing-domain asymptotics in
which the volume of the study region N, grows but at a slower rate n/, than the
population size n (as in Lahiri and Zhu, 2006, for example).

Under Assumption 2(a), the number of units in any r-ball is proportional to &,r?,
which allows for some variation in density across the study region. The assumption
is violated if two subregions of similar volume exist but the number of units in one
is a large multiple of the other. This could be the case in practice if the study
region encompasses urban and rural areas. In §SA.2.1, we discuss how our proposed

methodology can be modified to accommodate large variations in density.

Assumption 3 (Interference). There exist ¢ > 0 and v > d for d defined in Assump-
tion 2 such that for all r = 0,

ilég%lj\)i(maxﬂm(d) —Yi(d)|: d,d' €{0,1}",d; = d; Vj e N(i,r)} < cmin{r 7,1},
This corresponds to Assumption 3 of Leung (2022b). Unlike partial interference, it is
formulated independently of clusters, enabling us to develop a theory of optimal clus-
ter construction. To interpret the condition, consider a unit ¢ centered at a “cluster”
N (i,r) of radius r. The quantity |Y;(d) — Y;(d')| measures interference induced by
manipulating the treatment assignments of units outside the cluster, and the assump-
tion requires this to decay like =7 or faster. Hence, the larger the minimum distance

r between ¢ and the units with manipulated treatments, the smaller the spillover ef-
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fect. We thus interpret 1/v as (an upper bound on) the degree of interference. In §5,
we discuss the optimal design of clusters using knowledge of ~.

Assumption 3 further requires v to decay fast enough relative to the spatial di-
mension d. This coincides with the requirement imposed by Leung (2022b) for d = 2.
In the increasing-domain case, the intuition is that r-neighborhood sizes grow like 7¢
under Assumption 2, so weak dependence requires interference to decay faster than
the rate at which neighborhoods densify with r. Central limit theorems for spatial
processes impose analogous requirements on mixing coefficients which control the de-
gree of spatial dependence, as v does in our framework (e.g. Jenish and Prucha, 2009,
Assumption 3(b)).

2.2 Design

We interchangeably use k or k, to denote the number of clusters in the design. For a
given population N, denote by C,, = {C} }2?:1 the set of clusters, which is a partition

of N,,. We study standard two-stage randomized-saturation designs.

Assumption 4 (Assignment Mechanism). Forq e (0,1), po,p1 € [0, 1], andt € {0, 1},
{D;}icc, w Bernoulli(p,) conditional on W; =t where {W;}¥_, w Bernoulli(q).

Under this design, k clusters are independently randomized into treatment with prob-
ability ¢ with WW; denoting cluster j’s treatment assignment. If W; = t, all units in
cluster j are randomized into treatment with probability p;. The literature often
refers to p1, po as saturation levels.

Let &, and d be given from Assumption 2. We consider (sequences of) clusters

satisfying the following properties.

Assumption 5 (Spatial Clusters). There exist positive sequences { L, }nen and {Uy }nen
for which the following hold. (a) For any sequence of clusters {C,}nen with C,, € C,
for all n, there exists a sequence of “centroid” units {i, }nen with i, € C,, for alln such

that N (in, Ln) € Cp € N (in, Un). (b) Ly ~ Uy ~ (n/(kn&n)) /2.

This requires clusters to be globular in that they contain and are contained by balls
with radii of the same order. Under Assumption 2(a), part (b) implies that the number

of units in any cluster is order n/k,, which implies that clusters are comparable in
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size. We show below that clusters generated by k-medoids satisfy these requirements.
Note that even under partial interference, restrictions on cluster size heterogeneity
are required for inference using conventional clustered standard errors (Hansen and
Lee, 2019, Assumption 2), although our requirements are stronger. These may be
possible to relax, but we leave this to future research.

Assumption 5 allows clusters to have quite heterogeneous shapes, as can be seen
in Figure 1. It depicts k-medoid clusters, which satisfy Assumption 5 by Theorem 1
below. However, the assumption is violated if clusters are highly size-imbalanced,
such as elongated clusters that narrowly encompass a geographical feature such as
a river or road. This may be addressed by subdividing large or abnormally shaped
clusters or grouping adjacent small clusters. The assumption can also be violated
if clusters are not constructed based on spatial proximity. For instance, if units are
connected through an online social network connecting units far apart in space, then
clusters based on network connectivity would likely violate the assumption.

Assumption 5 is satisfied if the researcher partitions the space into k,, identically-
sized cubes, but such clusters do not adapt to the spatial distribution of units. We
therefore suggest using unsupervised learning algorithms. The next result provides

theoretical guarantees for the well-known k-medoids algorithm stated in §SA.1.

Theorem 1. Suppose clusters are the output of k-medoids, given in Algorithm SA.1.1.
Under Assumption 2(a), the clusters satisfy Assumption 5.

In practice, k-means can also be used since it typically delivers clusters similar to
those of k-medoids. The globular clusters produced by both algorithms are sometimes
viewed unfavorably relative to algorithms such as spectral clustering for certain un-
supervised learning tasks. However, for our purposes, globular clusters are preferable
because they minimize the number of units near cluster boundaries, which are the
primary source of bias due to cross-cluster interference. More broadly, Assumption 5
provides general design principles for constructing clusters, namely to aim for balance

and globularity, which may be achieved either using these algorithms or manually.

2.3 Causal Estimands

Because we allow for cross-cluster interference, we need to redefine conventional es-

timands in a manner free of this source of bias. To this end, define for ¢ € {0, 1} the
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pi-counterfactual design, which sets k = 1 and ¢ = ¢t in Assumption 4. This design
groups the population into a single cluster and assigns treatment with probability
pi- Throughout the paper, let E[-] denote the expectation taken with respect to the
observed design in Assumption 4 and E7 [-] the expectation taken with respect to the
pe-counterfactual design.

Let D_; denote the assignment vector excluding the ith component and Y;(d, D_;)
denote i’s potential outcome under the counterfactual that ¢’s observed assignment is
d € {0, 1}, holding fixed the realized assignments of other units. We study estimands

of the form

1
0" = 0" (dy, o pr.po) = — 3, (E;, [Yildh, D-)] — B, [Yi(do, D_;)])
i€Nn
for dy, dy € {@,0, 1}, where we define Y;(@, D_;) = Y;(D). The following special cases
are analogous to estimands defined by Hudgens and Halloran (2008) and Hayes and
Moulton (2017). The direct effect compares treated and untreated units under the

pr-counterfactual design:

0 = 0°(1,0,p1p1) =+ 3 B [Vi(1, D) = Yi(0, D))
€N,
This is directly identified if the p;-counterfactual design were implemented in practice.
The estimands that follow, however, require multiple clusters assigned to different
arms because they compare different counterfactual designs. Under our framework,
this is the primary motivation for cluster randomization.
The indirect effect compares outcomes of untreated units under counterfactual

designs with different saturation levels:

* * 1 * *
0f = 0°(0,0:p1.p0) = — > (B}, [¥i(0, D_y)] — B}, [¥;(0, D_)]).
1E€ENR

Interest often centers on the “pure control” baseline of py = 0, so that Ey [Y;(0, D_;)] =
Y;(0). The total effect is the sum of the direct and indirect effects, equal to 6% =
0*(1,0; p1,po). Finally, the overall effect compares outcomes under different satura-
tion levels: 03 = 0* (&, F, p1,po). Leung (2024) provides conditions under which these

have causal interpretations.
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3 Estimators

3.1 Existing Approaches

Let c(i) € {1,...,k} denote the index of the cluster containing unit i. A common
strategy for estimating 67 is to compute the difference in means between control units

in clusters assigned saturation level p; and those in clusters assigned level py:

Zz‘e/\fn(l - Di)Wc(i)Y; _ Zie]\/ﬂ(l - Wc(i)>Yi

Yiien, (1 = D)W Yien, (L =Wew) (1)

This is the sample analog of

1
3 (BIY: | (1= D)Wy = 1]~ B[Y; | Wegy = 0]),
€Ny,

which may be quite far from the target 67. Units in control clusters near cluster
boundaries may be spatially proximate to units in treated clusters and therefore at
greater risk of contamination. For such units ¢, E[Y; | W, = 0] may be substantially
different from E5 [Y;(0, D_;)].

The fried-egg design attempts to reduce bias by restricting the comparison in (1)
to the subset of units deemed sufficiently far from cluster boundaries. Unfortunately,
this has two problems. First, the resulting estimator is in fact asymptotically biased
because boundary units are excluded with probability one, so it only estimates an av-
erage effect for the subpopulation of units in cluster interiors. As noted by McCann et
al. (2018), this differs from the target estimand since units in cluster interiors may be
systematically different from those near the boundaries due to spatial heterogeneity.
Second, it is inefficient. The purpose of only including units in the interiors of control
clusters is that such units are “well surrounded” by control clusters, or equivalently,
relatively far from treated clusters. However, boundary units may be well surrounded
in the same fashion if all neighboring clusters are assigned to control, so it would be

just as useful to include these units.

10
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Figure 1: k-medoid clusters. The left panel colors units by cluster membership and the
right panel by whether their respective clusters are assigned to treatment (black) or control
(white). Units marked by “X” are excluded from estimation. The circle depicts a unit’s
rp-neighborhood used to determine exclusion.

3.2 Our Approach

Fix a neighborhood radius 7, to be defined in (2) below. Call a unit ¢ well-surrounded
if
S; = max H Wei)' =1,

te{0, 1}]6/\/(Z )
that is, if a unit ¢’s r,-neighborhood only intersects clusters assigned to the same
treatment arm. Figure 1 depicts k-medoid clusters, marking with an “X” units that
are not well surrounded. Our strategy is to only exclude from estimation units that
are not well surrounded. If r, = 0, then all units are well surrounded, and our
estimators reduce to difference in means. Choosing a larger radius r,, is analogous to
choosing a larger boundary region for exclusion in a fried-egg design.

Under our assumptions, the number of well-surrounded units is of asymptotic
order equal to the population size n because any unit has nontrivial probability of
being well-surrounded (Lemma SA.5.3). As a consequence, our strategy solves the
fried-egg design’s boundary bias problem and typically excludes strictly fewer units.

Let dy,dy be given from the estimand #*. For any ¢t € {0,1} and i € N, define

= D; = dy,Wepy = t}S; if dy € {0,1} and T}; = L{W,,y = t}S; if dy = @

11
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Let py; = E[T};] be the propensity score, which has a closed-form expression given in

Remark 1 below. We propose the following Hajek estimator for 6*:

Zie N TtiYi/ Dti
ZZ‘EN” Tn’/pti '

0=fn—fo for fi=

When r, = 0, S; = 1 for all i, so propensity scores are homogeneous across i, and
6 reduces to difference in means. For r, > 0, the scores are generally spatially
heterogeneous. For instance, boundary units are less likely to be well surrounded
than interior units because that would require more clusters to be assigned the same
saturation level.

For any cluster Cj, let m; be its centroid from Assumption 5 and R; = max;ec, p(i,m;),

the “radius” of the cluster. We propose setting
rn=0.5" Median({Rj};?:l). (2)

In the case where clusters are equally sized squares, this coincides with the radius
suggested by Leung (2022b).

Remark 1 (Overlap). Let ¢; be the number of clusters intersecting N (i,7,). The

propensity score can be written explicitly as

P = D (L =)' """ (1 — )"

where pf = 1. We show in Lemma SA.5.3 that ¢; is asymptotically bounded uniformly
in ¢ under (2). Since ¢ € (0,1) by Assumption 4, p;; is similarly bounded away
from zero when the saturation levels p;, py are nontrivial (see Assumption 6 below).
Hence, using a CRT paired with our estimation strategy inherently avoids positivity

violations or limited overlap.

Remark 2. The choice of 0.5 in (2) is immaterial for the asymptotic theory, but in
finite samples it controls a bias-variance trade-off. We choose 0.5 to informally balance
the two. Constants close to zero will yield high bias because r,, = 0 corresponds to
difference in means. Constants close to one result in high variance. To see this,
suppose each cluster is a ball with homogeneous radius R. Setting the constant

to 1 implies r, = R, so the only unit in any cluster that is well surrounded with

12
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probability one is the centroid. A unit located slightly north of the centroid finds
its r,-neighborhood intersecting at least two clusters, so the chance that it is well
surrounded, and hence not excluded, is substantially lower. In contrast, suppose

= 0.5R, and define a cluster C;’s “interior” as the ball centered at m; with radius
R/ 2. Then all units in the interior are well surrounded with probability one because

their r,-neighborhoods are contained within Cj.

Lastly, we propose a variance estimator for 0. Let

Ni={leN,: {rlnao; }\Cj AN (i,r,)]|C; A N (€, 1,)] > 0}, (3)

je{l,....kn
the set of units ¢ for which some cluster intersects the r,-neighborhood of ¢ and 1.
These can be thought of as the units “most potentially correlated” with ¢. Define
Aiy(1) = 1{j € Ai}, Ai5(2) = 1{j € Cepy}, and Z; = (Tu(Y; — f11))/pri — (Toi(Yi —

fi0))/poi- The variance estimator is

~2 ~92 PN
6% = max 6%(u) where &2 = — Z;Z; A 4
max 5(u) % 3, 23y (1)

Notice that 62(2) is the conventional cluster-robust variance estimator (e.g. Baird et
al., 2018), which only accounts for within-cluster dependence. The estimator 62(1)
is analogous to that of Leung (2022b) and additionally accounts for cross-cluster
dependence since C,;) € A;. In 84, we discuss the advantages of taking the larger of
the two.

4 Asymptotic Theory

We next derive bounds on the rates of convergence of our estimator and difference in
means. We then characterize the asymptotic distribution of our estimator and prove

that the variance estimator is asymptotically conservative.
Assumption 6 (Overlap). For allt e {0,1}, ifd, =1 (d; =0), thenp; >0 (p < 1).

As discussed in Remark 1, this ensures overlap or positivity. For the next two the-

orems, abbreviate the estimand 6*(d;, dy, p1, po) as 0*. Recall the asymptotic order

13
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notation from the end of §1.

Theorem 2 (Our Estimator). Suppose k, < n/&,. Under Assumptions 1-6, |0—0*| <
7k~ () k2

The result establishes a bias-variance trade-off in k,,. The k, Y2 term is the contribu-
tion of (the square root of) the variance since the effective sample size in a CRT is
the number of clusters k,,. The asymptotic bias is order r,,7. Intuitively, if r,, is large,
then the expected outcome of a unit ¢ assigned treatment d; and well surrounded
by clusters assigned to saturation level p; should well approximate E7, [Yi(d;, D_;)],
corresponding to lower bias. The bias decreases at a faster rate for larger v since this
corresponds to a lower degree of spatial interference.

The requirement k,, < n/&, is mild, and typically we would have k, < n/¢,. In
the increasing-domain case where §,, = 1, necessarily k, < n/g, since k, < n, and
usually the number of clusters is of smaller order than the population size. In the
infill-increasing case, if k, grows faster than n/¢,, which is the volume of the study
region under Assumption 2, then we would be increasingly subdividing the region into
smaller clusters of shrinking volume, analogous to having more clusters than units.

Denote the difference-in-means estimator of #* by #*, which corresponds to setting
7, = 0 in the definition of 6. Let 65, %, and 8 be the difference-in-means estimates
of 0%, 07, and 0f defined in §2.3.

Theorem 3 (Difference in Means). (a) Under Assumptions 1-6, |07 —0*| < (k,&,/n)Y 0+
ke V2. (b) Suppose the design satisfies Assumption 4 for py € (0,1), po = 0. There
exist a metric space and sequence of units, clusters, and potential outcomes satisfying
Assumptions 1-3 and 5 such that |95—95\ e (kngn/n)l/dﬁ—k;m forany Q € {D,T,O}.

Part (a) provides an upper bound on the rate. Part (b) shows that the rate is tight for
several illustrative cases. Recall that setting pg = 0 corresponds to the “pure control”
baseline used in the estimands of Hayes and Moulton (2017).

The ky ”* term in the bound is (the square root of) the variance contribution, as
in Theorem 2, while (k,&,/n)"? is the bias contribution. The latter is notably worse
than that of § because a reduction in the degree of interference 1/v has no effect
on the rate. The reason is that units situated at cluster boundaries may be directly

proximate to clusters assigned to different treatment arms, and as shown in the proof,
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the share of such units can be of order (k,&,/n)"?.

These results demonstrate that excluding units in the manner of 8 can signifi-
cantly reduce the asymptotic order of the bias relative to difference in means. While
excluding units may come at the cost of efficiency, there is no increase to the asymp-
totic order of the variance because the variances of both estimators scale not with
the number of units but with the number of clusters. Hence, the efficiency loss is
second-order relative to the potential reduction in bias.

Define p; = n=* Yuen, BIY: | T = 1], 0 = p11 — po, and

2 _ Var 1 Ni(Yi —m)  Toi(Ys — ) |\
ooy )

n.2 N, D1i Doi

Note that 02 < 1 by the proof of Theorem 2.

Theorem 4 (CLT). Suppose 1 < k, < n/&, and o> = 1. Under Assumptions 1-6,

o k(0 — )~ N(0,1). (5)

Furthermore, if k, < (n/ﬁn)%, then

0 V(0 = 0%) <5 N(0,1). (6)

The first result (5) centers the estimator at @, the probability limit of 0. This is
not the estimand of interest since there is an asymptotic bias |§ — §*| by Theorem
2. To use the normal limit to justify the validity of conventional Cls for 6*, the
second result (6) requires “undersmoothed designs” in which the number of clusters
is of smaller order than the optimal rate discussed in the next section. This ensures
that the asymptotic bias is small. It is analogous to nonparametric regression where
rate-optimal tuning parameter choices result in asymptotic bias, so conventional CIs
require undersmoothing. We discuss practical choices of k, in §5. In §SA.2.3, we

discuss “bias-aware” inference, an alternative to undersmoothing.
Theorem 5 (Variance Estimator). Suppose 1 < k, < n/&, and o2 > 1. Under As-

sumptions 1-6, 6%(t) = o2+B,,+0,(1) fort € {1,2} and some sequence of non-negative

constants {B, }nen. Hence, both 6%(1) and 6%(2) are asymptotically conservative.
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The cluster-robust variance estimator 6%(2) has the advantage of being non-negative
in finite sample, unlike 6%(1) which is a truncation estimator (Andrews, 1991, p.
823). On the other hand, 62(2) only accounts for within-cluster dependence, whereas
62(1) also accounts for cross-cluster dependence in the definition A;;(1). As shown
in the proof, this dependence vanishes, so 6%(1) is a valid estimator. However, the
dependence vanishes at the slow rate (k,&,/n)"¢, the same order as the bias of dif-
ference in means. Thus in smaller samples, ignoring second-order terms may result
in anti-conservativeness. By taking the larger of the two estimators, we obtain the
benefits of both. See §SA.3 for a comparison of 6% with other variance estimators in

the literature.

5 Optimal Design

Recall that d is the dimension of the spatial region, &, is the density of the region
(number of units per unit volume/area), and + is a lower bound on the speed at which

interference decays with distance. By Theorem 2, choosing
2y
ko~ (n/&) (7)

optimizes the rate of convergence of f. This formalizes how domain knowledge of
interference ~ informs the design of clusters. The right-hand side is increasing in -y
since less interference means the same level of bias reduction can be achieved with
more clusters. It is decreasing in density &, because having more units in a given area
effectively corresponds to greater interference (an infectious disease may spread more
easily).

Choosing the number of clusters according to (7) balances the asymptotic orders

of the bias and variance of 6. However, as discussed in §4, validity of the CI
0+1.96 6k /> (8)

requires the bias to be of smaller order than the variance. This requires an under-
smoothed design where k is of smaller order than (7).

We next recommend an undersmoothed choice of k given domain knowledge of
~v. Let V denote the area or volume of the study region containing N,,. As discussed

below, V is of order n/¢,, so the rate-optimal formula (7) can be rewritten as k ~
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V%. While one could choose k£ equal to the right-hand side, this choice would
be extremely sensitive to the unit of length used to measure geographic distance.
Switching from square kilometers to square millimeters would dramatically increase
V.

Our observation is that both the unit of length and ~ determine the speed at
which interference decays with distance. For any given choice of v, the rate of decay
is significantly faster if distance is measured in millimeters compared to kilometers,
for example. Therefore, domain knowledge of interference informs both v and the

unit of length, and one can determine k from these ingredients as follows.

1. Based on domain knowledge, specify a unit of length and rate of decay v under
which Assumption 3 is believed to hold. Choose a strict lower bound ¥ < 7.
For a given unit of length, the conservative choice allowed by Assumption 3 is

v = d. We suggest this choice absent any prior information on ~.

2. Let V denote the volume of the study region containing N, under the chosen

unit of length. Set the number of clusters to

k= [min{V,n}z4], (9)

where [c] means round ¢ to the nearest integer.

The next subsection provides empirical examples of calibrating k£ under the con-
servative choice ¥ = d. The last subsection discusses how to determine v to obtain

less conservative estimates.

Remark 3. The theoretical motivation for (9) is as follows. First, using ¥ < =
corresponds to undersmoothing. Second, Assumption 2(a) says that the number of
units in an r-neighborhood is of asymptotic order equal to the density &, times the
volume of the neighborhood 7¢. It follows that the number of units n is of asymptotic
order equal to &, times the volume of the region: n ~ £,V. Hence, in the infill-
increasing case where &, is diverging, we replace n/¢, in the rate-optimal formula (7)
with V), which can be directly computed from the data. In the increasing-domain
case where &, ~ 1, we can replace n/§, with either n or V since they are of the same

order, so (9) conservatively chooses the smaller option.
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5.1 Empirical Examples

Sur et al. (2009) conduct a CRT in an urban slum in India spanning about 1.2 by
0.7 km with 38k participants. To compute our suggested number of clusters (9), we
need to select 4 and the unit of length. Suppose we choose the conservative bound
7 =d = 2, so that interference is assumed to decay like =2 or faster with each unit
of length r. If we take 35m to be the unit of length, then for units ¢, j, k£ such that
p(i,7) = 35m and p(i, k) = 70m, the extent to which k’s treatment affects ¢ is less
than 1/4th (277 = 0.25) as small as the extent to which j’s affects i. This is with
only a 35m difference in distance. For this unit of length, (9) yields & = 78. In other
words, these are the assumptions on interference that justify the authors’ choice of
k = 80, originally determined by a conventional power analysis based on a partial
interference model.

The previous rate of decay may be over-optimistic, so suppose the relevant unit
of length is in 100m increments. If p(4, j) = 100m and p(i, k) = 200m, the extent to
which k’s treatment affects i is less than 1/4th as small as the extent to which j’s
affects 7, now with a 100m difference in distance. With a slower rate of decay, bias is
higher, which requires constructing fewer, larger clusters. As a result, (9) yields only
k= 19.

Next consider Homan et al. (2016) whose trial region is substantially larger at
roughly 12 by 4 km with nearly the same number of units (34k). Due to the lower
density, there is less bias from interference, so a choice of kK = 81 can be justified under
weaker assumptions on interference. Specifically, if ¥ = 2 but the unit of length is
now in 250m increments, then (9) results in £ = 84. For context, the Anopheles
mosquito that is the subject of their trial typically does not fly more than 2 km from
their breeding grounds (CDC, 2025).

These examples illustrate what domain knowledge of the degree of interference
entails. They also show how our proposed choice of k£ accounts for regional density,
unlike the standard power analysis (e.g. Hemming et al., 2011, eq. (9)). In both
examples, weaker assumptions on interference require choosing k£ smaller than the
standard analysis to better balance bias and variance. To justify choosing larger k£,
the researcher must either collect data over a larger area or be willing to entertain

stronger assumptions on interference.
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5.2 Bounding Interference

Optimal design generally requires prior information on certain population parame-
ters. The standard power analysis for CRTs assumes partial interference and requires
knowledge of the intracluster correlation coefficient, a measure of within-cluster de-
pendence in potential outcomes (e.g. Baird et al., 2018; Hemming et al., 2017). Our
results suggest that, if cross-cluster interference is of first-order importance, the fo-
cus of attention should instead be . As illustrated in the previous subsection, the
conservative choice v = d can result in relatively small values of £ because it allows
for a greater degree of interference, so to the extent that one can justify stronger
assumptions on interference, that is, values of v that are larger than d for a given
unit of length, this would improve asymptotic power.

In the context of infectious disease trials, Halloran et al. (2017) argue that CRT
design should be informed by simulating models of disease transmission. Several
papers utilize parametric models and simulation methods to estimate or bound con-
tamination bias. Alexander et al. (2020) and Jarvis et al. (2019) use spatial models
to provide evidence of contamination in prior CRTs. Multerer et al. (2021) employ
models of disease transmission for a similar purpose. Our theory provides a precise
way in which modeling can inform design, namely by providing plausible values of
. This relates to Staples et al. (2015) who show how to estimate a different mea-
sure of cross-cluster interference to assess the degree to which the conventional power
analysis overstates trial power.

To estimate v, models may be combined with external data sources such as data
from pilot studies. In the context of malaria vector control, mosquito mark-release-
recapture experiments (e.g. Guerra et al., 2014) provide data on geographic dispersion
of malaria carriers, which is informative of spatial interference. We provide additional

suggestions in §SA.2.2.

6 Simulation Study

We conduct a simulation study to illustrate the finite-sample properties of our esti-
mator and difference in means under our proposed design. We randomly draw unit
locations from the square [—(na, )2, (na,)¥?]? with a,, = 0.8,0.7,0.6, respectively.

This corresponds to the infill-increasing case where the regional volume shrinks with
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the population size. We create clusters using k-medoids with & given by (9) using the
conservative choice ¥ = d = 2 and set the assignment probabilities in Assumption 4
to (q,p1,p0) = (0.7,0.5,0).

Let {&ihien, 2 N(=0.5,1), {Bihien, 4 N(2,1), and {yitien, & N(1,1) be in-
dependent and drawn independently of locations. We generate spatially autocor-
related errors g; = & + X Hp(i,J) < 135/ 2pen, UHpli k) < 1} For wy; =
min{p(i,j)~°, 1}, we generate outcomes according to

Y;' = Z wiijﬁj + Z wijDiDj/Yj + &;.
JENR JENR

Under this model, the unit-level direct and indirect effects are respectively given by

Yi(1, D_;)-Yi(0,D_;) = ’YH‘ﬁrf—Z wijDjy; and  Y;(0, D_;)-Y;(0) = ZwijD]ﬂj-
J#i J#i

Due to the choice of —5 in the spatial weights w;;, Assumption 3 holds for v = 3

(Leung, 2022b, eq. (3)), which is a fairly slow rate of decay given that Assumption 3

requires y > 2.

We present results for the indirect and total effects using 5000 simulation draws
where within each draw, we redraw potential outcomes and recompute the design-
based estimand. In Table 1, the “Spatial Interference” columns correspond to the
outcome model described above, whereas the “Partial Interference” columns redefine
w;; = 0 if 4, j lie in different clusters to eliminate cross-cluster interference. The “CI”
rows report the coverage of 95-percent Cls using the indicated standard errors. For
our estimator, the “SE” row corresponds to standard errors obtained from our variance
estimator (4), while for difference in means, it corresponds to conventional cluster-
robust SEs. The “SE*” rows are the true superpopulation standard errors obtained
by taking the standard deviation of the estimator across the simulation draws. As
such, SE should be consistent for SE* rather than conservative, while the Cls have
asymptotically conservative coverage for the design-based estimand. Finally, row “%
Excl” is the percentage of units that are not well surrounded.

The results are consistent with the theory. Asn grows, the biases of our estimators
shrink, while coverage tends to or exceeds the nominal level. The bias of difference in
means is more than twice that of our estimators under spatial interference, resulting

in severe undercoverage even with the true superpopulation SEs. While the SEs are
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Table 1: Main results

Spatial Interference

Partial Interference

Indirect Effect

Overall Effect

Indirect Effect

Overall Effect

n 500 1000 2000 500 1000 2000 500 1000 2000 500 1000 2000
Our Estimator

Bias 0.064 0.055 0.051 0.072 0.059 0.057 0.000 0.003 0.005 0.003 0.004 0.004
CISE 0.945 0.951 0.954 0.940 0.949 0.948 0.951 0.958 0.966 0.952 0.960 0.964
CI SE* 0.956 0.952 0.948 0.956 0.959 0.952 0.962 0.961 0.959 0.961 0.964 0.960
SE 0.258 0.202 0.160 0.336 0.263 0.208 0.254 0.197 0.156 0.329 0.256 0.201
SE* 0.261 0.200 0.153 0.342 0.262 0.206 0.257 0.196 0.150 0.333 0.253 0.198
Difference in Means

Bias 0.154 0.179 0.216 0.168 0.192 0.233 0.001 0.001 0.005 0.004 0.001 0.004
CISE 0.906 0.852 0.689 0.904 0.872 0.770 0.953 0.961 0.970 0.951 0.960 0.962
CI SE* 0.920 0.853 0.654 0.935 0.894 0.784 0.960 0.963 0.963 0.963 0.963 0.960
SE 0.244 0.186 0.144 0.319 0.246 0.191 0.240 0.182 0.140 0.316 0.242 0.188
SE* 0.250 0.185 0.137 0.327 0.246 0.191 0.245 0.181 0.134 0.321 0.240 0.186
% Excl 5.035 7.816 11.25 5.035 7.816 11.25 5.035 7.816 11.25 5.035 7.816 11.25
Tn 1.395 1.518 1.623 1.395 1.518 1.623 1.395 1.518 1.623 1.395 1.518 1.623
0 1.518 1.770 2.089 3.406 3.723 4.119 1.432 1.650 1.927 3.288 3.563 3.907
k 63 100 159 63 100 159 63 100 159 63 100 159

smaller than those of our estimators, this is not by a significant amount, and the

efficiency advantage comes at a large cost to bias under spatial interference.

Table 2 presents results for our estimator under spatial interference, but we mul-

tiply (2) by ¢ € {0.8,1.2}. This is to assess robustness and illustrate a bias-variance

trade-off in the choice of r,. The ¢ = 0.8 columns show that this results in about

half the proportion of excluded units relative to Table 1. As a result, the bias is

higher, resulting in undercoverage. The ¢ = 1.2 columns show that the proportion

of excluded units a little less than doubles. The bias is lower, and as a result, the

probability of coverage is higher. On the other hand, the variance increases, as can

be seen in the standard error columns.
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Table 2: Robustness results

c=0.8 c=1.2
Indirect Effect Overall Effect Indirect Effect Overall Effect
n 500 1000 2000 500 1000 2000 500 1000 2000 500 1000 2000
Bias 0.092 0.085 0.083 0.102 0.092 0.090 0.044 0.035 0.033 0.050 0.038 0.036
CI 0.932 0.935 0.936 0.933 0.940 0.932 0.946 0951 0.957 0.940 0.952 0.953
CISE* 0.944 0935 0.929 0.952 0.950 0.943 0.960 0960 0.954 0.959 0961 0.957
SE 0.252 0.195 0.152 0.330 0.256 0.201 0.267 0.213 0.171 0.346 0.274 0.219

SE* 0.256 0.194 0.146 0.335 0.255 0.200 0.272 0.212 0.164 0.353 0.274 0.218
% Excl 2.300 3.800 5.700 2.300 3.800 5.700 9.300 13.600 18.500 9.300 13.600 18.500

T 1.116 1.215 1.299 1.116 1.215 1.299 1.674 1.822 1.948 1.674 1.822 1.948
) 1.490 1.740 2.057 3.376 3.690 4.085 1.538 1.790 2.108 3.427 3.744 4.139
k 63 100 159 63 100 159 63 100 159 63 100 159

7 Empirical Application

We apply our estimator to data from the unconditional cash transfer experiment
mentioned in Example 2. In the experiment, households eligible for the transfer (the
treatment) live in homes with thatched roofs, which is a proxy for poverty. Houses are
grouped in villages, which are grouped in “sublocations.” See Figure A.2 of Egger et al.
(2022) for a map of the study area. The CRT randomizes sublocations (the clusters)
into treatment with probability ¢ = 0.5. Within treatment (control) sublocations,
villages are randomized into treatment with probability p; = 2/3 (po = 1/3). Within
treated villages, all eligible households receive cash transfers totaling 1000 USD, which
is about 75 percent of average annual household spending. Sublocations contain 7.8
villages on average (SD 3.9).

Egger et al. (2022) study the effect of the cash transfers on the following household-
level outcomes, which can be grouped into three categories: (1) annualized expendi-
tures on consumption (of food and other purchases described in their footnote 31),
non-durables, food alone, temptation goods, and durables; (2) asset stocks, housing
value, and land value; and (3) annualized household income, transfers, taxes paid,
profits, and wage earnings. The authors report model-assisted estimates of causal
effects at the household level. Our analysis will be entirely design-based but at the
village level. We aggregate household outcomes to the village level by averaging.

Egger et al. (2022) estimate the effects of the transfers on the population of el-
igible households using two main specifications described in their §3.2. Their “RF”
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(reduced form) specification is an OLS regression of an outcome on household-level
and sublocation-level treatment indicators and covariates. They report the coefficient
on the household-level indicator, which corresponds to a model-assisted estimate of
the direct effect 0*(1,0,2/3,2/3) for eligible households.

However, the authors note the potential for interference across sublocations (their
quote in Example 2). For this reason, their preferred specification is the following
“IV” (instrumental variables) regression. The main regressors are the amount of
cash transferred per capita to the household’s village and the amount transferred to
neighboring villages within a band of r — 2 to r» km from the ego’s village for a range
of r values. The corresponding instruments are respectively an indicator for the ego’s
village being treated and the share of eligible households in the band assigned to
treatment. They use a BIC criterion to select the maximum range of r, which is 2
km. Using these estimates, the authors compute a model-assisted estimate of the
total effect 6*(1,0,2/3,0). This compares saturation levels of two-thirds and zero,
which is nonparametrically unidentified since control villages have a saturation level
of one-third. We instead report our estimates of the total effect 6*(1,0,2/3,1/3).

Table 3 reports the results for a subset of the outcomes, and Table SA.4.1 in the
supplementary appendix reports the remainder. Both tables choose 7, in 6 according
to (2), which results in 7, = 1.6 and 39.66 percent of units not well surrounded. In
§SA.4 we describe how we construct cluster radii ; used in this formula. The o+
columns correspond to difference-in-means estimates with clustered standard errors.

We find that the difference-in-means estimates of the direct and total effects are
comparable to the RF and IV estimates, respectively, despite the distinctions outlined
above. Our estimators find larger direct and total effects. Decomposing the total
effect into direct and indirect effects, we find that the latter are substantially smaller
in magnitude with large standard errors. Compared to difference in means, our
estimates tend to be larger in magnitude but with larger standard errors due to the
restriction to well-surrounded units.

Table SA.4.2 in the supplementary appendix reports results for r, = 2, resulting
57.89 percent of units not being well surrounded. This choice of r,, coincides with the
largest range of r selected by the BIC procedure of Egger et al. (2022). Our estimates
and standard errors become larger still in magnitude relative to difference in means,
but the results are qualitatively similar.

To estimate spillover effects, Egger et al. (2022) rerun their IV specification using
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Table 3: Effects on eligibles

Direct Effect Indirect Effect Total Effect Egger et al.
0 0" 0 0" 0 as RF v

consumption 390.70 253.93 9.51 64.43 400.21 318.37 293.59 338.57
(109.19)  (76.32) (155.56) (103.07) (158.01) (102.18) (60.11) (109.38)
non-durable 248.71 151.99 43.18 61.08 291.90 213.07 187.65 227.2
(104.20)  (66.39) (139.26)  (96.22) (140.41)  (94.55) (58.59)  (99.63)

assets 249.58 180.43 -35.18 -11.43 21440 168.99 178.78 183.38
(59.26)  (39.32) (104.75)  (66.00)  (98.33)  (59.98) (24.66)  (44.26)

housing 422.82 376.36 18.77 31.02 441.60 407.38 376.92 477.29
(49.74)  (31.12)  (93.55)  (51.73)  (86.81)  (48.74) (26.37)  (38.8)

income 132.89  95.02 64.90 21.01 19780 116.03 79.43 135.7
(120.95)  (58.97) (159.60)  (9L.71) (154.70)  (87.36)  (43.8)  (92.1)

earnings 59.35  45.70 22.31 6.46 81.67 52.16  42.43 73.66

(78.90) (37.67) (123.04)  (66.82) (119.93)  (60.62) (32.23)  (60.82)

653 villages (units), 84 sublocations (clusters). Standard errors are in parentheses. Column RF (IV) is
the reduced form (IV) estimate of the overall effect from Table I, column 1 (2) of Egger et al. (2022), 0 is
our estimate, and 6* is difference in means. Our estimates use rn, = 1.6, which results in 39.66 percent
of units not being well surrounded.

only non-eligible households, which did not receive any transfers (their §3.3). In Ta-
ble SA.4.3 of the supplementary appendix, we compare their results with design-based
estimates of the overall effect 0*(2, @,2/3,1/3) on the population of non-eligibles.
The effect sizes of our estimators and those of difference in means are fairly similar
in magnitude to their IV results, but the standard errors are large. Combined with
the results in Table 3, we ultimately find strong direct effects of the cash transfers

but weaker evidence for spillover effects compared to Egger et al. (2022).

8 Conclusion

When interference occurs across clusters, conventional analyses of CRTs suffer from
bias induced by units near cluster boundaries. To reduce bias at the analysis stage,
we provide in §3.2 an estimator f that improves upon the fried-egg design by ex-
cluding from estimation units that are not surrounded by clusters assigned to the
same treatment arm. This may be employed as a robustness check for difference in

means. To reduce bias at the design stage, we propose a rate-optimal formula for the
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number of clusters £ in (9). Unlike the standard power analysis that assumes partial
interference, our choice balances power against the need to reduce bias and accounts
for the density of units in the spatial region. Given k, we suggest automating cluster
construction using k-medoids and prove that the resulting clusters are balanced and
globular, thereby approximately minimizing the number of units near boundaries. We
also provide valid design-based standard errors.

Under the conventional superpopulation, partial interference framework, power
calculations for choosing k require prior knowledge of the intracluster correlation
coefficient (ICC). Under our design-based framework, the optimal choice of k requires
knowledge of v, the speed at which interference decays with distance, rather than the
ICC. Absent domain knowledge, one can conservatively set v to the dimension of
the spatial region. We discuss in §5.2 how to obtain less conservative estimates via

modeling or prior data.
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Supplementary Appendix

SA.1 k-Medoids

The k-medoids algorithm selects a set of & units in N, — the medoids or cluster
centroids — to minimize the total distance between all units and their nearest medoids.
This creates medoids that are spatially well separated, as shown in Lemma SA.5.1.
Units are then grouped into clusters based on their closest medoids.

Whereas k-means allows centroids to be any element of X', k-medoids constrains
the centroids to the data N,, £ X, but in practice the algorithms tend to produce simi-
lar output. Our theoretical results pertain to the implementation in Algorithm SA.1.1,
the “partitioning around medoids” algorithm. This is simple to understand, though it
has complexity O(k(n — k)?) compared to an O(n?) runtime under the fastest known
implementation (Schubert and Rousseeuw, 2021).

For any set of candidate medoids M < N,,, let cost(M) = >\, minger p(i,m),

the total distance between units and their nearest medoids.

Algorithm SA.1.1 (k-Medoids).
1. Initialize an arbitrary set of k medoids M = {m;}_, = N,. Given any M,
the associated set of clusters is C, = {C;}5_;, where C; = {i € N,: m; =

i=1
aI‘glninme./\/l :0(7'7 m) } :

2. While there exist m € M and o € N,\M such that cost(M\{m} u {o0}) <
cost(M), replace m with the o that minimizes cost(M\{m} U {o}).

3. Output C,.

In other words, this chooses the set of medoids M that minimizes cost by iteratively

swapping out a candidate medoid with a better unit that reduces cost.
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SA.2 Extensions

SA.2.1 Heterogeneous Density

As discussed in §2.1, Assumption 2(a) restricts the extent to which density can vary
across the study region. To accommodate larger variation in density, such as when the
study region encompasses both urban and rural areas, we suggest first partitioning
the region N, into subregions that are relatively homogeneous in density. This may
be done manually, for instance using cartographic and demographic information. It
can also be done using a density-based clustering algorithm; see Bhattacharjee and
Mitra (2021) and especially Kriegel et al. (2011) for surveys of this literature.

Call the density-homogeneous subregions S, ...,S,,. For each S; the researcher
can compute the optimal number of clusters k; given in (9), subdivide S; into k;
clusters Cjy, ..., Cj;, say using k-medoids, and cluster-randomize across the collec-
tion of all clusters {Cj: £ =1,...k;,j = 1,...,m}. Lastly, we recommend modifying
the formula for r,, since cluster radii may vary substantially across subregions with
differing densities. In the definition of T};, replace r, with half the median cluster

radius among clusters in the subregion containing 1.

SA.2.2 Determining

Estimating the following spatial moving average model with prior data can be a

starting point for determining ~:

Y= Y p(i.j) o+ Dy + &5).
JENR

This satisfies Assumption 3 with v = n — 2 (Leung, 2022b, Proposition 1), so v can
be backed out from an estimate of 7.

It would also be useful to develop designs for nonparametrically estimating ~.
A preliminary proposal is the following. Given k clusters, say constructed using
k-medoids, denote by m; the centroid of a cluster ;. Randomize clusters to the
following T" treatment arms. In the Oth arm, we assign all units to control. In the
tth treatment arm for ¢ > 1, we only assign units i for which p(i,m) € (¢,t + 1] to
treatment, where m is the centroid of the cluster in question. That is, we treat only

units in a ring at a certain distance from the centroid. Let 6; denote the difference-
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in-means estimate comparing average outcomes of units near centroids of clusters
assigned to arm ¢ > 1 with those assigned to arm 0. Then under Assumption 3, 0,
should decay like t77, producing a sort of “causal covariogram.” We may then regress

log 6, on logt to estimate —v.

SA.2.3 Bias-Aware Cls

Recall from §4 that the “undersmoothed” design chooses k,, smaller than the optimal
rate, which is why (9) uses a strict lower bound 4 in place of 7. By analogy to
nonparametric regression, an alternative is to choose k rate-optimally using (9) with
7 in place of 4 and use the following “bias-aware” confidence interval (CI) in place of
(8):

0+ (4eVhr," +1.96 - 6k~12), (SA.2.1)

where ¢ is given in Assumption 3. Faridani and Niehaus (2024) propose a similar
bias-aware CI for the GATE. Compared to (8), (SA.2.1) should have better finite-
sample coverage, although its implementation requires prior knowledge of both ~ and
c.

In addition to knowledge of these parameters, suppose the researcher has prelimi-
nary consistent estimates of 0 and 62, say from a pilot study (which is more plausible
in a superpopulation setup). Then following Armstrong and Kolesar (2018), they
can pick k to minimize the length of the bias-aware CI (SA.2.1). Note that r, is an
implicit function of k£, which can be traced out using grid search.

The idea behind (SA.2.1) is that, by Theorem 4,

0;1\/5(@—9*) = 0;1\/5(@—97) 0 k(6 — 0%).
N ° / <

L N(0,1) i

As shown in the proof of Theorem 2, specifically the argument preceding (SA.6.3),

|B| < den/ k),

This provides a worst-case bound on the bias that (SA.2.1) incorporates.
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SA.3 Variance Estimators

We next discuss how 62 relates to variance estimators in the literature. Define A(1)
(A(2)) as the symmetric, n x n matrix with ¢jth entry A;;(1) (A4;;(2)), and recall that
62(2) is the cluster-robust variance estimator, while 6%(1) is analogous to the Leung
(2022b) variance estimator. The proof of Theorem 5 shows that the cluster-robust
variance estimator can be asymptotically decomposed as 62(2) = o2 + B,, + 0,(1)
where "

B, = n—g,u/A(Z)u (SA.3.1)
and p is the n-dimensional vector with ith component (uy; — po;) — (1 — po) for
wi = E[Y; | T;; = 1]. Because A(2) is block-diagonal, it is positive semidefinite, so
B, = 0 for any n. Hence, 6%(2) is asymptotically conservative.

The proof further shows that 62(1) = 02 + B,,(1) + 0,(1) where B,,(1) is obtained
by replacing A(2) with A(1) in (SA.3.1). This replacement adds nonzero off-diagonal
elements to A(2), so A(1) is not block-diagonal and hence not guaranteed to be
positive semidefinite. Accordingly, Leung imposes additional conditions to show that
B,(1) %> ¢ = 0 in the superpopulation. We find, however, that B, (1) = B, + 0,(1)
without any conditions on the superpopulation, so in fact 62(1) is asymptotically
conservative in a purely design-based setup. Faridani and Niehaus (2024) provide a
different approach to conservative inference for the GATE based on bounding B,,.

The positive-semidefiniteness of the “kernel” A(2) results in both a non-negative
variance estimator for any n and asymptotic conservativeness. This mirrors the cor-
responding insight for HAC variance estimators, that positive semidefinite kernels
ensure conservativeness in finite-population models. This fact was first pointed out
by Leung (2019) and has since been exploited by other papers. (In his case of network-
dependent data, the difficulty with using positive-semidefinite HAC kernels is that
they are sloped and tend to severely over-reject in finite samples, which is why Leung
(2022a) recommends use of the uniform kernel even though it is not positive semidef-
inite. For spatial data, a variety of positive semidefinite HAC kernels exist, and these
tend to have less severe issues with over-rejection relative to the network case.)

Hudgens and Halloran (2008) propose variance estimators for difference-in-means
type estimators under partial interference. Their theory relies on an additional strat-
ified interference assumption, which says that potential outcomes only depend on the

ego’s treatment assignment and the proportion of treated units in the ego’s cluster, in
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which case Y; = Y;(D;,p) (since they assume complete randomization). Because p is
a constant, the dependence structure is the same as under no interference since out-
comes within a cluster are only correlated if treatment assignments are. The variance
estimators proposed by Hudgens and Halloran (2008) heavily rely on this structure.
In contrast, we do not impose partial, let alone stratified, interference, so our setting
features both within- and cross-cluster dependence in outcomes. It is therefore crit-
ical to account for additional covariance terms that are absent in the Hudgens and
Halloran (2008) variance formula to avoid anti-conservativeness. Our estimator does
so through the terms involving A;;(u) for i # j.

In the econometric literature, the standard approach under partial interference
is clustering standard errors (Baird et al., 2018). These allow for arbitrary within-
cluster dependence and are valid even in the absence of stratified interference. A new
finding of our paper is that clustered standard errors are also valid in a design-based
setting with cross-cluster interference. However, we suggest combining them with

6%(1) to better capture second-order covariance terms, as discussed in §4.

SA.4 Empirical Application

We define R; from (2) as half the largest distance between households in any pair of
villages within cluster j. To compute this, we utilize supplemental data provided by
Dennis Egger on distances between village centroids and publicly available data from
Egger et al. (2022) to estimate village radii. We first compute the largest distance
between the centroids of any pair of villages a,b within a given cluster, which we
denote by A,;. Since this does not account for village size, we estimate for each
village a its radius J,, which is the furthest distance between a household in the
village and its centroid. This data is publicly available in 1 km increments. For each
cluster C;, we define R; = maxgpec;(Aap + 0o + 6)/2. The average radius across

clusters is 3.12 with a standard deviation of 0.81.
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Table SA.4.1: Effects on eligibles, r,, = 1.6

Direct Effect Indirect Effect Total Effect Egger et al.
4 o+ 4 o+ 0 o+ RF v
food 110.02 67.33 34.11 60.08 144.14 127.42 72.04 133.84

(63.00)  (47.31)  (81.92)  (62.21)  (84.04)  (58.73)  (36.96)  (63.99)
temptation -5.27 -0.21 12.17 5.07 6.90 4.85 6.55 5.91
(16.32)  (9.39)  (19.07)  (10.79)  (14.79)  (9.95)  (5.79)  (8.82)

durable 123.08 87.82 -23.94 9.53 99.14 97.35 95.09 109.01
(27.92)  (23.78)  (42.61)  (17.99)  (46.97)  (20.43)  (12.64)  (20.24)

land -47.09 -32.65 307.03 199.58 259.93 166.93 51.28 158.47
(422.26) (271.27) (608.38) (376.02) (538.61) (300.98) (186.22) (260.91)

transfers 11.68 0.06 -11.56 -1.54 0.11 -1.47 -1.68 -7.43
(11.86)  (7.20)  (22.84)  (11.76)  (21.94) (10.85)  (6.81)  (13.06)

tax -1.52 0.97 1.27 2.02 -0.25 3.00 1.94 -0.09
(1.91)  (1.36)  (3.92)  (2.32)  (3.71)  (2.22)  (1.28)  (2.02)

profits 48.70 41.40 31.90 19.85 80.60 61.25 26.24 35.85

(50.16)  (34.97)  (73.30)  (45.79)  (68.68)  (44.39)  (23.67)  (47.66)

653 villages (units), 84 sublocations (clusters). Standard errors are in parentheses. Column RF (IV) is
the reduced form (IV) estimate of the overall effect from Table I, column 1 (2) of Egger et al. (2022),

f is our estimate, and 6* is difference in means. Our estimates use rn = 1.6, which results in 39.66
percent of units not being well surrounded.

31



MicHAEL P. LEUNG

Table SA.4.2: Effects on eligibles, r,, = 2

Direct Effect Indirect Effect Total Effect Egger et al.
0 o+ 0 o+ 0 o+ RF v

consumption  458.57 253.93 63.41 64.43 521.99 318.37 293.59 338.57
(112.05)  (76.32) (185.15) (103.07) (185.76) (102.18)  (60.11) (109.38)
non-durable  302.79 151.99  92.02  61.08 394.81 213.07 187.65  227.2
(110.70)  (66.39) (171.83)  (96.22) (167.98)  (94.55)  (58.59)  (99.63)

food 141.56 67.33 69.97 60.08 211.54 127.42 72.04 133.84
(70.48)  (47.31) (107.03)  (62.21) (103.43)  (58.73)  (36.96)  (63.99)

temptation -1.27 -0.21 7.51 5.07 6.23 4.85 6.55 5.91
(21.22)  (9.39)  (20.02)  (10.79) (16.87)  (9.95)  (5.79)  (8.82)

durable 135.67 87.82 -21.12 9.53 114.55 97.35 95.09 109.01
(28.50)  (23.78)  (45.92)  (17.99)  (50.43)  (20.43)  (12.64)  (20.24)

assets 251.57 180.43 -1.78  -11.43 249.79 168.99 178.78 183.38
(62.15)  (39.32) (121.35)  (66.00) (112.25)  (59.98)  (24.66)  (44.26)

housing 425.28 376.36  -19.37 31.02 405.90 407.38 376.92 477.29
(48.04)  (31.12) (101.37)  (51.73)  (98.87)  (48.74)  (26.37)  (38.8)

land -381.97 -32.65 667.52 199.58 285.54 166.93 51.28 158.47
(533.21) (271.27) (682.49) (376.02) (594.10) (300.98) (186.22) (260.91)

income 195.64 95.02 142.34 21.01 33798 116.03 79.43 135.7
(133.25)  (58.97) (170.94)  (91.71) (171.01) (87.36)  (43.8)  (92.1)

transfers 3.87 0.06 -12.72 -1.54 -8.85 -1.47 -1.68 -7.43
(14.56)  (7.20)  (24.96)  (11.76)  (23.93) (10.85)  (6.81)  (13.06)

tax 0.11 0.97 0.09 2.02 0.20 3.00 1.94 -0.09
(1.95)  (1.36)  (4.30)  (2.32)  (4.63)  (2.22)  (1.28)  (2.02)

profits 32.37  41.40 32.10 19.85 64.48 61.25 26.24 35.85
(60.65)  (34.97)  (73.81)  (45.79)  (76.64)  (44.39)  (23.67)  (47.66)

earnings 134.09 45.70 98.88 6.46 232.97 52.16 42.43 73.66

(99.94)  (37.67) (122.24)  (66.82) (123.66)  (60.62)  (32.23)  (60.82)

653 villages (units), 84 sublocations (clusters). Standard errors are in parentheses. Column RF (IV) is
the reduced form (IV) estimate of the overall effect from Table I, column 1 (2) of Egger et al. (2022), 6 is
our estimate, and 6* is difference in means. Our estimates use r, = 2, which results in 57.89 percent of
units not being well surrounded.
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Table SA.4.3: Overall effect on noneligibles

A ~

0, rn=2 0, r,=1.6 o+ 1%

consumption  247.68 228.51 211.08 334.77
(145.79) (139.91)  (92.16)  (123.2)

non-durable  209.57 19541 195.38 317.62
(140.05) (135.67)  (87.14) (119.76)

food 78.62 94.80 94.25 133.3

(81.01) (76.56)  (48.29)  (58.56)

temptation 6.75 2.30 6.57 -0.68
(7.35) (7.03)  (5.24) (6.5)

durable 30.56 22.79 8.51 8.44
(16.01) (10.56)  (6.76)  (12.5)

assets 159.35 80.62 41.85 133.06

(127.86) (123.09)  (68.68)  (78.33)

housing 111.72 198.86  340.65 80.65
(510.87) (338.18)  (208.72) (215.81)

land 1132.78 353.26  133.88 544.85
(1013.78) (779.26)  (407.10) (459.57)

income 250.09 167.14 143.48 224.96
(142.24) (140.37)  (78.78)  (85.98)

transfers 12.45 9.48 13.73 8.85
(19.43) (17.13)  (9.58)  (19.11)

tax -0.65 3.11 2.60 1.68
(3.92) (2.72)  (1.63)  (2.02)

profits 80.27 92.67 88.17 36.37
(67.82) (64.10)  (34.44)  (44.88)

earnings 145.84 43.22 33.88 182.63
(101.11) (99.00)  (60.40)  (65.53)

653 villages (units), 84 sublocations (clusters). Standard errors
are in parentheses. Column IV is the IV estimate of the overall
effect from Table I, column 3 of Egger et al. (2022).
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SA.5 Auxiliary Lemmas

The first two lemmas establish properties of k-medoids clusters for k = k, possibly

diverging.

Lemma SA.5.1 (Separation). Suppose clusters are generated by Algorithm SA.1.1.
Under Assumption 2(a), there exists a positive sequence {€,}nen bounded away from

zero such that for all n sufficiently large and medoids i,, j, generated by k,-medoids,
plins jn) = La(n/(kn&a)) M.

Lemma SA.5.2 (Radius). Suppose clusters are generated by Algorithm SA.1.1. Con-
sider any sequence {Cp}nen with C,, € C, for each n. Let i, be the medoid of C,
and R = max{p(in,j): j € C,}. Under Assumption 2(a), R: ~ (n/(k.&n))Y4, so
N (i, RE)| < n/ky,.

Lemma SA.5.3. Under Assumptions 2(a) and 5, max;en, ¢; < 1 for ¢; defined in
Remark 1. Consequently, under Assumptions 4 and 6, min; p;; > 1 for any t € {0, 1}.

Lemma SA.5.4. Under Assumptions 2(a) and 5, maxen, |Ai| < n/k, for A; defined
in (3).

Lemma SA.5.5. Let &, = n‘lziENn Tii/pii-  Under Assumptions 2(a) and 4—6,
e — 1< e /2 for any t € {0, 1}.

Let T,; equal Ty; with r, set to zero, pf =n~'>,, . T,7, and p; = E[T};], which

does not depend on ¢ under Assumption 4.
Lemma SA.5.6. Under Assumptions 2(a) and /-6, p; —p; = Op(k:;m) and pf /pF >

1 for any t € {0,1}.

SA.6 Proofs

SA.6.1 Theorem 1

Let each cluster C),’s “centroid” ¢,, be its medoid and U,, = max; R; for R; defined prior
to (2), so C,, € N (i, Uy,). By Lemma SA.5.2, U, < (n/(kn&,))Y%. By Lemma SA.5.1,
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there exists A, = (n/(kn&,))"¢ such that any pair of medoids is physically separated
by at least A,. Then by definition of k-medoid clusters, for L, = A, /2, N (in, L,)
C,. n

SA.6.2 Theorem 2
SA.6.2.1 Reduction to HT

Define the following Horvitz-Thompson analog of 0:

~ 1 ~ ~ T To
0==> 2 for Z= (—1 —~ —0) Y;. (SA.6.1)
M eN. P1i Do

This is unbiased for # defined prior to Theorem 4. Let &, = n~* Yien, Tvi/pii- By
Assumption 1 and Lemma SA.5.3, Z; is uniformly asymptotically bounded, so

0 =01 < ATt =1+ Jg " — 1 < k2
by Lemma SA.5.5. It remains to bound the bias and variance of 6.

SA.6.2.2 Bias

For any i € N, d; € {0,1}, d € {0,1}", and S € N, containing i, we use the
notation (dt,DS\{i}, d_s) to mean that we take the observed treatment vector D,
replace entry D; with d;, and replace the subvector Dy;\s = (D;: j € N,\S) with
the corresponding entries of d,\s.

The basic idea is that if T};; = 1, then D; = d; and 7 is well surrounded by
units belonging to clusters with saturation level p;, so E[Y; | T;; = 1] is a good

approximation of E* [Yi(d;, D_;)]. Formally,

E[Y; | Ty = 1] — B}, [Yi(d:, D-)]|
|E[ (dtvD—z) + Y(dtaD/\[’Lrn)\{l}7O N (3,m7) ) | T‘tz = 1]
— B [Yi(di, D) £ Yi(ds, Do (iy> O-n(irn)) ]| < 27,7, (SAL6.2)

because
E[Y;(dt, Duiro)\ iy O-N(iirn)) | Tri = 1] = By [Yi(ds, D)\ (i) 0-N (i) )]
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by Assumption 4 and

\Yi(di, D_;) — Yi(dy, Do)y, O—nr(ira))| < €77

n

by Assumption 3. Therefore,
IE[0] — 0% = |0 — 0*| < deryY ~ (knén/n)Ye (SA.6.3)

The last part of (SA.6.3) holds because r, is the median cluster radius by (2), and

cluster radii are uniformly of order (n/(k,&,))"¢ by Assumption 5.
SA.6.2.3 Variance
Recalling the definition of A; from (3),

v(% Y Z ) - LY S ez z)+ 5 Y N Cov(ZZ). (SA6)

€N, ze./\/'n JEA; zeNn JEA;

. J < J

[P1] [P2]

By Lemma SA.5.4, max;|A;| < n/k,, so [P1] < k. It remains to show that [P2] <
k1. Intuitively, [P2] should be well controlled since units not in A; are “far” from

and therefore less correlated with 7.

Step 1. Recall that c(i) is the index of the cluster containing unit i. Define X| =
E[Z; | Fi(r)] for
Fi(r) = {(Dj, We)): p(i, j) <} (SA.6.5)

We bound the discrepancy between Z; and X!. For any r > r, and t € {0,1}, T}; is
measurable with respect to the o-algebra generated by F;(r). Then by Assumption 3,
for any ¢ > 0, r > r,,, n sufficiently large, and ¢ € {0, 1},

E[|Z; - X[|"| Ty = 1]
= p,"E[|Yi(D) — E[Yi(D) | Fi(r)]|* | Ty = 1] < (p;'2cr7)"

using an argument similar to (SA.6.2). By Lemma SA.5.3, max; p;;" < 1, so by the
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law of total probability, there exists ¢, < 1 such that

{gimficEHZ XY < epr™ forall 7=, (SA.6.6)
Step 2. Fix 4,j € N, such that j ¢ A;. We use (SA.6.6) to bound Cov(Z;, Z;).
Since the r,,-neighborhoods of i and j do not intersect a common cluster, X;" 1l Xi*
by Assumption 4. Applying the Cauchy-Schwarz inequality, (SA.6.6) for ¢ = 2, and
Assumption 1 and Lemma SA.5.3, there exists ¢/, < 1 such that for n sufficiently large
and all 7, j such that j ¢ A;,

|Cov(Z;, Z;)| < |Cov(X[™, X[")| + |Cov(X;, Z; — X))
+|Cov(Z; — X", X;)| + |Cov(Z; — X[, Z; — X[™)| < ) ?. (SA6.7)

n

Now suppose additionally that p(i, j) > 4R for

R = max R;,
j

where R; is defined prior to (2). In this case, we derive a different covariance bound.
Since N (i, p(i,)/2 — R) and N (j, p(i,7)/2 — R)) are separated by a distance of at

least 2R, which upper bounds the “diameter” of any cluster, we have X! D2=F )

X”(” /2-R . By a derivation similar to (SA.6.7) using p(i, j)/2 — R in place of r,,,

|Cov(Zi, Z;)|L{p(i. j) > 4R} < &(p(i. j)/2 — R)"1{p(i,j) > 4R}.  (SA.6.8)

Step 3. Let [c| (|¢]) denote ¢ rounded up (down) to the nearest integer. Using the

covariance bounds derived in step 2,

LY Vieovz.2)1< 4 > Y 1{pli,g) € [s, s+ 1)

i€Nn jEA; 0=11€Cy s=|2ry | jENA;

|
x (r,71{s < 4R} + (s/2— R)"1{s > 4R}) = [P2.1] + [P2.2], (SA.6.9)

where [P2.1] takes the part involving s < 4R and [P2.2] the part involving s > 4R.
The sum over s starts at |2r,| because j ¢ A; implies that the r, neighborhoods of
1,7 do not intersect.

We next show that (SA.6.9) < &,/n. By Assumptions 2(a) and 5, max,|Cy| <
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n/ke. By Assumption 2(b), S, 1{p(i. ) € [s5 + 1)} < N(is + DW(i9)] <
C¢, max{s®~1 1}. Then

[P2.1] = Z C&psttr g”Rd ~ (SA.6.10)

2rn

because

[4R] [4R]+1 - -
st < J s s =d' ([AR+ 119 = [2r,]) < R?
|

2rn |

given R > r, by definition. By Assumption 5,

o = Ly ~ (n/(kn€n))Ye, (SA.6.11)
and R? < n/(kn&,), so
gn n 1=/ . 1 kngn 5
(5A.6.10) < > (knﬁn) - ( - ) < (SA.6.12)

since 7 > d by Assumption 3. Similarly, using the fact that d > 1 from Assump-
tion 2(b),

[P2.2] = —gkﬁz C&us? (/2 — R)™

/ g_n < d—1 - < g_n - d—1—v
<Ce> :%RS (/)7 =2 D st (SAL6.13)

J s=1

Combining (SA.6.9), (SA.6.10), (SA.6.12), and (SA.6.13) yields [P2] < &,/n < k!

since k,&,/n < 1 by assumption. |
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SA.6.3 Theorem 3
SA.6.3.1 Part (a)

Let T,7 = 1{D; = d;, W5y = t} for d; € {0,1} and T} = 1{W.,) = t} for d; = &
Define p/ = E[Ttﬂ pl=n lZieNn th‘r7 and

ze/\/ pl po

the Horvitz-Thompson analog of the difference in means 8%. We have

é+_0~+:p1+—]31+1 Z TJ-YZ-_pS—ﬁSl Z T(]zY <k 1/2
]5;_ nieNn pf pa_ nie,/\/'n pO

because T} Y;/p; is uniformly asymptotically bounded by Assumption 1 and Lemma SA.5.3,
and p; — pf < kn 12 by Lemma SA.5.6. It suffices to derive the rate of convergence
of 6+,
By the argument used to bound (SA.6.4) in the proof of Theorem 2, Var(d+) <
k1. Tt remains to bound the bias, that is, to show that

E[0] — 0%| < (K& /n)"e. (SA.6.14)

Recall the definitions in Assumption 5, letting m; denote the “centroid” of cluster C}.

Define j’s “boundary” as
B(C]) = N(m], Un)\N(mja Ln)

By Assumption 5, there exists a,, < 1 such that U, — L, = an(n/(k.&n))"?, so by
Assumption 2(b),

[an]
max|B(C ZW My L+ 0+ 1)\N (my, Ly +0)| < &u(n/(kn&,)) /% (SA.6.15)

J

For r =0,...,L,, define the “contour sets”

J(T7Cj) :N<mj> )\N<mjv T—l),
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where NV (i,—1) = @. As r increases, J(r,C;) moves away from the boundary and
towards the interior. If i € J(r, C}), then N (i,7) < C}, so for such i, by Assumptions
3 and 4,

|(p)E[YIT;] - E; [Yi(di, D))
= |E[Y;(di, D_;) + Yi(di, Dniop iy, O-ni) | T = 1]
— B [Yi(dy, D—;) + Yi(dy, Doy iy 0-ni) |

< 2¢ min{r~7,1}

for any ¢ € {0,1}. Then

% ) BT ] - B [Vi(dy, D))

€N
| Fn Ln
<=2 1B+ Y, ) min{r, 1)
Jj=1 r=0ieJ(r,C;)
k Ty
< gnﬁn (k:gn) —i—gn;fnmax{(Ln—r— D4 1} min{r—, 1}

boundary bias

kn n =
< (/) + SR L0 i1, 1) 5 (/).
n
r=0
The second line uses Assumption 1 and Lemma SA.5.3. It converts the sum over
all units to a sum over all clusters followed by sums over units in each contour set
through the boundary. The third line bound on |B(C})| follows from (SA.6.15), while
the bound on |J(r, C;)| uses Assumption 2(b). This establishes (SA.6.14).

SA.6.3.2 Part (b)

Let d > 1, and fix any sequence {&,} ey such that 1 < &, < n. Let p be the sup norm
and N, = {& V%z: 2 € Z4) A B(0,R,,) where B(0,R,,) is a (hyper)cube with radius
R, €Z and R, ~ (n/&,)"%. When &, ~ 1, the observed units are positioned within

a cube of radius ~ n'/

containing ~ n units positioned on the integer lattice. When
&, > 1, we shrink this region towards the origin by a factor &, Y4 This results in the
same asymptotic order of number of units |[A,| ~ n, but the volume of the cube is

reduced to ~ RE ~ n/€,, resulting in a density of &,.
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Verifying Assumption 2. By construction of N, there exist Cy, C| > 0 such that
for r > 0 and i € N,

IN (i, &Y%)| € [min{C; 'r?, n}, max{Cyr?,1}] and
IN (i, Y40 + 1))WN (i, £7Y4)| € [min{CT 4t n}, max{Cyr?~t, 1}].

Substituting f,l/ %y for r in these expressions,

IN(i,7)| € [min{Cy'&,r?, n}, max{Co&,r? 1}] and (SA.6.16)
IN (i, r + & YNNG, 7)] € [min{C; el @D/ dpd=1 nY max{Cyd-D/dpd=1 11],

Letting [¢] denote rounding ¢ to the nearest integer, this implies

/]
(i, + DN <1+ Y INGr + & R)\W (3 + (6, = 1))
k=1

[/

<1+ > Gl Vi 4 M (k — 1))+
k=1
[ex/ 1 +1
<1+ G J (r+ & Y4k — 1)) dk
1
[ex/*
-1+ 0157(51_1)/(1 (d_lé-}/d(r + g;l/d(k . 1))d)

1

<1+ Cd Y6, ((r + & VeV — ), (SA.6.17)

]+1

which is bounded by a constant times &,r%~'. This verifies Assumption 2.

Verifying Assumption 5. Let 1 < k, < n/§,. For the remainder of the proof,
suppose the clusters are generated by k,-medoids which by Theorem 1 satisfy As-

sumption 5. Also let n be sufficiently large that L,, in the assumption exceeds two.

Verifying Assumptions 1 and 3. Set

Sien, di1{p(i, ) < 2}
e, Hpli,j) <2}

Y;;(d> =d;

which is unit 7’s treatment times the fraction of treated units in i’s 2-neighborhood.

The sum in the denominator is always at least one since it includes 7 itself, so As-
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sumption 1 holds. Assumption 3 holds because potential outcomes only depend on

2-neighborhood treatments.

Reduction to HT. Notice Y;(0) = 0. Since Q € {D,T,0} and py = 0, T;;Y; = 0.

Then
0t = = Z le
ze./\/ pl 1
| ——

0+

By Lemma SA.5.6, pi /p7 —- 1, so it remains to lower bound the bias and variance
of A+.

Bias. Let § = (p1 — p1q)1{dy = 1} + p1(p1 — p1q)1{dy = @}, which is strictly positive
by assumption. We have
N+ * 1 + *
[E[0*] - 0% = |- >, (B[Y: | T} = 1] — B}, [Yi(di, D))
n 1€ENR
e 1l d) <2}

0 L TS i) <)

(SA.6.18)

Define the boundary of a set C < N, as
C)={ieC: |N(G,1) n({&Y % 2 e Z0N0)| = 1},

the set of units whose 1-neighborhoods intersect a point outside the set. Then

2uenac; Holi0) < 2}
(SA.6.18) = ~ ;ZEB(CZ\B S G (SA.6.19)

By construction of NV,

ZéeNn\C 1{p(i, () < 2}

min min > 1.
Jj=1,....kn zEB(C Zee/\/’n 1{p(l g) }
Therefore,
Ky,
1
SA.6.19) > — — B SA.6.20
( < (Zee - g (84620
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By (SA.6.17),
BN ~ &RE ~ n(&/m)" (SA.6.21)

Let m; denote the medoid of a cluster C;. By Assumption 5(a), units in l’;’(Cj)

are at least distance |L,| from m;. Define the “contour set”
J(r, C5) = N(my, r)\N(mj,r = 1).
By construction of N,,, |J(r,C})| is increasing in 7, so

IBCH| 2 T(Lal, C5)] ~ /(&))@

uniformly in j by (SA.6.17) and Assumption 5(b). Hence

kné (d-1)/d
_Z’B r;ln ( ke ) = (kngn/n>1/d'

Combined with (SA.6.21), (SA.6.20) = (k,&,/n)Y<.

Variance. For Z;" = T{}Y;/py, Cov(Z;", Z]) equals

3 1{p(i, () < 2} {p(j,m) < 2}

LeN,, meN,, Zé’e/\/’n 1{p(i7 gl) < 2} Zm/e/\/'n 1{p(j> m/) < 2}
x (pf)*Cov(T3i DiDy, T1 D; Dry).

Since Q € {D, T, O}, either T7; = D;W,(; in the case of Q € {D, T} or T}, = W in
the case of Q = O, so the covariance term equals Cov(W,;)D; Dy, We;yD;Dp,) = 0.
Furthermore, for j € Ceuy, Weuy = Wej), so

COV(W D; Dg, WC(])D]Dm)
= E[W.;)Cov(D; Dy, DDy, | Weiy)] +Cov(E[D; Dy | Wea)|, E[D; Dy | Wei)])-

=0

If additionally ¢ € Cy;)\{i} and m € C,;)\{j}, the covariance term on the right-hand
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side equals a = gp} — (¢p?)? > 0. Then by construction of N,

! 1 1p(i, ) <
Var Z Z*) > a— Z Z Z
<n €Ny, n’ €Ny j€Cc(i) £eCriy\{3} ZZ’eNn 1{'0(27 v }

1{p(j,

X 1 )
meCotay ven, HPU:

1
En—; cz)|-

y (SA.6.16) and Assumption 5(a), min;|C;| = |N(m;, L,)| X n/k,. Hence, the
right-hand side of the above display is at least order k. [ ]

SA.6.4 Theorem 4

The first three steps establish (5), and step four proves (6).

Step 1. We first derive an asymptotically linear representation. For &, = n™1 Y, N, T /D
and i =n"" Yy, B[V [ T = 1],

Zz‘e/\/n YiThi /i B = 1 Z M

/"L f—t
Ziej\/n th/ D ' "'n N Pti

By Lemma SA.5.5, & — 1 < kn'/% so

o L (TulVi— ) TulYi— ]
_0—_ Z ( 1 ( ,ul) B 0( :U’O)) +0p(kn1/2) (SA622)
TN, Pui Poi g

-~
Z;

since n~! Zie/\/n p;thi(Yi — p¢) < 1 by the variance calculation in the proof of Theo-

rem 2.

Step 2. Recall the definition of F;(r) from (SA.6.5) and A; from (3). Define B; =
Z; — E|Z; | Fi(rn)]. We next establish that

2
E (\/E% Z Bi) < finkn <1,

€N, n

where the last asymptotic inequality follows from the assumption k, < n/§,. Ex-
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panding the square yields
k., kn
e > Y E[BBj] + o > Y E[B;Bj] = [P1] +[P2].
€Ny jeN; 1€Nn jEA;
For all r = r,, and t € {0, 1}, T}; is measurable with respect to F;(r), so

Zi — E[Z; | Fi(r)]

= E(¥(D) - EY(D) | F(n)]) - “(%(D) - BIY(D) | £,

By Assumption 3,

|Yi(D) — E[Yi(D) | Fi(r)]| = |Yi(D) £ Yi(Drir), 0-n(i)
— E[Yi(D) £ Yi(Dnir): 0-n(ir) | Fi(r)]| < 2cmin{r™, 1}

since E[Y}(DN(”), O_N(”)) ’ .FZ(T)] = YZ'(DN(”), 0—N(i,r)>~ Then by Lemma SA.5.3,

there exists ¢, < 1 such that for all 4,
|Z; —E[Z; | Fi(r)]| < ¢, min{r~7,1} forall r=>=r,. (SA.6.23)
By Lemma SA.5.4, max;|A;| < n/k,, so (SA.6.11) and (SA.6.23) imply
[P1]] < (eary”)? < (K /n)™",

which is < k,&,/n since v > d by Assumption 3.
Turning to |[P2]|, fix 7, j such that j ¢ A;. By (SA.6.23), there exists ¢, < 1 such
that for all such ¢, 7,
|E[B;B;|| < ¢,

We will use a different bound when additionally p(i,j) > 4R for R = max; R;. In

this case we have

B; —E[B; | Filp(i,j)/2 — R)] = Zi — E[Z; | Fi(p(i,j)/2 - R)]

X;

since N (i, p(i, j)/2— R) 2 N(i,r,). Notice E[X;] = 0; max;| X;| < 1 by Assumption 1
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and Lemma SA.5.3; and X; 1L X; by Assumption 4 since N (i, p(i,5)/2 — R) and
N(j,p(i,j)/2 — R)) > 2R are separated by a distance of at least 2R, which is an
upper bound on the “diameter” of any cluster. Applying (SA.6.23) with p(i,5)/2 — R

in place of 7, there exists ¢/, < 1 such that for any i, j,

|E[B:B;]| < [E[XiX;]| + [E[Xi(B; — X;)]|
+ [E[(Bi — Xi) X;]| + [E[(B: — Xi)(B; — X;)] < ¢,(p(4,4)/2 — R)™

These bounds yield

[P2]] < -3 Z > E[B:B]]

ZENn ]$A
/ kn

\"222 Z Zl{ng [s,s+ 1)}

l=11i€Cy s=|2ry| jEN\;

x (r,71{s < 4R} + (s/2 — R)"1{s > 4R}).

The right-hand side equals (SA.6.9) multiplied by k,. Since (SA.6.9) < &,/n as shown
in the proof of Theorem 4, this is < k,,/n, as desired.

Step 3. Letting 5 = Var(vk,n™' 3, E[Zi | Fi(rn)]),

1/2
|0y — | < var(\ﬁ > (Zi - EZ\I(T,J])) <1 (SA.6.24)

€N,

by Minkowski’s inequality and step 2. Since 02 X 1 by assumption, it suffices to show

‘Rﬁ 3 (ELZ: | Fi(ra)] - E[Z)]) 4, N(0,1) (SA.6.25)

ze/\f

to establish (5). We apply Theorem 3.6 of Ross (2011), defining his X; as n_lk,ll/Q(E[Zi |
Fi(rn)] — E[Z;]) and his dependency graph A by connecting units 4,j in A if and
only if 7 € A;. This is a dependency graph because j ¢ A; implies that the treat-
ment assignments determining F;(r,) are independent of those determining F;(r;,)

under Assumption 4. The maximum degree of A is at most max;|A;| < n/k, by
Lemma SA.5.4. Therefore, by Assumption 1, the right-hand side of (3.8) in Ross
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(2011) is asymptotically bounded above by

() () = () (52) =

so (SA.6.25) follows from his (3.8). This completes the proof of (5)

Step 4. Note that § = E[é], where 6 is the Horvitz-Thompson analog of 6 defined
in (SA.6.1). The bias of 0 is |0 — 6*| < (kn&n/n)"? by (SA.6.3). Given that k, <
(n/&n) 7,

VEn(0 = 0%) 3 3/ ka(kn&a/n)* < A/ ka(n /&) 578 < 1, (SA.6.26)

in which case
o k(0 — 0) = 0"\ k(6 — 0%) + 0(1),
so (6) follows from (5). n

SA.6.5 Theorem 5

In what follows, steps 1-4 concern case 6%(1), and step 5 concerns 62(2). Define Z;
as in (SA.6.22) and Z; as in (4). Let

kn
Bn=—3 Y. Y. E[ZIE[Z;]A:(2).
€Ny JEN,

This equals (SA.3.1), which is non-negative for any n.
By (SA.6.24), |0, — 6,,| < 1, where

7= S S Cov(BIZ | Fi(r)).BIZ | F(r)]) Ay () (SA.6.27)
€Ny JEN,

by Assumption 4. Thus, to show that 62(1) = 2 + B, + 0,(1), it suffices to prove

6%(1) = &2 + B, + 0,(1). (SA.6.28)
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Step 1. By definition, 6(1) = n*kn Dicnr, Djen, 7;7;A;;(1). We prove that

k.

€Ny JEN,
52(1)

In the formula for 62(1), replace Z; with Z; + Z; to obtain

. . 2k
162(1) — 5%(1)| < 2 1Zi] > Ay(1 maX|Zk—Zk|
€N, JENR

n Z Z A (1 maX Zk — Zi)?. (SA.6.29)
ze./\/'nge./\/'n

By Lemma SA.5.4, max; >,; A4;;(1) < n/k,. By Assumption 1 and Lemma SA.5.3,

maXi]Zl-| =< 1, and

; Tl — i) Toilpo — fio) \*
max(Z; — Z;)? = max [ — b = /i) _ Toilio = fio) < max(py — 1),
i i P D1 t

which is < 1 by the proof of Theorem 2. Hence, (SA.6.29) < 1.

Step 2. We prove that

5°(1) = Z—Z > > (Zi = B[Z])(Z; — B[Z]) Aij(1) + Bu(1) + 0,(1),
€N, JEN,
where N
Ba(1) = 5 1D EBIZIE[Z;]A;(1).
€Ny JEN,

In the formula of 6%(1), replace Z; with Z; &+ E[Z;] to obtain

= Z Z Z E Z E[Z]>A1J(1>

”LEMLJENn
ko,
Z > (Z; — E[Z))E[Z,]A; (1) + 3 > > E[Z]E[Z;]A5(D).
ze/\/n = 1€ENn JEN,
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We need to show that the second term on the right is < 1. For V; = 3.\ E[Z;]4;;(1),

b Yz E[Zi])E[Zj]Aij(DH <e[(L Y- E[Zi])%ﬂl/z

El
n i€ENp, JENR €N,

kQ 1/2

_ (n 1> Cov(Zi, Z) Vi L e 2 > Cov( ZZ,Z)VV> . (SA.6.30)
€N, JEA; €N, jEA;

By Assumption 1 and Lemma SA.5.3, max;|E[Z;]| < 1. Since max; 3, Ai(1) <

n/k, by Lemma SA.5.4, max;|V;| < n/k,. Therefore,

1/2
(SA.6.30) < <% > Y Cov(Z:, Z))| + % > Z|Cov(z,-,zj)|> .

€N jEN; €N, jEA;

The argument in (SA.6.9)—(SA.6.13) can be applied to show that this is < 1. The
one distinction is that the above expression has Z; in place of Z;. These only differ
because Y; in the expression of Z; is centered by p,, unlike the expression of Z,
but the centering is immaterial since it cancels out when deriving the analogs of the
covariance bounds (SA.6.7) and (SA.6.8) using (SA.6.6).

Step 3. We prove that B,(1) = B, + 0,(1). Noting that C.;) < A;, decompose

_ In Z Y E 1+ fT > > E[Z]E[Z].

’LENn ]GCC( ) €Ny, jEAi\Cc(i)

By Assumption 5(a), A; = N (7, 2(r,+U,)) < N (i,3U,), and A\Cey N (2, 3U,)\N (4, Ly,).
By Assumption 5(b), there exists a non-negative sequence «,, < 1 such that 3U,, —
Ly, = an(n/(k,£,))Y% Then by Assumption 2(b), following (SA.6.15),

max| (i, Un)\W (i, Ln)| < &u(n/ (kn&p)) @D,

By Assumption 1 and Lemma SA.5.3, max;|E[Z;]| < 1, so

< k, nfn n (d-1)/d
K Z S E < = max | (5, 3Un) W (i, Lo)| < =5 (kg) ,

1€N JEANC (i)

which is < 1 since k,, < n/&, by assumption.
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Step 4. Abbreviate F; = F;(r,). At the top of the proof, we noted that

:—Z ZCOV [Zi | Fi], E[Z; | F;])Ai;(1) 4 0p(1).

i€ENn JEN,

By steps 1-3,

_In Z > (Zi = E[Z)))(Z; - B[Z;]) A (1) + B, + 0,(1)
zeNn JENT,

It therefore remains to show that the following is < 1:

= Z > (Zi = E[Z])(Z; — E[Z;]) A5(1)

ze./\/’n JENR
_ Z 2 Cov(E[Z; | 5], E[Z; | F;])Ai;(1)
ze/\fn FENR
=S S (22, BBIZ | FIB(Z, | F)AS0)
€N, JEN,
_2% Y (Z; - E[Z]) ). E[Z;]A;(1).
i€ENn JEN
= [Pl] + [P2]

As previously argued, max; 3. E[Z;]A;;(1) < n/ky, and [n~' 3\ (Zi—E[Z])] <
1 by the proof of Theorem 2, so [P2] < 1, while

[P1]=—ZZZ E[Z; | F])(Z; — ElZ; | F3]) Ay (1)

€N, JEN,
+2—Z > E[Z | F](Z; - E[Z; | Fi])Ay(1)
€N, JENR
N % ' N (ElZ | FIE[Z; | Fi] - E[E[Z | FIE[Z; | Fi]])Ay(1)
ieNy, jeEN,

= [P1.1] + [P1.2] + [P1.3].

Using (SA.6.11), (SA.6.23), Lemma SA.5.4, and the assumption that k, < n/§,,

k., n k., n
[P1.1]<¥ n- e r,” <1 and [P1.2]<¥ n- e r, < 1.
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Observe that [P1.3] has expectation zero and variance equal to

I N

% >0 >0 D) Cov(BLZ: | FIE[Z; | Fl E[Z | FAE[Z: | Fil) Ay(1) Are(1).

i€ENG, JENT, keEN,, LeN,
(SA.6.31)

The covariance term is zero if £, ¢ A; U A;, so by Assumption 1 and Lemma SA.5.3,

(SA.6.31) Z =D (SA.6.32)

zENn JEN;

for Z;; = {(k,0): £ € Ay and {k, 0} n (A; U A;) # @} Since max;|A;| < n/k, and

( € Ay, implies k € Ay, we have max; jen,, |Zi;| < (n/k,)?. Therefore,

SA.6.32) < . "—<k: Lo
bk

.n.

LT
3N

Step 5. Recall the definition of 62 from (SA.6.27). We next prove that

—n Z 2 Cov(E[Z; | Fi|,E[Z; | F;])Ai;(2) + 0,(1).

zeNn JENR

Then the claimed result for 6%(2) follows from steps 1, 2, and 4 by replacing, for

2

all 4,7, every occurrence of “A;;(1)” and “A;” with “A;;(2)” and “C.;)", respectively.

Write

2 > Cov(E[Z | Fi].E[Z; | Fj])

ZENn ]GCC( )

Qz

K
PSS Covmiz | FLBIZ | F).
1€ENR, jGAZ\CC(,L)
By Assumption 1 and Lemma SA.5.3, max; ;|Cov(E|[Z; | 5], E[Z; | F;])| £ 1, so
using the argument in step 3,
Ky,
55 % Coelz| ALEZ | F)

€N jeANCe(iy

(d-1)/
< B N (5 3G, L)) 5 B ( = ) <1

n
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SA.6.6 Lemma SA.5.1

We draw on the clever argument used in the proof of Theorem 3 of Cao et al. (2024).
To obtain a contradiction, suppose there is a positive sequence ¢, < 1 such that,
for infinitely many n, there are two clusters C; and Cy with medoids 41,79 such
that p(i1,ia) < €n(n/(kn&,))Y?, and no other pair of medoids is closer in distance.
There are two cases to consider along the subsequence of such n’s, and all asymptotic
statements that follow are with respect to this subsequence.

Case 1. min{|C4|,|Cy|} < n/k,. Then the argument largely proceeds as in the
proof of Theorem 3 of Cao et al. (2024) but with additional adjustments to account
for the divergence of k,,&,. Since clusters partition N, for every n there must exist
some cluster Cj of size at least n/k,. Let i3 denote its medoid and R3 be the largest

distance between i3 and an element in C3. By Assumption 2(a),

kﬁn < |Cy] < |N (i, Ry)| < C&RY = Ry = (n/(kn&n)) (SA.6.33)

Let i% € C5 be such that p(i}, j) = 0.5R3 for any medoid j. For instance, the unit
i3 € C5 for which p(i%,i3) = Rs is one such candidate. For any other medoid j # i3,
p(i5, j) = 0.5R3 because otherwise step 1 of Algorithm SA.1.1 would have assigned i
to a closer medoid.

Consider a hypothetical update in step 2 of Algorithm SA.1.1 that replaces i, with
i5. Then all units in N (i5, R3/8) are optimally reassigned to the cluster with medoid
i% because they are all by construction at least distance 3/8 - R3 away from any other
medoid. This reassignment reduces the total cost by at least |[N (i, R3/8)|Rs/4 =
n/ky - (n/(kn,€.))Y? by Assumption 2(a) and (SA.6.33). On the other hand, in the
worst case, all other units in Cy are reassigned to medoid 71, which increases the total
cost by at most |Ca| €, (n/(knén))V? < n/ky-(n/(knén))Y¢. Hence, the update is overall
cost-reducing for n sufficiently large, which contradicts for such n the supposition that
the clusters are the output of Algorithm SA.1.1, in particular violating step 2.

Case 2. min{|C}|,|Cs|} > n/k,. Without loss of generality, suppose |Cs| > n/k,.
Then the argument proceeds similarly to case 1 but using C5 in place of C5. In
particular, let Ry be the largest distance between i and an element of C;. By an
argument similar to (SA.6.33), Ry > (n/(kn&,))Y<.
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Let %, € Cy be such that p(i}, j) = 0.5R, for any medoid j. Consider a hypothet-
ical update in step 2 of Algorithm SA.1.1 that replaces iy with ;. Then all units in
N (i, Ro/8) are optimally reassigned to the cluster with medoid 4. This reassignment
reduces the total cost by at least |N (i}, Ry/8)|Ro/4 > [N (i, Rao/8)|(n/(kn&n))Y%. On
the other hand, in the worst case, all other units in C5 are reassigned to medoid
i1, which increases the total cost by at most |Cs|l,(n/(k.&,))Ye.  Since |Cy| <
|N (ia, R2)| ~ |N (i, Re/8)| by Assumption 2(a), the update is overall cost-reducing
for n sufficiently large, which contradicts the supposition that the clusters are the
output of Algorithm SA.1.1. |

SA.6.7 Lemma SA.5.2

Step 1. We first prove that, for any sequence {C}, } ey with C,, € C,, for each n, we have
|C,| ~ n/k,. Let £, be given as in Lemma SA.5.1 and 4,, the medoid of cluster C,,. By
Assumption 2(a), [N (i,,0.50,(n/(k.£,))Y9)| = n/k,. All units in this neighborhood
must be elements of C,, by Lemma SA.5.1 and step 1 of Algorithm SA.1.1, so |C,| %
n/k,. Since this must be true for all sequences of clusters, it cannot be the case that

|Cy| > n/k,, given that the total number of units is n. Hence |C,| ~ n/k,.

Step 2. We prove the direction R* < (n/(k.&,))Y?. Suppose to the contrary that
R > (n/(kn£,))V4. Let i!, € C,, be such that p(i’,j,) = 0.5R* for any medoid j,.
For instance, the unit ¥ € C,, for which p(i%,4,) = R} is one such candidate. For any
other medoid j, # iy, p(i),, jn) = 0.5R} because otherwise it would be cost-reducing
for Algorithm SA.1.1 to assign ¢/, to a closer medoid.

Consider a hypothetical update in step 2 Algorithm SA.1.1 that replaces i,, with i/ .
Then all units in N (i, R*/8) are optimally reassigned to the cluster with medoid /,.
This reassignment reduces the total cost by at least [N (i, R /8)|RX /4 > n/kn(n/(kn&n)) e
by Assumption 2(a). On the other hand, in the worst case, all other units in C,, are
reassigned to the nearest existing medoid.

Observe that the distance between i, and the nearest other medoid must be <
(n/(kn&,))Y?. If instead that distance were &, > (n/(kn&,))"%, then C, would contain
N (in,0.58,) by step 1 of Algorithm SA.1.1, in which case it would have size > n/k,
by Assumption 2(a), which contradicts step 1.

Therefore, the worst-case increase in total cost from the medoid replacement is
< |G (n/ (k)Y < nfky - (n)(kn&n))Ye by step 1. The update is overall cost-
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reducing for n sufficiently large, which contradicts the supposition that the clusters
are the output of Algorithm SA.1.1.

Step 3. We prove the other direction. By Lemma SA.5.1 and step 1 of Algo-
rithm SA.1.1, N (i, €n(n/(k.£,))Y4/2) < C,. Hence, R: = £,(n/(k,&0))Y4/2, so
R;kz z (n/(kngn))l/d |

SA.6.8 Lemma SA.5.3

Recall from Assumption 5 the definition of cluster centroids, U,, and L,. For any
i € N,, all clusters intersecting N (i,7,) must be subsets of N (i,r, + 2U,) by the
assumption. Together with (2), we have that there exists v, ~ 1 such that N'(i,r, +
2U,) € N(i,a,L,) for any n and i € N,,. Invoking Assumption 5 once more, it follows
that ¢; is at most the number of L,-balls that fill N'(i,«, L,) without intersecting.
We seek to bound the 2L,-packing number (Wainwright, 2019, Definition 5.4) of
N(i,a,Ly,). By Lemma 5.5 of Wainwright (2019), this is at most the L,-covering
number of the ball (Wainwright, 2019, Definition 5.1), and we denote this number by
N, (7). We bound this following the proof of Lemma 5.7(b) in Wainwright (2019).
Construct a maximal L, /2-packing of N (i,a,,L,) with cardinality M; and cen-
troids {Hm}%"zl. This is also an L,-covering of N (i, , L), so N, (i) < M;. The balls
of the packing {N(6,,, L,,/2)}Mi, are disjoint and contained in N (i, o, Ly, 4+ Ly, /2), s0

S

N (O, L /2)| < |N (i, Ln(a, + 0.5))].

1

3
I

By Assumption 2(a), there exists C' > 0 independent of i and n such that

M; Mi Ln d
;1|N(em, L,/2)| = an (7) and

N (i, Ly (v, + 0.5))] < C&, (L (v + 0.5))7.

Hence, M; < C*(1 +2a,)% < 1, so max; N, (i) < 1, which proves the first claim of the
lemma.
The second claim follows from the expression in Remark 1, the first claim, and

Assumption 6. ]
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SA.6.9 Lemma SA.5.4

Let R = max; R, the latter defined prior to (2). Observe that A; € N (i,r,+2R+7,).
By Assumption 5 and (2), 7, $ R < (n/(kn&,))"?, so by Assumption 2(a), max;|A;| <
n/ky. n

SA.6.10 Lemma SA.5.5

Since &; has mean one, it remains to compute the variance. By Assumption 4,

Var (k) = nQZVar Z&

By Lemma SA.5.3, min,; p;; > 1, and by Assumptions 2(a) and 5, max;|C;| < n/ky,

so the right-hand side is at most of order

1 1
ﬁkn m]aX]Cj]Q < k_n
n
SA.6.11 Lemma SA.5.6
By Assumption 6, p;” € (0,1). Since
AR i S
T T

it is enough to show that p;” — p;” < kn Y2 Clearly E[p/] = p;. By Assumption 4,

kn
Var (p/) = EVar( Z th) < %22‘0].‘2.

iECj j=1

By Assumptions 2(a) and 5, max;|C;| < n/k,, so the right-hand side of the above
display is < n 2k, (n/k,)* = k1. ]
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