Robust Semiparametric Inference for Bayesian Additive

Regression Trees*

Christoph Breunig! Ruixuan Liu Zhengfei Yu?

October 20, 2025

Abstract

We develop a semiparametric framework for inference on the mean response
in missing-data settings using a corrected posterior distribution. Owur approach
is tailored to Bayesian Additive Regression Trees (BART), which is a powerful
predictive method but whose nonsmoothness complicates asymptotic theory with
multi-dimensional covariates. When using BART combined with Bayesian bootstrap
weights, we establish a new Bernstein—von Mises theorem and show that the limit
distribution generally contains a bias term. To address this, we introduce RoBART,
a posterior bias-correction that robustifies BART for valid inference on the mean
response. Monte Carlo studies support our theory, demonstrating reduced bias and

improved coverage relative to existing procedures using BART.
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1 Introduction

The Bayesian additive regression trees (BART) is one of the most powerful statistical
methods.  Its empirical success in predictive modeling has been demonstrated in
numerous studies that uncover complex nonlinear relationships in high-dimensional data.
Additionally, in the context of nonparametric function estimation, the BART achieves the
adaptive near rate-minimax posterior contraction, as shown by [27, 33 BT, 25]. Beyond
prediction, BART has also shown strong performance in semiparametric inference for causal
parameters of interest [14, 20]. However, a theoretical justification for semiparametric
inference based on BART under reasonable regularity conditions is still lacking.

Semiparametric inference based on BART is challenging because tree- and forest-
based methods build on piecewise constant functions. While BART can capture additive
structures and perform variable selection, the standard Donsker property, which requires
the unknown function to have smoothness exceeding one-half of the covariate dimension,
is difficult to justify. In the context of missing data and causal inference, we impose the
standard identifying assumption that potential outcomes and the response indicator are
independent, conditional on the observed covariates. Within this framework, the main
objective of the paper is to develop a robust inference procedure for the mean response
based on BART.

We propose a novel robust Bayesian procedure that is asymptotically valid without
imposing the Donsker property or the no-bias condition. For estimation of the mean
response in the missing data problem or the average treatment effect (ATE) in program
evaluation, we explore the role of propensity score by making use of the double robust
functional. By combining a preliminary estimator of the propensity score, the BART
induced posterior for the conditional mean function, and the Bayesian bootstrap weights, we
establish a semiparametric Bernstein-von Mises (BvM) Theorem, which implies inference
on the mean response at a y/n-rate and asymptotic efficiency in the semiparametric sense.
When the Donsker property fails, however, an additional bias term appears in the posterior
distribution in the Bernstein-von Mises Theorem. Interestingly, this bias term is of the exact
same form as that obtained by [4], who consider the prior correction approach of [28] based
on least favorable directions of semiparametric submodels.

To adjust for the bias in the BvM statement, we propose a posterior correction approach
based on pilot estimators for the propensity score and the conditional mean functions. As
a technical device, we rely on sample splitting for the pilot estimation, in line with the
recent double machine learning (DML) literature [L1]. In doing so, our method differs from

the proposal of [40], which places a prior on the propensity score or estimates it within a
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one-step posterior correction. In contrast to their BvM results (given in their Theorems
3 and 5), we do not impose Donsker conditions in our paper. This is possible because
our additional posterior correction removes the bias term in non-Donsker regimes for the
mean response. Such an adjustment is crucial for BART, which builds on non-smooth
base learners and thereby only adapts to conditional mean functions that are Lipschitz
smooth [33]. As a result, the Donsker requirement is particularly stringent with multi-
dimensional covariates. Our proposed robust BART (RoBART) achieves the BvM under
more flexible smoothness conditions: the lack of smoothness of conditional mean functions
can be compensated by high regularity of the propensity score.

Monte Carlo simulation results show that RoBART improves robustness over
conventional BART while maintaining competitive credible interval lengths. Our method
also shows finite-sample advantage over the one-step posterior correction. With increasing
complexity of the underlying conditional mean and propensity score functions, one-step
posterior correction is not sufficient to address the undercoverage of BART. By contrast,
incorporating the additional debiasing term into the BART posterior allows our robust
BART approach to achieve improved bias and coverage performance in complex model
designs, without sacrificing estimation precision. We also showcase the practicality of our

method by a real-data application.

Related literature. Our work is most closely related to active research areas. There has
been considerable interest in developing semiparametric Bayesian inference that deviates
from the plug-in principle. [28] pioneered the use of data-dependent priors to weaken
the regularity conditions on the propensity score, for which they coined the term single
robustness. Maintaining the same prior construction, [4] introduce an additional debiasing
step that allows for double robustness. This is further extended to the popular difference-in-
differences design by [3]. In this paper, we start from a different perspective by examining
the one-step posterior of [40] and establish its asymptotic equivalence with the prior
adjusted method. More importantly, we conduct another posterior bias correction to
remove the bias term by,. These are designed to the relax the Donsker property of the
conditional mean, which is required by [40], but it is not met for the BART with high-
dimensional covariates and nonadditive functions.

As a general nonparametric function estimation, the BART achieves the adaptive near
rate-minimax posterior contraction, which has been the major breakthrough, obtained
by [27, B3, B3I, 25]. Compared with the extensive results on the posterior convergence

for BART, the corresponding inferential theory is much scarce. [31I] established a



semiparametric BvM theorem using BART type priors for a particular type of linear
functional of the regression function, under the fixed design. Her result requires Donsker
property of the conditional mean. In the presence of multi-dimensional covariates, she
further requires the weight function to be uniform in this linear functional. For the Bayesian
CART (for a single tree not the forest), [6] also establish general semiparametric BvM
theorem within the Donsker regime.

The paper is structured as follows. Section [2| describes the missing data model
together with the identifying assumptions and presents the robust semiparametric Bayesian
procedure. In Section [3] we derive the BvM Theorem under high-level assumptions. Section
illustrates these results for BART. Section [5| provides numerical results via Monte Carlo
simulations and an empirical illustration. Proofs of the main theoretical results are
presented in Appendix [Al Lemmas and auxiliary results are collected in Appendix [B]
Appendix [C] extends the framework to inference on average treatment effects. Appendix

[D] provides additional implementation details of our methodology.

Notation. We adopt the standard empirical process notation as follows. For a function
h of a random vector Z that follows distribution P, we let P[h] = {h(z)dP(z),P,[h] =
n~t 30 h(Z;), and G, [h] = \/n (P, — P) [h]. For two sequences {a,} and {b,} of positive

numbers, we write a,, < b, if limsup,,_,(a,/b,) < o, and a, ~ b, if a, < b, and b, < a,.

2 Setup and Implementation

This section provides the main setup of our missing data framework and motivates the new
Bayesian methodology. We provide the implementation of our robust Bayesian algorithm

and discuss its connection and difference to the existing literature.

2.1 The Model Setup

We consider a family of probability distributions {P, : n € H} for some parameter space
H. The (possibly infinite dimensional) parameter 1 characterizes the probability model.
An independent and identically distributed (i.i.d.) sample {(R;Y;, R;, X,1)T}™, is available,
where the dependent variable Y; is observed only if R; = 1 and it is missing if R; = 0. We
assume the outcomes Y; are missing at random (MAR); that is, the outcome Y; and the
missingness indicator R; are conditionally independent given Xj.

Throughout the paper, the distribution of the observable vector (RY,R,XT")" is
completely modeled by three components: (i) the marginal distribution s, (x) of the p-
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dimensional covariates X; (ii) the propensity score m,(z) = P,(R = 1| X = z); and (iii)
the conditional density function f,(- | z) of the outcome Y given X = z and R = 1.

Consequently, the conditional mean function of the outcome given covariates is

n%u>=fyn@|wdy

Under the MAR assumption, the probability density function p, for Z; = (R;Y;, R;, X;')7

can be written as
Py(2) = pn(@)mp (@) (1 =m0y () 7" f7 (y | ), (2.1)

Let ng be the true value of the parameter and denote Fy = P,

o, Which corresponds to the

frequentist distribution that generates the observed data. Accordingly, we denote p as the
true marginal covariates distribution, 7y as the true propensity score, and fo(- | ) as the
true conditional density of YV given X =z and R = 1.

The key parameter of interest is the mean of the outcome variable:

Xo = EOD/Z]a

where Eqg[-] denotes the expectation under P,. Under the MAR assumption, y, can be
identified using the conditional mean function mgy(z) = Eo[R;)Y; | R = 1,X; = z].

Specifically, we have
Xo = fmo(a:) dpo ().

For our approach, it is useful to consider an alternative expression of xq, augmented by a

term depending on the inverse propensity score my as follows

m—fmmw+%mm@—mWMM%@mm (2.2)

where the Riesz representer ~q is given by

(2.3)

which satisfies Eo[mo(X)v(R, X)] = xo; see [9].
Let W™ := (W,1,..., Wy,) denote the Bayesian bootstrap weights by [34], i.e., W,; =
ei/ Z;.lzl e; for e; i Exp(1), i = 1,...,n. Referring to the expression (2.2), the natural



starting point for semiparametric Bayesian inference is

n

Xn = Z Wi (mn(Xl) + (R, X5) (Yz - mn(Xz))> ) (2.4)

i=1

where m,(-) is some stochastic function with a given prior and 7(r,z) = r/7(x) is the
estimated Riesz representer with a pilot estimator 7 of my computed over some auxiliary
dataset. The posterior law of x,, or its conditional distribution given the observed data
ZM™ = (Zy,...,Z,)is determined jointly by the posterior law of m,, denoted by IL,,,(- | Z™),
as well as the distribution of random vector W involving Bayesian bootstrap weights.
For the latter part, its probability law is known and easy to simulate. In accordance with
the study on the bootstrap law [38], we adopt the notation Ily (- | Z(™). While our general
results are applicable to a broad class of nonparametric priors for m,, we particularly
analyzes prior modeling under more basic conditions based on the BART. The posterior
draws of the vector (m,(Xi),...,m,(X,)) can be easily obtained using the R package
BART [36].

To motivate the approach from a Bayesian perspective, one can view the conditional
distribution of as approximating the posterior of

r

[ (o) + sty = mfa)) ap, o, 2.5
()

where we use a degenerate posterior for the propensity score from the pilot estimation.

When it comes to the prior for P,, we consider the Dirichlet process prior with its base

s
measure taken to be zero. It coincides with the Bayesian bootstrap process as in ([2.4)).
Note that the original notation in [40)] defines the one-step posterior of the mean functional
Xy given Z™ as the conditional measure of

) R
P m,(X) + m(

Y —my(X))|,

where the probability model P, is parameterized by (m,,, m,), and the augmented part P
denotes the Bayesian bootstrap law. The posterior law of (m,,,m,) is also assumed to be
conditionally independent of the bootstrap law P. Both angles lead to the same approach
because the Bayesian bootstrap law is known and does not depend on the unknown data
generating process for the data. The main contribution of the current paper is that we
show the one-step posterior still contains a bias term when the conditional mean function

does not satisfy the Donsker property. This is particularly relevant for the BART with



multi-dimensional covariates.

2.2 A Robust Semiparametric Bayesian Procedure

Our Bayesian approach connects to the least favorable direction as specified by the efficient

influence function
Xn(Z) = my(X) + 7 (R, X)(Y —my (X)) — Xy, (2.6)

for some Riesz representer -, given by

7ﬁ(R7X> = (27)

T (X)
A pilot estimator for the propensity score 7 is denoted by 7 based on an auxiliary sample,
so that 5(r,z) = r/7(x) is an estimator of the Riesz representer 79. We also make use
of a pilot estimator m for the conditional mean function mg in the debiasing step. The
use of an auxiliary data for the estimation of unknown functional parameters simplifies the
technical analysis and is common in the related Bayesian literature; see [28] for propensity
score adjusted priors in the case of missing data. It is also inspired by the recent literature
on the DML [9], which yield negligibly of certain smaller order terms. This technique also
dates back to the early development in semiparametric estimation [35]. In practice, we use
the full data twice and do not split the sample, as we have not observed any over-fitting or
loss of coverage thereby.

We are now in a position to describe our robust Bayesian procedure. The inputs to
the algorithm are the observable data {(R;Y;, R;, X;')T}™,, the pilot estimators 4 and m
as discussed above, and the number of posterior draws S. The posterior distribution of
(my (X)) = (my(X1),...,my(X,)) is generated by applying BART to estimate m,,(-)
using the data {(R;Y;, X;') : R; = 1} ,.



Algorithm 1 Posterior Computation
for s=1,...,5 do

(a) Obtain one draw from the posterior of (mn(X )P, denote it as (M (Xi))izy -
(b) Draw Bayesian bootstrap weights Wy, = €7/ > .7, €7 with ef ~ Exp(l) 1<i<n.
(c) Caleulate x; = x; — b;‘; where

Z + AR, Xi) (Vi — m3(X3))) (2.8)

and the debiasing term is

end for
Output: {x;:s=1,...,5}

Given the posterior simulation draws, the 100 - (1 — a)% credible set C,(«) for the

parameter of interest yq is computed by

Cn() = {7‘ cq(af2) < x < q(1— a/2)}, (2.10)

where q(a) denotes the a-quantile of {X; : s = 1,...,5}. We take the Bayesian point
estimator (the posterior mean) by averaging the simulation draws: Xy =5~ ! ZS 1 X
Given some pilot estimators m for the conditional mean mg and 7 for the propensity

score 7, the well-known doubly robust estimator takes the form:

This has been extensively studied in the frequentist literature, starting with the augmented
inverse propensity score weighting (AIPW) by [30]. Its extension to using pilot machine
learning estimators combined with cross-fitting by [8] has generated considerable interest
in the literature. The formulation in Step of our algorithm mimics the frequentist

construction and it agrees with the one-step posterior proposed by [40].

Remark 2.1 (Estimation of the Riesz Representer). Qur proposal builds on a plug-in

approach that employs pilot estimators of the Riesz representer. Alternatively, one could



assign some prior to the propensity score function, as in the main main proposal of [40/{1—].
Our approach in comparison is motivated by the following considerations. First, by adopting
sample splitting for the pilot estimators, it becomes feasible to relax the Donsker condition
by our proposal. Sample splitting has long been used in the semiparametric models, [35,
] and regained popularity in the DML literature [8, [9]. Second, in more complicated
semiparametric models, the Riesz representer may lack a tractable analytical form, but one
can still construct a pilot estimator following the approach of [10]. In such cases, designing
a feasible algorithm to obtain its posterior can be challenging. Finally, compared to the
conditional mean function, the Riesz representer is often of secondary interest, one can
view the plug-in estimator as a particular type of degenerate posterior for the propensity
score [28].

3 BvM Theorems under High-level Assumptions

Although our primary interest lies in establishing the BvM theorem for the BART, we
first present the theory under high-level conditions. The robustness achieved through our
additional debiasing step is thus applicable to other types of priors beyond the BART
framework.

The one-step posterior of x;, is determined jointly by the posterior of the conditional
mean and the Bayesian bootstrap law. Recall that the conditional probability density
function associated with the conditional mean function by f,(- | ). For simplicity, we work
with the conditional density class which only depends on the unknown conditional mean
function. Such a class includes the standard Gaussian, Bernoulli, and Poisson outcomes,
as discussed in [4]. Accordingly, we denote it by fn (- | x) thereafter. The posterior

distribution is formally given by

M(m, e AW®™eB|zM) =11, (m, e A| Z") x Oy (W™ e B| ™)
(0 SaTT o (Vi | XG) i, (my)

B Al (W™ | ZzM),
o VT (] X0 () Tl V[ 227)

Regarding the centering point in the asymptotic normal approximation, we can consider

L[40] also consider the version that plugs in an estimator for the propensity score considered within a
discussion of the distinction to the prior adjustment approach of [2§].



any asymptotically efficient estimator Y with the following linear representation:

1 n _1j2
= n 4 —|— OPO ), (3 )

where Xo = X, is the efficient influence function given in under 1 = 1. Denote its
variance by vy = Eo [¥2(Z)]. We write Li(v/n(x, — X) | Z™) for the marginal posterior
distribution of y/n(x, — X)-

Below, we consider some measurable sets H" of functions m,, such that II(m, € H" |
Z) —p, 1. To abuse the notation for convenience, we also denote H, = {n : m, € H'}
where we index the conditional mean function m, by its subscript n. We introduce the
20 = \/S¢2 x) dpo(z) for all ¢ € L*(uo) = {9 : |92
as the supremum norm | - [,. We introduce the notation for the conditional variance
oa(x) = Eo[(RY — mo(X))? | R = 1,X = z] and assume throughout the paper that
o0 € L*(19). We denote the support of a random variable V by V.

notation ¢

o < 0}, as well

Assumption 1. [Identification] We observe an i.i.d. sample {(R;Y;, R;, X;)}I,, where the
propensity score 7 satisfies mo(x) = P(R; = 1|Y; =y, X; = z) for all (y,z) € Y x X and

inf,cx mo(x) = ¢ > 0 for some constant ¢ > 0.

Assumption imposes a missing-at-random (MAR) assumption and an overlap

assumption, both of which are sufficient for identifying the conditional mean function

Assumption 2. [Rates of Convergence| The pilot estimators 7 and m, which are based on
om0 = Op,(ryn) and for d € {0, 1}:

an auxiliary sample independent of Z™ | satisfy |3 — |

~

Im -

mo |2,H0 = OPO (gn) and sup Hmﬁ - mOHZMo < €n;
Ne€EMn

where max{e,,r,} — 0 and \/ne,r, — 0. Further, |7, = Op,(1).

Assumption [2] imposes sufficiently fast convergence rates for the estimators for the
conditional mean function mg and the propensity score 7. In practice, one can explore the
recent proposals from [12] and [23]. The posterior concentration rate for the conditional

mean can be derived by verifying high-level assumptions of [16].

Assumption 3. [Complexity] (i) For G, = {m,,(-) : n € H,} it holds that

sup |(P, — Py)my,| = op,(1). (3.2)

mn€Gn
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Let G,, be the envelope function of the functional class G, satisfying

im limsup Eo[G21{G,, > C}] =0, Eo[G] = o(n). (3.3)

1
C—-0 poowo

(ii) Furthermore, we assume

sup |G [(0 =) (my = mo)]| = or, (1) (3.4)

Assumption |3| (i) restricts the functional class G, to form a Py-Glivenko-Cantelli class;
see Section 2.4 of [38]. The moment conditions on the envelope functions follow from
[40], which address the uniformity issues when showing the convergence of the conditional
Laplace transform. Assumption |3| (ii) imposes a new stochastic equicontinuity condition on
the product structure involving 7 and m,,, which sets us apart from the existing literature.
In contrast to this assumption, [28] and [40] both require a stochastic equicontinuity
condition sup,cqym |Gy, [my, —mel| = 0p0(1)E|. As demonstrated by [4], this is weaker than
directly imposing the Donsker property on (m, — myg). For the Holder smooth class, [4]
show that the low-order differentiability of the conditional mean can be compensated by
exploring the high-order smoothness of the propensity score, and vice versa. Note that

SUPepem |Gn [my — mo]| diverges for the non-Donsker class, by the Sudakov’s inequality [38].

We now present a semiparametric Bernstein—von Mises theorem, which establishes
asymptotic normality of the posterior distribution, modulo a bias term. This asymptotic
equivalence result is established using the so called bounded Lipschitz distance on
probability distributions on R, see (see Chapter 11 of [I5]). As the one-step posterior
is built from mimicking the frequentist double robust estimand, it is surprising at first
sight that this does not fully remove the bias term, hence the technical proof of the BvM
theorems in [40] still relies on the Donsker property. Note that one crucial difference to
the frequentist method is that we need to characterize the weak convergence for the entire
posterior distribution (not just its center as the point estimator), there is this crucial bias
term that we identify. This shows the distinctive feature of deriving the frequentist validity

of semiparametric Bayesian inference.

Theorem 3.1. Let Assumptions @ and@ (i) hold. Then, with the one-step posterior

2Because a nonparametric prior is also assigned to the propensity score, [40] further requires the
propensity score function to belong to the Donsker class.
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correction, we have

dpr (£H<\/E<Xn =X —boy) | Z(n))7 N(0, Vo)) —p, 0,

where by, = Pu[(70 — 1)(mo —my)].

Remark 3.1 (Bias Equivalence for Prior Correction). Under the double robust smoothness
conditions imposed in Assumption [3, [§)] show that the prior adjustment approach of [28],
denoted by XT]]DA, also yields a semiparametric BuM theorem up to the exact same bias term
bo,. Specifically, as a consequence of the triangular inequality for the bounded Lipschitz

distance, we have the asymptotic equivalence

dpr (La(Wn(x)* = 8 = bow) | Z™), Lu(v/n(xy — X = boy) | Z™)) =5, 0,

by Theorem above and Theorem 3.1 of [{]. Surprisingly, the one-step updated posterior
exhibits the exact same bias term as the plug-in version using adjusted prior of [28].

Therefore, we follow the strateqy of [4] to carry out a feasible bias correction.

The previous result shows that, under double robust smoothness conditions, the
posterior of the one-step corrected mean only satisfies the BvM result within a bias term
bo,. We emphasize that the Bayesian procedure that achieves the BvM equivalence in
Theorem is not feasible, because it depends on the term by ,, which is a function of the
unknown conditional mean mq. This bias term vanishes, if we impose additional smoothness
restriction on the conditional mean function m satisfying Donsker property.

Aimed at relaxing the Donsker property, our objective is to maintain double robust
smoothness conditions while considering pilot estimators for the unknown functional
parameters in by,. We explicitly correct the posterior distribution, following our proposed
methodology in Algorithm . Recall the definition of the bias correction term /b\n given in
Algorithm [T}

~

by = Pul(3 — 1) (71 — my)]. (3.5)
The next theorem is an immediate consequence of [4].

Theorem 3.2. Let Assumptions |1}, [4 and[3 hold. Then, we have

Az, (La(vn(xy = %n = by) | 207), N(0,V0)) =, 0.
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As importance consequences of the BvM theorems, we hence provide the frequentist
validity of the Bayesian credible set built from the corrected posterior. For any « € (0,1)

and Bayesian credible set C,,(«) for x,, — 80777, then we have P, (Xo € Cn(a)) —1—a.

4 BvM Theorems under Primitive Conditions

We turn to our main task of establishing a new BvM theorem where the conditional mean
function is modeled by the BART. The BART prior expresses the unknown function as
a sum of many binary regression trees. Each individual tree consists of a set of internal
decision nodes which define a partition of the covariate space, as well as a set of terminal
nodes or leaves. Those partitions are generated by recursively applying some binary split
rules of the covariate space as the form {x; < 7} versus {z; > 7} where x; signifies that j-th
coordinated is chosen for the splitting and 7 is the split point. The good approximation
property of tree-based learners relies on finding a fine partition scheme that divides the
data into more homogeneous groups and learning a piecewise constant function on the
partition. For this purpose, we introduce the notion about the split-net from [33]. Given
an increasing integer sequence by, a split-net X = {z; € [0,1]?,7 = 1,...,b,} is a discrete
collection of b,, points x; at which possible splits occur along coordinates. For a set {2 < R?,
we denote the j—th projection mapping of Q by [Q]; = {z; e R: (z1,...,7,)" € Q}.

The construction of each individual tree starts with some root node in [0, 1] at depth
[ = 0, where the depth of a node means the number of nodes along the path from the root
node down to that node. Any binary tree can be characterized by the (i) the probability that
a node at depth [ is nonterminal, (ii) the distribution on the splitting variable assignments
at each splitting node, and (iii) the rules with which the splits are made. Referring to
point (i), each node at depth [ € {0,1,2,...} is split (hence nonterminal) with some prior
probability depending on the depth. When it comes to point (ii), we follow [19, 27] using
a sparse Dirichlet prior. This approach chooses a splitting covariate j from a proportion
vector ¥ = (¥4, ...,9,)" belonging to the p-dimensional simplex. Finally for point (iii), if a
node corresponding to a box (2 is split, a splitting coordinate is drawn from the proportion
vector and a split-point 7; is chosen randomly from [X]; ()int([Q2];) for a given split-net
X. The procedure ends until all nodes become terminal. We further denote the cardinality
of the split points in the split-net X projected onto the j-th coordinate by b;(X) for
7=1,...,p.

Throughout the paper, we pick a fixed number of trees 7" and assume an independent
product prior for the tree ensemble, II(E) = [, II(T"). [13] recommend taking T = 200

13



based on extensive numerical evidence. For a given split-net X and for each 1 <t < T,
we denote with 7% = (Qf,... Q%) a X-tree partition of size K' and with step-heights
as B' = (Bi,...,0%) € RE". An additive tree-based learner is fully described by a tree
ensemble € = {T',..., 77} and terminal node parameters B = (3',...,87)7 e RZ=1 £’

as follows

T K
mep(x) = Y . Bil{x e Q). (4.1)
t=1k=1
Given an ensemble & of trees, we denote Mg := {mgpg(z) : B € REi=1 K'Y If € consists

of a single tree 7, we denote Mg by M. Binary decision trees or forests offer good
approximation properties to the class of Holder continuous class, which is indexed by an
exponent « € (0,1]. This parameter a does not exceed one, which is standard in the
literature studying the piecewise constant estimators and priors. Another notable feature
of BART is that one can explore the sparsity of relevant regressors and perform variable
selection. The true conditional mean function is assumed to belong to the following class
of functions. Below we introduce the norm |¢|a = sup, 0130 [9() — ¢(v)|/llz — yll5, for

functions ¢ : [0, 1]? — R, with some o > 0, where || - |2 denotes the Euclidean norm.

Definition 4.1. We denote the space of uniformly a-Holder continuous functions that only

depend on some subset of covariates S as follows,
Fo(a,S) :={m :[0,1]7 — R : [m|ye < 00 and m is constant in the directions {1, ... ,p}\S}

where o € (0,1] and |ml|ye is the Holder coefficient.

For the set Sy with its cardinality |So| = gy < p, we assume mg € F,(a, Sp). In addition,
we also explore the case where mg is additively separable in terms of low-dimensional

covariates. Consider the following additive class with Ty components
To
Foa,8) = {mg(x) = ng(x), such that m € Fp(ozt,St)} :
t=1

where a := ()2, and 8 := (SH)1,. We denote ¢}, = |S}| for the subset St = {1,...,p}.

We define
£, 1= n~¥2erw), flogn,

related to the rate of posterior contraction for mg € F,(a, S). When considering the additive

Tt _at to ot
case mg € ]-"Z‘jdd(a, S), we define 290 = 4 /%7.° 2, where g, := n~® /2at+45)  /log n.
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The case where mg € F,(c,Sp) provides a clean illustration of our theory, which shows
that our additional debiasing step is essential if gy > 1. The class F,(a, Sp) fails to satisfy
the Donsker property whenever o < ¢qo/2. A subtle consequence, is that the size of the
resulting sieve set used to approximate the Hélder continuous function becomes too large, so
that the standard maximal inequality via the entropy bound fail to deliver the stochastic
equicontinuity. The same issue occurs to the additive class whenever o < ¢f/2 for any
1<t < Ty

Next, we list assumptions of covariates, error term and the prior specifications, followed

by some remark.

Assumption 4 (Model Specification). Under Py, the conditional density of YV, given (R =

1, X = z) is standard Gaussian, i.e.,

exp <_ (y — ﬂ;o(fv))Q) |

1
foly [ #) =

Moreover, let logp < n%/e+o) if my e F,(a,Sp), and logp < min<pcq, n%/(22"+a0) if

mg € Fi%(a, S).

Assumption 5 (Tree-based Partition). The split-net X’ satisfies the following conditions:
(i) max;<j<plogb;(X) < logn. (ii) One can construct a X-tree partition 7 such that there
exists m, 7 3 with its step heights B, satisfying Imo — mgy 7 5le < e if mo € Fyla, So).
For mg € ]:gdd(a, So), we assume this tree-based approximation exists for each individual

component in the additive function, that is, [mo — mg 7. g/l < €}, for t =1,..., Tp,

Assumption 6 (Prior). (i) For a fixed T > 0, each tree T*, t = 1,...,T is independently
assigned a tree prior with the following Dirichlet sparsity, that is, the j-the covariate is
chosen for splitting the nonterminal nodes from a proportion vector ¥ := (4,...,9,)7, s.t.
(V1,...,9,)" ~ Dir(¢/p,...,¢/p%) with ¢ > 0 and ¢ > 1. (ii) Given any tree, each node
at depth [ € {0,1,2,...} is split with some prior probability v'*1 for some v € (0,1/2). (iii)
Given K',..., KT induced by &, we consider the independent priors for the step-heights:

T t

dH(B ‘ Kl?"'>KT) = HH¢T(ﬁli)a

t=1 k=1

where ¢7(-) is some bounded and compactly supported probability density function that

can depend on the tree size T

Remark 4.1 (Discussion of Assumptions). The Gaussian likelihood with unit variance

in Assumption [§] is standard in the literature. One can also incorporate the unknown
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variance term and assign a prior as in [39] and [25]. The asymptotic analysis allows
for a large ambient dimension p. The requirement about the growth of logp simplifies the
presentation of the contraction rate. Otherwise, one needs to incorporate an additional term
as \/m in the high dimensional setup. The construction of the piecewise constant
approzimation with the tree partition, which satisfies Assumption[5, can be found in Section
4 of [25].

Assumption [0] lists the specification of priors in the BART. The control of the unique
elements in the split-net along each coordinate is crucial to establish the posterior rate of
contraction. The original algorithm in [13] does not take into account of the sparsity of the
true regression model. [27] suggests the sparse Dirichlet prior on splitting coordinates to
perform the variable selection. Following [32)], the splitting probabilities decay exponentially
with respect to the depth l, which gives rise to the desired exponential tail of the total tree
sizes. The compact support condition on each step height is assumed for technical reasons

when verifying high-level conditions in [16]; see [39] and [25].

Theorem 4.1. Let Assumptions [l and [§H] hold, together with ||1/7|w = Op,(1). If mg €
Fp(a, So) and v/ne,|m — mo|wo —p, 0, then

don (Ll ~ €~ Bo) | 207, N0.%0)) 5, 0.

The same conclusion holds if mg € F3%(a,8o) and v/l |7 — mo[oe —p, 0.

Theorem [4.1] establishes a BvM result for BART without requiring the Donsker property
for either the propensity score or the conditional mean function. This result follows from
verifying the high-level assumption from the previous section. The proof is based on
constructing a sieve set that receives posterior mass with probability approaching one. This
sieve set is defined by piecewise constant functions over increasingly fine grids and with a
growing number of covariates. Due to the discontinuity of such piecewise constant functions,
the complexity with increasing number of covariates exceeds the threshold of the Donsker
class. Hence, the standard stochastic equicontinuity as imposed in the semiparametric

Bayesian literature is not satisfied.

Remark 4.2 (Donsker Class). One can establish the BuM theorem

dBL (*CH(\/H(XW - ),C\) | Z(n))v N(O7V0)) PR 07

under the Donsker property of H, so that by, becomes asymptotically negligible itself. This
condition holds if o > qo/2 for mg € Fp(a,Sp). With the additive structure, the above
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property holds for mg € ngd(a,so) if of > qb/2 for all 1 <t < Ty. For semiparametric
Bayesian inference, such Donsker properties are imposed in Assumption 2(c) in [{0] or
Condition (3.12) in [28]. Our results exploit the regularity of the propensity score, expressed
in terms of new stochastic equicontinuity to restore the frequentist validity of our robust

procedure.

Remark 4.3 (Smoothed BART). Given the non-smooth feature of the BART, it is natural
to consider the smoothed BART (see [27]), because it explores the smoothness of the
conditional mean. Our main message remains unchanged as one can trade-off the orders of
smoothness for the conditional mean and propensity score by incorporating the additional
bias correction step. Consider functions in the Hdélder smooth class, i.e., the space of
functions on [0,1]P with bounded partial derivatives up to order |B|, where |B] is the
largest integer strictly less than B and such that the partial derivatives of order |B| are
Hoélder continuous of order  — |5|. If the true function only depends on at most qo
covariates, Theorem 2 in [27] states that the posterior rate of contraction is of the order
O(nP/@8+w) log(n)). If the conditional mean function and propensity score function are
in such Hélder smooth classes with smoothness indices (B, Br) and they only depends
on qo regressors, our robust approach is asymptotically normal when /BBy > qo/2. In

comparison, the Donsker properties in [40] will force min{S,,, 5.} > qo/2.

5 Numerical Studies

In this section, we first examine the finite-sample performance of BART inference for the
mean response o = Eo[Y;] in missing data models. To illustrate the practical relevance
of the theoretical discussion in Remark we consider simulation designs that include
interactions. As Appendix [C] extends the proposed robust BART inference to the average
treatment effect (ATE) framework, we then apply it to the well-known National Health and
Nutrition Examination Survey data to revisit the average effect of participation in meal

programs on students’ body mass index.

5.1 Monte Carlo Simulation

The data-generating process for i.i.d. observations is specified as follows. For each unit
i = 1,...,n, we generate the observed variables (R;Y;, R;, X.) by X; = (Xi1,..., Xi5)"
where X1, Xio, Xj3 ~ N(0,1), X;y ~ Bernoulli(0.5), X5 is a categorical variable taking
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values {1, 2,3} with equal probability. The distributions of R; and Y; are given by
R; | X; ~ Bernoulli (¥ [e(X;)]), Yi| Xi~ N (m(X;),1),

where WU(t) = 1/(1 + e™"). We analyze the finite-sample effects of varying the complexity
of the conditional mean function m and the propensity scores for sample sizes n €
{125,250,500}. Throughout our simulations, the number of Monte Carlo replication is
set to 1000.

We consider four designs for the function e(-) that determines the propensity score by
m(x) = ¥U(e(x)) and the conditional mean function m(-). In Design I, e(z) includes an
interaction term xixs, whereas m(-) contains no interaction terms. In Designs II-1V, both
e(+) and m(-) include interaction terms, with increasing complexity (i.e., more interaction

terms) across designs:
Design I:  e(x) = x1(2x3 — 1)/5, m(z) = 1 — 22y — 23/2 + x9 + 23 + 24 + h(x5),
Design II: e(x) = x1(223 — 1)/5, m(x) = 1 4+ x1(z2 + x3) + 22 + x4 + h(z5),
Design III: e(x) = [2x3(z1 + x2) — 21]/5, m(z) = 1 + 21(1 + x3) + z223 + x4 + h(x5),
Design IV: e(z) = [2z3(x1 + 22) — 21]/5, m(x) = 1 + x123 + xows + xomy + h(x5),

where h(zs) = 21 {z5 =1} — 1 {z5 = 2} — 1 {z5 = 3} /2 with 1{-} denoting the indicator
function.

We evaluate three inference methods. Standard BART obtains the posterior of the
conditional mean function m,(-) using BART, and then averages over the covariates using
Bayesian bootstrap weights. Implementation relies on the R package BART [36]: the
posterior of m,(-) is computed using the function gbart with argument type = wbart. We
draw 2000 posterior samples after discarding a burn-in of 500, with the number of trees set
to T' = 200. Default priors from the package are used, see Appendix [D] for details. One-
step BART applies the posterior correction of [40], which uses posteriors of both m(-)
and () obtained via BART or its logistic variant | RoOBART, the robust BART method
described in Algorithm 1, combines the BART posterior of m,(-), a plug-in estimator for
7(+), and the debiasing term /l;n in . We consider two estimators for propensity score:
Logit, a quadratic logistic regression; and SL, a SuperLearner combining logistic regression

and a generalized additive model[f] Both include pairwise interactions of covariates.

3We implement logistic BART by calling gbart with type = Ibart.
4We use the R package SuperLearner with the library of prediction algorithms including SL.glm and
SL.gam for implementation.

18



Table 1: Finite-sample performance of BART-based inference methods for the mean
response with missing data.

n  Methods Design 1 Design 11 Design II1 Design IV
Bias CP CIL |Bias CP CIL |Bias CP CIL |Bias CP CIL
125 BART 0.086 0.918 1.114]0.187 0.885 1.039|0.279 0.821 1.041|0.343 0.724 1.006

One-step BART 0.073 0.946 1.284/0.196 0.959 1.401/0.308 0.891 1.360|0.355 0.841 1.358
RoBART et 0.082 0.916 1.192]0.048 0.963 1.215]|0.059 0.938 1.207]0.083 0.934 1.209
RoBARTg, 0.050 0.916 1.416|0.037 0.949 1.477|0.072 0.916 1.228|0.075 0.918 1.345

250 BART 0.051 0.935 0.786(0.171 0.848 0.724|0.270 0.673 0.724|0.320 0.577 0.705
One-step BART 0.040 0.960 0.866|0.163 0.939 0.953(0.273 0.823 0.922]0.305 0.770 0.931
RoBARTogit  0.039 0.935 0.822]0.019 0.965 0.816(0.011 0.958 0.875]0.028 0.963 0.875
RoBARTg, 0.081 0.932 0.954]0.028 0.964 0.802|0.047 0.953 0.898|0.045 0.959 0.849

500 BART 0.046 0.924 0.565]0.094 0.866 0.469|0.142 0.761 0.475]0.189 0.607 0.451
One-step BART 0.040 0.948 0.599(0.077 0.932 0.535|0.115 0.888 0.542|0.154 0.814 0.533
RoBARTogit  0.040 0.927 0.570]0.030 0.944 0.493]0.026 0.947 0.519]0.053 0.930 0.511
RoBARTg, 0.042 0.926 0.566]0.034 0.941 0.486|0.033 0.945 0.503]0.061 0.925 0.494

Table 1| presents the bias of the posterior mean, coverage probability (CP) and the
average length (CIL) of the 95% credible interval formed by the (corrected) posteriors.
In Design I, where m(-) is linear, all methods perform well including standard BART. In
Design 11, where interaction terms appear in both e(-) and m(-), BART tends to undercover,
while one-step BART and RoBART restore CP close to nominal levels]’| Between the two,
RoBART exhibits smaller bias, especially in small samples. In Designs III and IV, as
more interaction terms appear in e(-) and/or m(-), one-step BART produces larger bias
and undercoverage, whereas ROBART continues to yield small bias and improved coverage.
These results align with our theory. As the additive components of 7(-) or m(-) depend
on more than one covariate (see Remark , the Donsker property is not guaranteed.
Evidently, our RoBART demonstrates robust performance in such complex designs. In
addition to its improved bias and coverage performance, ROBART (with a logit estimator
for the propensity score) yields shorter credible intervals than one-step BART for all designs
and sample sizes, while ROBART (with a SuperLearner for the propensity score) does so

in 9 out of 12 cases.

5This complements the simulations in [40], which show improved coverage for one-step BART in a design
where both 7(-) and m(-) are one-dimensional but discontinuous, see their Table 2.
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Table 2: ATE estimation of the school meal programs on children’s and youths’ BMI,
sample trimmed based on estimated propensity score (using Logit) within [¢,1 — ], n=
effective sample size after trimming.

t n Methods ATE 95% CI CIL
0 2330 BART 0.160 [-0.176, 0.675] 0.851
One-step BART -0.164 [-1.440, 0.984] 2.425

RoBARTT ogit 0.088 [-0.356, 0.519] 0.875

RoBARTg;, 0.062 [-0.354, 0.471] 0.826

0.05 2326 BART 0.195 [-0.258, 0.688] 0.946
One-step BART -0.109 [-1.235, 0.994] 2.229

RoBARTTY ogit 0.094 [-0.348, 0.521] 0.870

RoBARTg, 0.066 [-0.343, 0.467] 0.810

0.10 2136 BART 0.207 [-0.131, 0.681] 0.813
One-step BART 0.140 [-0.775, 1.061] 1.836

RoBARTY ogit 0.215  [-0.230, 0.660] 0.890

RoBART, 0.200 [-0.225, 0.611] 0.835

5.2 Empirical Application

We apply the BART inference methods to a subsample of data from the National Health
and Nutrition Examination Survey (NHANES) 2007-2008, previously analyzed by [7]. The
parameter of interest is the average treatment effect (ATE), defined as E[Y;(1) — Y;(0)],
of participating in school meal programs (D) on body mass index (BMI) for children and
youths aged 4-17 years (Y'). The covariates X include eleven variables: child age, child
gender, race dummies (Black and Hispanic), an indicator for family income above 200% of
the federal poverty level, indicators for participation in the special supplemental nutrition
program and in the food stamp program, an indicator for childhood food security, an
insurance coverage dummy, and the age and gender of the survey respondent (an adult in
the family). The sample size is 2330.

We adapt the BART inference methods from the simulation study to the ATE setting
(see Appendix [C|for the robust BART (RoBART) method for ATE), and present the results
in Table[2 Table[2]shows that all ATE estimates of school meal programs on BMI are small
relatively to the sample average BMI 20.11 (with the standard deviation 5.42). All 95%
credible intervals include zero, suggesting that the average effect may go either direction
when uncertainty is taken into account. One-step BART produces more dispersed posterior
and thus more volatile point estimates than other methods. The estimates tend to increase

when observations with propensity score near the boundary are discarded. We compare
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the BART-based estimates in Table [2] with the frequentist results reported in Table 1 of [7]
using the full sample (7 = 2330): Horvitz-Thompson (HT) estimate of —1.48 with a 95%
confidence interval [—2.50, —0.46], the inverse probability weighting (IPW) estimate —0.41
with confidence interval [—0.62,0.34], and their preferred calibration estimate of —0.04
with the confidence interval [—0.48,0.40]F] While point estimates differ in sign across
methods, all but the HT estimator indicate that participation in school meal programs
had no statistically significant effect on children’s and youths’ BMI. In particular, both our
proposed RoBART and the calibration estimator of [7] yield small point estimates when
using the full sample. And the credible intervals generated by RoBART are similar in

magnitude to the confidence intervals of the calibration estimator.

SWe cite the calibration estimator with exponential tilting as representative; other calibration estimates
in [7] are similar in magnitude and interval length.
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A  Proofs of Main Results

In the following, we denote the log-likelihood of the conditional probability density function

as

lo(my) = Rilog f, (Vi | Xi),
i=1
which depends on the conditional mean function m,(-). We use the empirical process and
bootstrap process notations by writing P,[h] = n™t 3" | h(Z;) and PA[R] = 3" | Waih(Z;).
Recall the definition of the measurable sets H)" of functions m,, such that II(m, € H}" |
Z™) —p 1. We introduce the conditional prior IL,(-) := TI(-(H™)/TL(H™). Our BvM
theorem makes use of a frequentist estimator X, as the centering term. Note that this
estimator itself is not needed in constructing the Bayesian point estimator or the credible
set. All we require is that it admits the linear representation with the efficient influence
function. Thus, we have the freedom to choose the following one to simplify our subsequent

asymptotic analysis:
X = Py [mo(X) +7(R, X)(Y — mo(X))]. (A1)
For simplicity of notation, we introduce

pm(y’ .%') =Y - m(a:),
which is used in the proofs presented below.

Proof of Theorem[3.1 In the same spirit of Theorem 2 in [28], we work that the estimated
least favorable direction 4 is based on observations that are independent of Z(™ by
Assumption 2] In the sequel, we denote it as a deterministic sequence of 7,. Consequently,
we can write x,, = P*[m,, + v,p™"]

By Theorem 1.13.1 in [38], we can show this by establishing the convergence of the

conditional Laplace transform

_ SSneHn exp (ty/n(xy — X — boy)) Al (W] Z00) b ) dTT (m,))
$en, €m0 dTI(me)

I,(t) :
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We proceed with the following decomposition:

Xn — X =P [mo + 1mp™] = Pr[mo + 1mp™] + P, [my — mo — yn(my — mo)]
= (P, = Pn) [mo +0p™ ] + (B, = B [my = mo — yn(my —mo) + (Y0 = 70)p™]

(&

=:n,n

+ P, [my, — mo — yn(my, — mO)J )

.

Y
:bO,n

By definition, we can express the first term as (P% —P,,) [mo + 70p™°] = (P% —P,)Xo. Using
the notation of the influence function at Py given by Xo(z) = mo(x) +vo(r, )" (y, ) — X0,

we may write

X — X — boy =P, = Ppn)(Xo + Iny)-
Thus, the conditional Laplace transform becomes

:ﬁﬁﬁm@ﬁmpwm%+%mﬂmmmw%M%WMmm)

I,(t
( ) SneHn een(mn)dﬂ(mn)

Under Assumption 3 (i), we apply Lemma to the functional class {Xo + Un, : 7 € H,}.
Given that the estimated propensity score is bounded away from zero in Assumption [2]
the Glivenko-Cantelli property as well as the required moment conditions on the envelope
function are satisfied by the corresponding assumptions on the class {m, : n € H,} in

Assumption 3 (i). The conclusion from Lemma gives us

sup ‘E [et\/ﬁ@ﬁ—Pn)(%own,n)
nEHn

Z(n)] _ PVanRe@+0un(D)2| = op (1),

Under Assumption [2| we show in Lemma that

sg{p \Varg (Xo(Z) + Unn(Z)) — Vary (Xo(Z))| — 0. (A.2)
NEMn

We emphasize that the above uniform convergence only requires the influence function
Xo + Un, to be in the Fy-Glivenko-Cantelli class, not necessarily the Fy-Donsker class.

Therefore, we have

I (t) = €' Varo(o(2)/2gor, (1) Spen, € dlT(my)

— 6152\/117’0()20(Z))/Qeopo(1)7
eln(mn) dI1(m,))

Sr]e'Hn
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which concludes the proof. O]

The original setup in [4] concerns the average treatment effect estimation. Our missing
data example can be viewed as applying the proposal of [4] to the treated (or control)
arm only. For concreteness, we adapt the proof of their Theorem 3.2 to show the feasible

estimator 3,7 approximates b, uniformly well in the missing data problem.

Proof of Theorem[3.2. 1t is sufficient to show that

N —1/2
Sup ‘bO,n - bn‘ = op,(n7%),
neHn

where by, = P,[(70 — 1)(mo — m,)] and /l;n =P,[(¥ — 1)(m —m,)]. We make use of the

decomposition

boy = by = Pul(h0 = 7)(mo — mp)] + Pul(§ = 1)(mo — m)]. (A-3)

Consider the first summand on the right hand side of the previous equation. From

Assumption [3] we infer

Vi sup [Pu[(v0 — ) (mo —my)]| < sup [Gul(yo —7)(mo —my)]|
neEHn neEHn

+ ﬁ:;{p [ Po[ (0 — ) (mo — my)]|

< op, (1) + Op,(1) x /n|m — 7|

2,10 SUP Hmﬂ — Mo |2,H»0 = OP0(1)7

neHn

using Assumption |3 (ii), the Cauchy-Schwarz inequality and Assumption . Consider the
second summand on the right hand side of (A.3). Another application of the Cauchy-
Schwarz inequality and Assumption [2| yields

Po[(3 = 1)(mo — )] = Pul(v0 — 1)(mo — )] + op, (n~*/?)

_p |[BomX) _ A on (=12
P | R o) = ) | + o 7).

Under Assumption , we apply Lemma [B.3 to get P, [R;&(}g) (mo(X) —ﬁ”b(X))] +

op,(n""?). Hence, we obtain

Pul(v0 = 1)(mo — )] = op,(n™1%),
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which completes the proof. O]

Referring to BvM theorems under primitive conditions for the Bayesian regression trees
(Bayesian CART) or forests (BART), we provide the detailed proof for Bayesian CART
by verifying the high-level assumptions and highlight the modifications for the BART

afterwards. Below, a v b denotes the maximum of a and b.

Proof of Theorem[{.1. First, we provide the construction of measurable sets H,, such that
(n e H, | Z™) —p, 1 in Assumption . As we impose the BART type priors over
the conditional mean function, it suffices to find the proper sets H,' for m, such that
II(m, € H™ | Z™) —p, 1. Referring to the sieve set defined by equation (B-2), we work
with

Hyt = {my, : my, € My, [|[my, —moll2,, < €nt- (A.4)

We prove the following posterior contraction in Lemma [B.5}
(m, € My, : |m —mo|au, > Cuen | Z™) -5, 0, (A.5)

with &, = n~®/e*w),/logn for any C, — o as n,p — o in Regime 1. In Lemma
[B.5 we have shown that II(m, ¢ M%) —p 0. Therefore, one also obtains II(m, ¢

n| Z™) —p 0, combined with Lemma 1 in [I7]. Taken together, we have shown that
(m, e H™ | ZM)) —p 1.

Under the uniformly boundedness assumption of the conditional mean, the requirement
for the envelope functions in are satisfied. Regarding the Fy-Glivenko-Cantelli
property of G, it is sufficient to verify this for the sieve set M™, because the functions
in G, correspond to the shifted versions by subtracting the true mg. Let || - |, denote the
empirical L*(P,)-norm. For M, with K, ~ ne2/logn and 5, ~ ne2/log(p v n). In the
proof of Lemma , we have log N (e, M™, | - |,,) < n%/(2a+®0) Jogn = o(n) for any given
e > 0. This satisfies the requirement about the growth of the entropy number in Theorem
2.4.3 of [38], which verifies the P-Glivenko-Cantelli property.

For the stochastic equicontinuity condition, we apply the multiplier inequality as stated
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in Lemma [B.1k

sup |Gy, [(Y0 = yn) (my — mo)]|
nNEHn

< 4y = 10lwEo sup |Gy (my —mo)| + A/ Fo(vn — 70)? sup |Po(m, —mo)

neHn nNEHn

< [0 = mollooBo sup |G (my — mo)| + |70 — o[z sUD [172) — M0
neHn neHn

< lmn = molloov/nen + [T = Toll2u08n = 0p, (1).

27“0

In the last inequality, we have applied the upper bound Eqsup,, i, |G (my, — mo)| <
\/ney, as given in Lemma [B.6|

When it comes to the functional class with the additive structure, we modify the
posterior rate of contraction by g% = \/ZtTiln_Qo‘t/(Qa“rqf)) logn for a fixed Ty, < T.
Following the second part of Lemma we have

lopg > Cre | ZM) 50,

I(m, € Mg : [my, —mqg

for any C,, — o as n,p — o. The rest of the proof follows similarly to the Holder

continuous case. O

B Useful Lemmas and Auxiliary Results

B.1 Useful Lemmas

The following lemma is in the same spirit of Lemma 9 in [28] with one important difference.
That is, we do not restrict the range of the function ¢ to [0,1]. This is important, as we
apply this lemma with ¢ = =, — 7, which can take on negative values. Accordingly, we
use the more general contraction principle from Theorem 4.12 of [26] instead of Proposition

A.1.10 of [38]. This allows us to relax the positive range restriction in [28§].

Lemma B.1. Consider a set 'H of measurable functions h : Z — R and a bounded

measurable function @. We have
Esup |Gy (¢h)| < 4]¢|Esup |G, (h)| + v/ Fop? sup [ Fohl.
heH heH heH

We now state the following generalization of Theorem 1 from [29], where the functional

class G,, containing ¢(-) can vary with the sample size. We strengthen it following similar
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moment conditions as in Lemma 11 of [40]. As discussed by [29] on Page 2225 therein, this
uniformity refers to the marginal posterior distributions of the process X, + 1, for n € H,.

It is not about the distributional convergence of this process as a random element in the
set of (*(H).

Lemma B.2. Suppose G, is a sequence of separable classes of measurable functions with

envelope functions G, such that

%2 [9(2)]

In addition, limg_,o limsup,, ., Bo[G2I{G? > C}]| = 0, and Eo[G2] = o(n). Then for every
t in a sufficiently small neighborhood of 0,

sup
9€Gn

—p, 0.

sup
9EGn

Eq [exp <t\fz wi — 1/n)g( Z)) ‘Z(”)] —exp (£*Varg(9(2))/2)| —=p, 0

B.2 Smaller Order Terms

The next lemma verifies the asymptotic negligible term that appear in the debiasing step.

Its proof is in the same spirit of bounding the R, » term in Lemma C.8 of [3].

Lemma B.3. Suppose that the pilot estimator computed over some external independent
sample converges to the true conditional mean in the L*(po)-—norm, i.e., |m—mel3, — 0.

Also, the true propensity score is uniformly bounded away from zero, then we have

Ln—Ri_ﬂo(Xi)m—ﬁz ) =o0
Ry e () = o (1), (B.1)

Proof. We condition on (X7, ..., X,), as well as the pilot estimator m, which is computed
over the external independent sample. We use the fact that (R; —m(X;)) has a conditional

zero mean. Specifically, this leads to

Eol(\%i%(m(m mo(X >‘X1,...,Xn,m]

1 - w2 Vare(Ri | X)
; (Xl)) W%(Xi)

:»—t

using that Vary(R;|X;) = mo(X;)(1 — mo(X;)). Consequently, by the overlapping condition
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1 < m(X;) for all 1 < i < n, we obtain

E, [(%Z%XSX)W - m><xi>)2] < 1= mol3,, = of1),

where the last equation is due to the L?(ug)-convergence for the pilot estimator .

Consequently, the result follows from using the Markov inequality. O]

For the next result, recall the definition of ¥,, ,, = [m,, — mo — Yn(my, — mo) + (9 — 70)p™]

introduced in the proof of Theorem [3.1

Lemma B.4. Let m,(-) be a sequence of functions uniformly bounded away from zero and

T — Tollo.uy — 0. Uniformly inn e H,, assume |m, — mg|2 ., — 0. Then we have
H H 10 ywmm n 10

sup |Varo(Xo + Vnn) — Varo(Xo)| — 0.
neEHrn

Proof. Since Xo(Z) is centered under P, we obtain by elementary calculation and the

Cauchy-Schwartz inequality

[Vary(Xo(2) + Vng(2)) = Varo(%o(2)
< [Eo(R0(2) + 9nn(2))* = Bo(Ro(2))*] + (Bt n(2))?
< 20/EoR3(2)[Eat?,(2) + 2B (2)
= 2 (VolVnalzo + [Fnal3 o) -

A close inspection of the function ¥, , shows that we can proceed by

Don(Z) = (1- %xmnm (X)) + (3R, X) — 70(R, X)) (Y — mo(X))
~ (X)) — mo(X) - o WO(X)—Rm o
- Pl o (30) = ma(20)) o+ T () = (X))

+ (7”(R7 X) - 70(R7X))<Y - mO(X))
We now make use of the assumption that m,(:) is uniformly bounded away from zero, as
well as the conditional variance of R;(Y; — mo(X;)) is in L*(uo), ie., §of(z) duo(x) < 0.

Thus, we obtain

[nnll2.0 = Iy =molapm + |70 = Tol2ue + 79 = Moll2,uo |70 = 70l2,0,
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after some simple algebraic steps. The desired conclusion follows from the convergence of
|2“LL0 - O D

the pilot estimator of the propensity score and sup, ¢4, |7, — M0

B.3 Results Related to Regression Trees

In tree-structured models, the idea is to recursively apply binary splitting rules to partition
the support of covariates. Although tree-based partitioning allows splits to occur anywhere
in the domain, it is often preferable to select split-points from a discrete set [13]. Recall that
for the Cartesian product of p subsets of R, i.e., 2 < RP, we denote the j—th projection
mapping of Q by [Q]; = {z; € R : (z1,...,2,)" € Q}. For a given split-net X, we call
each point z; = (z;1,...,7;)" a split-candidate. For a given splitting coordinate j and a
split-net X', a split-point will be chosen from [X]; ) int([©2];) to dichotomize a box 2. Note
that [X]; = {x;; € [0,1],5 = 1...,b,} may have fewer elements than X due to duplication.
We denote by b;(X) the cardinality of [X]

by-tuple (215, .., 2, )-

j, 1.e., the number of unique elements in the

In this part, we prove the posterior rate of contraction for the BART. The first
rigorous analysis covers the random design case appears [25] for a more general piecewise
heterogeneous anisotropic Holder class. Our setup can be seen as a special case of [25] by
restricting to the isotropic Holder continuous class. For two generic probability densities
p and ¢, we denote the Kullback-Leibler (KL) divergence by K(p,q) and the square KL
variation by V(p, q); see Appendix B in [I8]. Furthermore, denote the Hellinger distance
by pu(-,-). Our derivation of the posterior contraction rate builds on considering sieve sets
on which the prior concentrates on.

With given £ and 0 < M < o0, we define the function space
Me jp = {mgﬁ e Mg :||B| < ]\_4},

where | - |, denotes the supnorm of the vector B. We consider the collection of all Mg 5
such that the the number of terminal nodes is upper bounded by K, and the number of
active splitting variables is upper bounded by s, for each individual trees in the following
sieve set

My = M, ki1 = U Me i1 (B.2)

E:|S|<5n, Kt <Kp,1<t<T

where K, ~ ne?/logn, 5, ~ ne2/log(p v n), and M is the upper bound for individual
step height in its prior distribution. Because the prior for each step height has a bounded

density with compact support, we work with a fixed M, rather than a growing upper bound

29



for the normal density in [25].

Lemma B.5. Under the assumptions stated in Theorem for mo € Fp(a, Sp), we have
II (m e M, :[|m —myllz,u, > Cren ’ Z(”)) —p, 0,

with &, = n~C+0), flogn for any C, — © as n,p — 0. For my € ngd(a,so), the

posterior rate of contraction holds with €244,

Proof. We prove the result for my in the Holder continuous class and outline the necessary
changes needed for the additive class. Let mq, mo denote two generic conditional mean
functions in the Gaussian model for the outcome variable with associated densities fi,,, fim,-

Then, the Hellinger distance pgy (-, -) satisfies

Imy —mall3 0 < P (frnrs fma) S M1 — mal2p,

by Lemma B.2 of [39] under our Assumption [6 (iii). Hence, it is sufficient to check the

convergence in terms of py. In addition, we have

maX{K(me, fmn)’ V(fmov fmn)} < HmO - mnH%,/LO'

Define B, := {my, : max{K (fmg, fm,), V (fme: fm,)} < €5}. To check the posterior rate of

contraction, we verify the high-level assumptions from Theorem 2.1 in [16]:

II(m, € B,) > c¢i exp(—cane), (B.3)
IOg N(gnvapH) 637182 (B4)
II(m, ¢ M,) < exp(—cyne2), (B.5)
for positive constant terms cq, ..., c4.

Referring to the first inequality (B.3)), it follows by the direct calculation of the normal
likelihood:

20 S Clgn}a (B'G)

B, o {m,, : |m, —my

under Assumptlon@ (iii). Then we construct an approximating ensemble denoted by £ =

('Tl, .. TT) By restricting the function space to the one constructed by 5 we have

T(m,, : [m, — molla, < Cien) = THE) T(my, € Mg : |my —molau, < Cien).  (B.7)
~——

< J

g

@ @



We provide the lower bound for the two prior probabilities separately. For a given split-net
X, there exists by Assumption [5| a tree partition T generating an approximating function
mg 7 5 such that Hmo my 7 5Hoo £,. An approximating ensemble £ can be constructed
by setting 7' to be 7 and T* = [0,1]7 for t = 2,...,T so that the rest of trees are root

nodes with no splits. Under Assumption |§| , we have
log IT(E) = Z log II(T") = log I(T") + (T — 1) log(1 — v) = —Cyne?,

where the last inequality follows from Lemma 4 in [25].

Referring to the second part (2)/1 we have |m, —mo|2,, < [|m, — m07%,5\|03+ En/\fOI‘ some
my 75 € Mz. We set all trees in € the root nodes except for the first one T!=T. Every
step-heights vector B for € has the form B = (8',2,...,87)7 € RE*T-1 with 8! € RX
and B' € R with t = 2,...,T, where K is the size of 7. By letting B = (B,O, ., 0)7, we

can write mg 5 5 = My ¢ - Thereafter, we obtain

II(m, € Mg : |my —moll2u, < Cigy) = H(my; € Mg [my, — mo,é,BHOO < Cogy).

A similar calculation as in the proof of Lemma 5 in [25] leads to the lower bound of
the right hand side of the above inequality. By Assumption |§| (iii) where the priors step-
height are independent and compactly supported, we can simply replace the Gaussian small
ball probablhty bounds with the volume of order CVK* with v, = g0l (A71)/ \/IAZ for
K, = K + T — 1, by lower bounding the volume of {B € REx |AB|s < Cuvy,} for some

non-singular matrix A. Therein, we have
log IT(€) > —Cone?,  logIl(m, € Mg : |m, —mo|s < Csen) = —Cyne’.

The above two inequalities combined with and gives us the desired bound in
B3).

Next, we bound the entropy number in (B.4). Under the unit Gaussian error
assumption, we can bound the Hellinger distance between f,,, and f,,, by the L?(ug)—
distance ||m; —ma|2,,, by Lemma 2.7 (i) in [I8]. We proceed to upper bound log N (e, M,,, |-
|oo) for the stronger supnorm. Define £ 1 g7 as the collection of all tree ensembles &£

with given S, K',..., KT. By construction, we have the upper bound

New M| ) < Y > 2 N Mer -1z,

S:|S|<8n (K1, . KT): Kt <Kn E€€g 1 kT
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where we recall that K, ~ ne2/logn and 3, ~ ne2/log(p v n). For any given £ and
Bi, B e RZtTﬂKt, we have

o+

K

T
ZZ B — Bo) Lz € Q1 }

t=1k=1

Ime s, — mep,|o = sup
ze 0 1

T
< Y K'By — Balo.
t=1

Following the proof of Lemma 6 of [25], the covering number of the sieve set is thus upper
bounded by

N(enMa, | )
& (P TEn )
e ] _ TKy . \ X
<K, ; (8) (s 112]%19](?(0 N (en/TKn, {BeRT™5" . |B|, < M}, || Hoo)

TKn _
505" (gn max Wc)) (8T, N /)"

Isj<p

N
S5

Under Assumption , that is, max;<j<, b;(X) < logn, logarithm of the above quantity

satisfies

log N (gn, M, || - lo) < log K, + log 3, + 5, logp + K, (log K, +log 5, + loglogn — log 5n)
< 5,logp + K, logn

using &, = n~%/(a+0),/logn and the choices of K,, and 5, given below the sieve set (B.2)).
These choices immediately imply log N (g, M, || - [|) < ne?.

When it comes to the prior mass outside the sieve set, we follow the proof of the
condition (2.3) in [33]. It boils down to check:

= 2

T
SI(K'>K,) +10(S:s>5,|K'<K,t=1,...T)<e"™,

t=1

with proper choices of K, and 3, to be made later. Under Assumptions [6] (i)(ii), one can

apply Corollary 7 of [32] to get
log I1 (Kt > f(n) < -K,logK, < —K,logn,

for K,, = |Cne2/logn|. Under Assumption [6 (i) with 5, = |Cne2/log(p v n)], it follows
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from the proof on Page 50 of [25] that
H(S:s>§n | K' < K, t = 1,...,T) <e ",

This leads to the bound in (B.5]) and completes the proof of the posterior rate of contraction
for the Holder continuous class.

We outline the modifications needed for the additive model. The first difference occurs
to the construction of the approximating ensemble £ Foreachl <t < T, 0, there exists a tree
partition 7 generating an approximating function méﬁ +4 such that |mf — ma 5 3\\00 < Ent
An approximating ensemble £ can be constructed by setting 7' as aforementioned with
1 <t < Tp, and taking the rest of trees to be root nodes with no splits. The remaining
proof about the posterior rate of contraction is similar to the proof of Theorem 7 of [25],

and hence omitted. O

The next lemma bounds the local empirical process term without assuming Donsker
property. Compared with more refined analysis in [21], the following bound is not sharp.
Nonetheless, it is sufficient to show the validity of our debiasing step, under the rate

condition \/ne,r, — 0.

Lemma B.6. Given the sicve set M, over the tree ensembles in[B.9 and the posterior rate

of contraction €,, we have

Ey sup |Gu(m, —mg)| < v/nen, (B.8)
meMy, (en)

where My, (e,) := {m, —mq : |m, —mo|2,u, < en}-

Proof. The functional class M,,(g,,) recenters M,, by subtracting mg and it also restricts to
functions around the truth with a radius of order ¢,,. We resort to the following inequality
as in Equation (2.6) of [21]:

B sup (Gl < inf { ik [y fos Nite, M (o) e |

mpeEMp (o) 0<1<0/2

The entropy integral term {7 4/log Njj(e, M, L*(po)) de comes from L? chaining with
bracketing in the Gaussian regime using Bernstein’s inequality, starting from o to ¢. The
residual term 4/n¢ comes from the bound |ml); ,, < |mlz,,, towards the end level ¢ of the

L? chaining, where | - [|; ,, denotes the L'(zo)—norm.
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For the bracketing entropy bound, we first bound the entropy number in L., norm. Let
my,...,my be the center of || - ||,—balls of radius e that covers the functional class M,,,
one could obtain the pair of brackets [m; — e, m; + ¢]. Each bracket has L?(pg)-size of at
most 2¢; see the proof of Corollary 2.7.2 of [3§]. Given the entropy number in Lg-norm
established in Lemma [B.5] we also have the upper bound for the bracketing entropy number
as log Ny(en, My, L*(119)) < ne?. By taking o = ¢, and ¢ = 0/2, we then get the desired
upper bound Eq sup, e (e, [Gn(my)| S v/nen. O

C Potential Outcomes and Treatment Effects

As in [2§] and [4], the proposed robust method can be applied to causal inference, which
is fundamentally related to the missing data literature [24]. In this section, we outline the
extension of our methodology to this topic. In accordance with the theory for the missing
data problem, we note that the additional bias correction terms take the same forms in as
[4, 3]. For individual ¢, consider a treatment indicator D; € {0,1}. The observed outcome
Y; is determined by Y; = D;Y;(1) + (1 — D,;)Yi(0) where (Y;(1),Y;(0)) are the potential
outcomes of individual 7 associated with D; = 1 or 0. The covariates for individual 7 are
denoted by X;, a vector of dimension p, with the distribution Fj and the density fy. The

key functional component is the conditional mean function
mo(d, z) = Eo|Yi|D; = d, X; = x].
One of the most commonly used causal parameter is the average treatment effect (ATE):
7o := Eo[mo(1, X) — mg(0, X)].
We can also express it in the one-step updated form incorporating the correction term:
7o = Eo [(mo(1, X) — mo(0, X)) + 4"#(D, X)(Y — mo(D, X))],

where its Riesz reprenster is

0 7T0<X) 1—7T0(X>

One can simply apply our current approach to the population mean for the treated and

control outcomes separately and study their difference, as demonstrated by [4] based on
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the Gaussian process priors with prior and posterior adjustment. Our current work extends
[4] to a flexiable modeling scheme that allows for the BART type priors. For concreteness,
we outline the algorithm for making posterior draws of the ATE as follows. Let m and
7 be pilot estimators for the conditional mean and propensity score computed over some

external sample. We denote the estimated Riesz reprenster as

AX)  1-R(X)

Algorithm 2 Posterior Computation of ATE
for s=1,...,5do

(a) Generate the s-th draw using the BART prior and the data; denote it as

(mi(Diy X)) |
(b) Draw Bayesian bootstrap weights Wy, = €7/ >.7_, e} where €] s 2 Exp(l) 1<i<n.
(c) Calculate the recentered posterior draw for the ATT 7 := 7, — bs where
Z m$ (D, X;) — mi(Di, X3)) + 37 (D, X;) (Vi — mi(0, X3)) ] -
and

where 7[m](2) := m(1,2) — m(0,z) + YATE(d, z)(y — m(d, z)).
end for
Output: {7, :s=1,...,5}.

Besides the ATE, the average treatment effect on the treated (ATT) is of policy interest,
especially to economists [22]. In order to facilitate the comparison with [40] who also studied
ATT, we outline our strategy to model the ATT, which is defined as follows:

Eo[Di(Y; —mo(0, Xi))] ‘

O =
0 Eo[D;]

Its one-step updated version is

Eo[Di(Y; —mo(0, Xi))]

O = Eo[D;]

+Eo [ (D, X)(Y = mo(D, X))],
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where the Riesz representer is given by

D 1-D m(X)
o U ]_—7T0(X)7

ATT(D X)

with mg = Eg[D;] = Eo[mo(X)]. In this case, the estimated Riesz representer is

R D 1-D 7w(X)
ATT

D . X)=——

VDY) = T Ay

where 7 = %Z?:I D;. We only need to obtain the pilot estimator and the posterior draws

for the conditional mean in the control arm.

Algorithm 3 Posterior Computation of ATT
for s=1,...,5 do

(a) Generate the s-th draw using the BART prior and the data from the control arm;
denote it as (m; (0, X;))i,.
(b) Draw Bayesian bootstrap weights W$, = ef/>"

j—1 €; where €] s 2 Exp(1), 1 <i<n.

(c) Calculate the recentered posterior draw for the ATT Qf] =0, — 3;"’7 where
Z WA (D, X,) (Y; — m3(0, X5)).

and

end for
Output: {9;9] cs=1,...,5}h

D Implementation of BART

We implement BART using the R package BART [36]. Specifically, the posterior of m,, (X;)
is obtained by applying the function gbart with the argument type = wbart for continuous
outcomes. We generate 2,000 posterior draws after discarding a burn-in of 500. The number
of trees is set to T" = 200. All BART priors follow the default choices recommended in
the package. We briefly summarize these priors below and refer readers to Appendix B of

[36] and Section 2 of [13] for further details. While some priors specified below differs from
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those in Assumption 6, our simulation results are consistent with Theorem 4.1.

Consider the model Y ~ N(m,(z),0?) given X = z. The conditional mean m,(z) is
approximated by an additive tree learner Zthl Zf:tl Brl{xz € Qi }, where (Q,... Q%) =
T denotes the structure (partition) of the ¢-th tree of size K*, and (3i,...,5%:) := B' €
R%* denotes the step heights (leaf values) at K* terminal nodes of the t-th tree. The
structure of each binary tree 7" consists of three components: (i) the number of internal
nodes, (ii) the splitting variable at each internal node, and (iii) the splitting value for
that variable. The priors are as follows: (i) the probability that a node at depth [ is
internal is 0.95(1 + 1)2; (ii) the splitting variable is chosen from p covariates with the
probability vector (si,...,s,) ~ Dir(8/p,...,0/p), where the hyperparameter # is induced
from 6/(6 + p) ~ Beta(0.5,1); and (iii) the splitting value is chosen uniformly among the
observed values of the splitting variable. Conditional on T, each step-height f} follows a
normal prior with mean ) | ¥;/n and standard deviation (max; Y; — min; Y;)/ (4\/7 ). The
noise standard deviation o is endowed with inverse x? prior with v = 3 degrees of freedom
and scale parameter A chosen so that the 0.9 quantile of the prior equals &, the residual
standard deviation from a linear regression of Y on X.

Posterior for the additive tree is drawn via a Gibbs sampler. Because the priors
on the step-heights 3¢ and o are conjugate, conditional on the tree structure 7, these
parameters can be drawn directly: 3% from a normal posterior and ¢ from an inverse x>
distribution. Conversely, conditional on B¢ and o, the tree structure 7 is updated via a
Metropolis—Hastings step detailed in Appendix C of [36].

To implement the one-step corrected posterior method of [40] (One-step BART), we
need posterior draws of the propensity score function 7, (x). For this, we use BART with
a binary outcome and logistic link, implemented by calling gbhart with type = Ibart. The
algorithm employs the data-augmentation technique of [1], introducing a latent variable Z;
with a truncated normal distribution given (Y;, X;) and the additive tree model (7%, 3")]_;:

T K!
Zi | Vi, X, (T4, BN, ~ TN, (Z > Bi{x e Q) 4vf> :
t=1k=1
where A; = (0,00) (positive real line) if ¥; = 1 and (—o0,0) (negative real line) if ¥; = 0,
and TN 4 denotes a normal distribution truncated to A. The auxiliary variable V; is drawn
from a Kolmogorov distribution[] The latent Z; are then treated as the continuous outcome
for BART. Section 4 of [36] gives more details on BART for binary outcomes.

[2] show that logistic random variables can be generated as a mixture of normal and Kolmogorov
components.
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