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Abstract

We develop a semiparametric framework for inference on the mean response

in missing-data settings using a corrected posterior distribution. Our approach

is tailored to Bayesian Additive Regression Trees (BART), which is a powerful

predictive method but whose nonsmoothness complicates asymptotic theory with

multi-dimensional covariates. When using BART combined with Bayesian bootstrap

weights, we establish a new Bernstein–von Mises theorem and show that the limit

distribution generally contains a bias term. To address this, we introduce RoBART,

a posterior bias-correction that robustifies BART for valid inference on the mean

response. Monte Carlo studies support our theory, demonstrating reduced bias and

improved coverage relative to existing procedures using BART.
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1 Introduction

The Bayesian additive regression trees (BART) is one of the most powerful statistical

methods. Its empirical success in predictive modeling has been demonstrated in

numerous studies that uncover complex nonlinear relationships in high-dimensional data.

Additionally, in the context of nonparametric function estimation, the BART achieves the

adaptive near rate-minimax posterior contraction, as shown by [27, 33, 31, 25]. Beyond

prediction, BART has also shown strong performance in semiparametric inference for causal

parameters of interest [14, 20]. However, a theoretical justification for semiparametric

inference based on BART under reasonable regularity conditions is still lacking.

Semiparametric inference based on BART is challenging because tree- and forest-

based methods build on piecewise constant functions. While BART can capture additive

structures and perform variable selection, the standard Donsker property, which requires

the unknown function to have smoothness exceeding one-half of the covariate dimension,

is difficult to justify. In the context of missing data and causal inference, we impose the

standard identifying assumption that potential outcomes and the response indicator are

independent, conditional on the observed covariates. Within this framework, the main

objective of the paper is to develop a robust inference procedure for the mean response

based on BART.

We propose a novel robust Bayesian procedure that is asymptotically valid without

imposing the Donsker property or the no-bias condition. For estimation of the mean

response in the missing data problem or the average treatment effect (ATE) in program

evaluation, we explore the role of propensity score by making use of the double robust

functional. By combining a preliminary estimator of the propensity score, the BART

induced posterior for the conditional mean function, and the Bayesian bootstrap weights, we

establish a semiparametric Bernstein-von Mises (BvM) Theorem, which implies inference

on the mean response at a
?
n-rate and asymptotic efficiency in the semiparametric sense.

When the Donsker property fails, however, an additional bias term appears in the posterior

distribution in the Bernstein-von Mises Theorem. Interestingly, this bias term is of the exact

same form as that obtained by [4], who consider the prior correction approach of [28] based

on least favorable directions of semiparametric submodels.

To adjust for the bias in the BvM statement, we propose a posterior correction approach

based on pilot estimators for the propensity score and the conditional mean functions. As

a technical device, we rely on sample splitting for the pilot estimation, in line with the

recent double machine learning (DML) literature [11]. In doing so, our method differs from

the proposal of [40], which places a prior on the propensity score or estimates it within a
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one-step posterior correction. In contrast to their BvM results (given in their Theorems

3 and 5), we do not impose Donsker conditions in our paper. This is possible because

our additional posterior correction removes the bias term in non-Donsker regimes for the

mean response. Such an adjustment is crucial for BART, which builds on non-smooth

base learners and thereby only adapts to conditional mean functions that are Lipschitz

smooth [33]. As a result, the Donsker requirement is particularly stringent with multi-

dimensional covariates. Our proposed robust BART (RoBART) achieves the BvM under

more flexible smoothness conditions: the lack of smoothness of conditional mean functions

can be compensated by high regularity of the propensity score.

Monte Carlo simulation results show that RoBART improves robustness over

conventional BART while maintaining competitive credible interval lengths. Our method

also shows finite-sample advantage over the one-step posterior correction. With increasing

complexity of the underlying conditional mean and propensity score functions, one-step

posterior correction is not sufficient to address the undercoverage of BART. By contrast,

incorporating the additional debiasing term into the BART posterior allows our robust

BART approach to achieve improved bias and coverage performance in complex model

designs, without sacrificing estimation precision. We also showcase the practicality of our

method by a real-data application.

Related literature. Our work is most closely related to active research areas. There has

been considerable interest in developing semiparametric Bayesian inference that deviates

from the plug-in principle. [28] pioneered the use of data-dependent priors to weaken

the regularity conditions on the propensity score, for which they coined the term single

robustness. Maintaining the same prior construction, [4] introduce an additional debiasing

step that allows for double robustness. This is further extended to the popular difference-in-

differences design by [3]. In this paper, we start from a different perspective by examining

the one-step posterior of [40] and establish its asymptotic equivalence with the prior

adjusted method. More importantly, we conduct another posterior bias correction to

remove the bias term b0,η. These are designed to the relax the Donsker property of the

conditional mean, which is required by [40], but it is not met for the BART with high-

dimensional covariates and nonadditive functions.

As a general nonparametric function estimation, the BART achieves the adaptive near

rate-minimax posterior contraction, which has been the major breakthrough, obtained

by [27, 33, 31, 25]. Compared with the extensive results on the posterior convergence

for BART, the corresponding inferential theory is much scarce. [31] established a
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semiparametric BvM theorem using BART type priors for a particular type of linear

functional of the regression function, under the fixed design. Her result requires Donsker

property of the conditional mean. In the presence of multi-dimensional covariates, she

further requires the weight function to be uniform in this linear functional. For the Bayesian

CART (for a single tree not the forest), [6] also establish general semiparametric BvM

theorem within the Donsker regime.

The paper is structured as follows. Section 2 describes the missing data model

together with the identifying assumptions and presents the robust semiparametric Bayesian

procedure. In Section 3, we derive the BvM Theorem under high-level assumptions. Section

4 illustrates these results for BART. Section 5 provides numerical results via Monte Carlo

simulations and an empirical illustration. Proofs of the main theoretical results are

presented in Appendix A. Lemmas and auxiliary results are collected in Appendix B.

Appendix C extends the framework to inference on average treatment effects. Appendix

D provides additional implementation details of our methodology.

Notation. We adopt the standard empirical process notation as follows. For a function

h of a random vector Z that follows distribution P , we let P rhs “
ş

hpzq dP pzq,Pnrhs “
n´1

řn
i“1 hpZiq, and Gnrhs “

?
n pPn ´ P q rhs. For two sequences tanu and tbnu of positive

numbers, we write an À bn if lim supnÑ8pan{bnq ă 8, and an „ bn if an À bn and bn À an.

2 Setup and Implementation

This section provides the main setup of our missing data framework and motivates the new

Bayesian methodology. We provide the implementation of our robust Bayesian algorithm

and discuss its connection and difference to the existing literature.

2.1 The Model Setup

We consider a family of probability distributions tPη : η P Hu for some parameter space

H. The (possibly infinite dimensional) parameter η characterizes the probability model.

An independent and identically distributed (i.i.d.) sample tpRiYi, Ri, X
J
i q
Juni“1 is available,

where the dependent variable Yi is observed only if Ri “ 1 and it is missing if Ri “ 0. We

assume the outcomes Yi are missing at random (MAR); that is, the outcome Yi and the

missingness indicator Ri are conditionally independent given Xi.

Throughout the paper, the distribution of the observable vector pRY,R,XJqJ is

completely modeled by three components: (i) the marginal distribution µηpxq of the p-
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dimensional covariates X; (ii) the propensity score πηpxq “ PηpR “ 1 | X “ xq; and (iii)

the conditional density function fηp¨ | xq of the outcome Y given X “ x and R “ 1.

Consequently, the conditional mean function of the outcome given covariates is

mηpxq “

ż

yfηpy | xq dy.

Under the MAR assumption, the probability density function pη for Zi “ pRiYi, Ri, X
J
i q
J

can be written as

pηpzq “ µηpxqπ
r
ηpxqp1´ πηpxqq

1´rf rη py | xq, (2.1)

Let η0 be the true value of the parameter and denote P0 “ Pη0 , which corresponds to the

frequentist distribution that generates the observed data. Accordingly, we denote µ0 as the

true marginal covariates distribution, π0 as the true propensity score, and f0p¨ | xq as the

true conditional density of Y given X “ x and R “ 1.

The key parameter of interest is the mean of the outcome variable:

χ0 :“ E0rYis,

where E0r¨s denotes the expectation under P0. Under the MAR assumption, χ0 can be

identified using the conditional mean function m0pxq :“ E0rRiYi | Ri “ 1, Xi “ xs.

Specifically, we have

χ0 “

ż

m0pxq dµ0pxq.

For our approach, it is useful to consider an alternative expression of χ0, augmented by a

term depending on the inverse propensity score π0 as follows

χ0 “

ż

pm0pxq ` γ0pr, xqpy ´m0pxqqq dP0py, r, xq (2.2)

where the Riesz representer γ0 is given by

γ0pr, xq “
r

π0pxq
, (2.3)

which satisfies E0rm0pXqγ0pR,Xqs “ χ0; see [9].

Let W pnq :“ pWn1, . . . ,Wnnq denote the Bayesian bootstrap weights by [34], i.e., Wni “

ei{
řn
j“1 ej for ei

iid
„ Expp1q, i “ 1, . . . , n. Referring to the expression (2.2), the natural
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starting point for semiparametric Bayesian inference is

χη “
n
ÿ

i“1

Wni

`

mηpXiq ` pγpRi, Xiq
`

Yi ´mηpXiq
˘˘

, (2.4)

where mηp¨q is some stochastic function with a given prior and pγpr, xq “ r{pπpxq is the

estimated Riesz representer with a pilot estimator pπ of π0 computed over some auxiliary

dataset. The posterior law of χη or its conditional distribution given the observed data

Zpnq “ pZ1, . . . , Znq is determined jointly by the posterior law ofmη denoted by Πmp¨ | Z
pnqq,

as well as the distribution of random vector W pnq involving Bayesian bootstrap weights.

For the latter part, its probability law is known and easy to simulate. In accordance with

the study on the bootstrap law [38], we adopt the notation ΠW p¨ | Z
pnqq. While our general

results are applicable to a broad class of nonparametric priors for mη, we particularly

analyzes prior modeling under more basic conditions based on the BART. The posterior

draws of the vector pmηpX1q, . . . ,mηpXnqq can be easily obtained using the R package

BART [36].

To motivate the approach from a Bayesian perspective, one can view the conditional

distribution of (2.4) as approximating the posterior of

ż
ˆ

mηpxq `
r

πηpxq
py ´mηpxqq

˙

dPηpy, r, xq, (2.5)

where we use a degenerate posterior for the propensity score from the pilot estimation.

When it comes to the prior for Pη, we consider the Dirichlet process prior with its base

measure taken to be zero. It coincides with the Bayesian bootstrap process as in (2.4).

Note that the original notation in [40] defines the one-step posterior of the mean functional

χη given Zpnq as the conditional measure of

P̃

„

mηpXq `
R

πηpXq
pY ´mηpXqq



,

where the probability model Pη is parameterized by pmη, πηq, and the augmented part P̃

denotes the Bayesian bootstrap law. The posterior law of pmη, πηq is also assumed to be

conditionally independent of the bootstrap law P̃ . Both angles lead to the same approach

because the Bayesian bootstrap law is known and does not depend on the unknown data

generating process for the data. The main contribution of the current paper is that we

show the one-step posterior still contains a bias term when the conditional mean function

does not satisfy the Donsker property. This is particularly relevant for the BART with

6



multi-dimensional covariates.

2.2 A Robust Semiparametric Bayesian Procedure

Our Bayesian approach connects to the least favorable direction as specified by the efficient

influence function

rχηpZq “ mηpXq ` γηpR,XqpY ´mηpXqq ´ χη, (2.6)

for some Riesz representer γη given by

γηpR,Xq “
R

πηpXq
. (2.7)

A pilot estimator for the propensity score π0 is denoted by pπ based on an auxiliary sample,

so that pγpr, xq “ r{pπpxq is an estimator of the Riesz representer γ0. We also make use

of a pilot estimator pm for the conditional mean function m0 in the debiasing step. The

use of an auxiliary data for the estimation of unknown functional parameters simplifies the

technical analysis and is common in the related Bayesian literature; see [28] for propensity

score adjusted priors in the case of missing data. It is also inspired by the recent literature

on the DML [9], which yield negligibly of certain smaller order terms. This technique also

dates back to the early development in semiparametric estimation [35]. In practice, we use

the full data twice and do not split the sample, as we have not observed any over-fitting or

loss of coverage thereby.

We are now in a position to describe our robust Bayesian procedure. The inputs to

the algorithm are the observable data tpRiYi, Ri, X
J
i q
Juni“1, the pilot estimators pγ and pm

as discussed above, and the number of posterior draws S. The posterior distribution of

pmηpXiqq
n
i“1 :“ pmηpX1q, . . . ,mηpXnqq is generated by applying BART to estimate mηp¨q

using the data tpRiYi, X
J
i q : Ri “ 1uni“1.
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Algorithm 1 Posterior Computation

for s “ 1, . . . , S do

(a) Obtain one draw from the posterior of pmηpXiqq
n
i“1, denote it as pms

ηpXiqq
n
i“1.

(b) Draw Bayesian bootstrap weights W s
ni “ esi {

řn
j“1 e

s
j with esi

iid
„ Expp1q, 1 ď i ď n.

(c) Calculate χ̌sη “ χsη ´
pbsη where

χsη “
n
ÿ

i“1

W s
ni

`

ms
ηpXiq ` pγpRi, Xiq

`

Yi ´m
s
ηpXiq

˘˘

(2.8)

and the debiasing term is

pbsη “
1

n

n
ÿ

i“1

ppγpRi, Xiq ´ 1q
`

pmpXiq ´m
s
ηpXiq

˘

. (2.9)

end for

Output: tχ̌sη : s “ 1, . . . , Su

Given the posterior simulation draws, the 100 ¨ p1 ´ αq% credible set Cnpαq for the

parameter of interest χ0 is computed by

Cnpαq “
 

τ : qpα{2q ď χ ď qp1´ α{2q
(

, (2.10)

where qpaq denotes the a-quantile of tχ̌sη : s “ 1, . . . , Su. We take the Bayesian point

estimator (the posterior mean) by averaging the simulation draws: χη “ S´1
řS
s“1 χ̌

s
η.

Given some pilot estimators pm for the conditional mean m0 and pπ for the propensity

score π0, the well-known doubly robust estimator takes the form:

pχ “
1

n

n
ÿ

i“1

ˆ

pmpXiq `
Ri

pπpXiq
pYi ´ pmpXiqq

˙

,

This has been extensively studied in the frequentist literature, starting with the augmented

inverse propensity score weighting (AIPW) by [30]. Its extension to using pilot machine

learning estimators combined with cross-fitting by [8] has generated considerable interest

in the literature. The formulation in Step (2.8) of our algorithm mimics the frequentist

construction and it agrees with the one-step posterior proposed by [40].

Remark 2.1 (Estimation of the Riesz Representer). Our proposal builds on a plug-in

approach that employs pilot estimators of the Riesz representer. Alternatively, one could
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assign some prior to the propensity score function, as in the main main proposal of [40]1.

Our approach in comparison is motivated by the following considerations. First, by adopting

sample splitting for the pilot estimators, it becomes feasible to relax the Donsker condition

by our proposal. Sample splitting has long been used in the semiparametric models, [35,

37] and regained popularity in the DML literature [8, 9]. Second, in more complicated

semiparametric models, the Riesz representer may lack a tractable analytical form, but one

can still construct a pilot estimator following the approach of [10]. In such cases, designing

a feasible algorithm to obtain its posterior can be challenging. Finally, compared to the

conditional mean function, the Riesz representer is often of secondary interest, one can

view the plug-in estimator as a particular type of degenerate posterior for the propensity

score [28].

3 BvM Theorems under High-level Assumptions

Although our primary interest lies in establishing the BvM theorem for the BART, we

first present the theory under high-level conditions. The robustness achieved through our

additional debiasing step is thus applicable to other types of priors beyond the BART

framework.

The one-step posterior of χη is determined jointly by the posterior of the conditional

mean and the Bayesian bootstrap law. Recall that the conditional probability density

function associated with the conditional mean function by fηp¨ | xq. For simplicity, we work

with the conditional density class which only depends on the unknown conditional mean

function. Such a class includes the standard Gaussian, Bernoulli, and Poisson outcomes,

as discussed in [4]. Accordingly, we denote it by fmηp¨ | xq thereafter. The posterior

distribution is formally given by

Π
`

mη P A,W
pnq
P B

ˇ

ˇ Zpnq
˘

“ Πm

`

mη P A
ˇ

ˇ Zpnq
˘

ˆ ΠW

`

W pnq
P B

ˇ

ˇ Zpnq
˘

“

ż

B

ş

A

śn
i“1 f

Ri
mηpYi | Xiq dΠmpmηq

ş
śn

i“1 f
Ri
mηpYi | Xiq dΠmpmηq

dΠW

`

W pnq
ˇ

ˇ Zpnq
˘

.

Regarding the centering point in the asymptotic normal approximation, we can consider

1[40] also consider the version that plugs in an estimator for the propensity score considered within a
discussion of the distinction to the prior adjustment approach of [28].
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any asymptotically efficient estimator pχ with the following linear representation:

pχ “ χ0 `
1

n

n
ÿ

i“1

rχ0pZiq ` oP0pn
´1{2

q, (3.1)

where rχ0 “ rχη0 is the efficient influence function given in (2.6) under η “ η0. Denote its

variance by v0 “ E0 rrχ
2
0pZqs. We write LΠp

?
npχη ´ pχq | Zpnqq for the marginal posterior

distribution of
?
npχη ´ pχq.

Below, we consider some measurable sets Hm
n of functions mη such that Πpmη P Hm

n |

Zq ÑP0 1. To abuse the notation for convenience, we also denote Hn “ tη : mη P Hm
n u

where we index the conditional mean function mη by its subscript η. We introduce the

notation }φ}2,µ0 :“
b

ş

φ2pxq dµ0pxq for all φ P L2pµ0q :“ tφ : }φ}2,µ0 ă 8u, as well

as the supremum norm } ¨ }8. We introduce the notation for the conditional variance

σ2
0pxq “ E0rpRY ´ m0pXqq

2 | R “ 1, X “ xs and assume throughout the paper that

σ0 P L
2pµ0q. We denote the support of a random variable V by V .

Assumption 1. [Identification] We observe an i.i.d. sample tpRiYi, Ri, Xiqu
n
i“1, where the

propensity score π0 satisfies π0pxq “ PpRi “ 1 | Yi “ y,Xi “ xq for all py, xq P Y ˆ X and

infxPX π0pxq ě c ą 0 for some constant c ą 0.

Assumption 1 imposes a missing-at-random (MAR) assumption and an overlap

assumption, both of which are sufficient for identifying the conditional mean function

m0pxq “ E0rYi | Xi “ xs.

Assumption 2. [Rates of Convergence] The pilot estimators pπ and pm, which are based on

an auxiliary sample independent of Zpnq, satisfy }pγ ´ γ0}2,µ0 “ OP0prnq and for d P t0, 1u:

}pm´m0}2,µ0 “ OP0pεnq and sup
ηPHn

}mη ´m0}2,µ0 À εn,

where maxtεn, rnu Ñ 0 and
?
n εnrn Ñ 0. Further, }pγ}8 “ OP0p1q.

Assumption 2 imposes sufficiently fast convergence rates for the estimators for the

conditional mean function m0 and the propensity score π0. In practice, one can explore the

recent proposals from [12] and [23]. The posterior concentration rate for the conditional

mean can be derived by verifying high-level assumptions of [16].

Assumption 3. [Complexity] (i) For Gn “ tmηp¨q : η P Hnu it holds that

sup
mηPGn

|pPn ´ P0qmη| “ oP0p1q. (3.2)
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Let Gn be the envelope function of the functional class Gn satisfying

lim
CÑ8

lim sup
nÑ8

E0rG
2
n1tGn ą Cus “ 0, E0rG

4
ns “ opnq. (3.3)

(ii) Furthermore, we assume

sup
ηPHn

|Gn rpγ0 ´ pγq pmη ´m0qs| “ oP0p1q. (3.4)

Assumption 3 (i) restricts the functional class Gn to form a P0-Glivenko-Cantelli class;

see Section 2.4 of [38]. The moment conditions on the envelope functions follow from

[40], which address the uniformity issues when showing the convergence of the conditional

Laplace transform. Assumption 3 (ii) imposes a new stochastic equicontinuity condition on

the product structure involving pγ and mη, which sets us apart from the existing literature.

In contrast to this assumption, [28] and [40] both require a stochastic equicontinuity

condition supηPHm
n
|Gn rmη ´m0s| “ oP0p1q

2. As demonstrated by [4], this is weaker than

directly imposing the Donsker property on pmη ´ m0q. For the Hölder smooth class, [4]

show that the low-order differentiability of the conditional mean can be compensated by

exploring the high-order smoothness of the propensity score, and vice versa. Note that

supηPHm
n
|Gn rmη ´m0s| diverges for the non-Donsker class, by the Sudakov’s inequality [38].

We now present a semiparametric Bernstein–von Mises theorem, which establishes

asymptotic normality of the posterior distribution, modulo a bias term. This asymptotic

equivalence result is established using the so called bounded Lipschitz distance on

probability distributions on R, see (see Chapter 11 of [15]). As the one-step posterior

is built from mimicking the frequentist double robust estimand, it is surprising at first

sight that this does not fully remove the bias term, hence the technical proof of the BvM

theorems in [40] still relies on the Donsker property. Note that one crucial difference to

the frequentist method is that we need to characterize the weak convergence for the entire

posterior distribution (not just its center as the point estimator), there is this crucial bias

term that we identify. This shows the distinctive feature of deriving the frequentist validity

of semiparametric Bayesian inference.

Theorem 3.1. Let Assumptions 1, 2 and 3 (i) hold. Then, with the one-step posterior

2Because a nonparametric prior is also assigned to the propensity score, [40] further requires the
propensity score function to belong to the Donsker class.
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correction, we have

dBL
`

LΠp
?
npχη ´ pχ´ b0,ηq | Z

pnq
q, Np0,v0q

˘

ÑP0 0,

where b0,η “ Pnrpγ0 ´ 1qpm0 ´mηqs.

Remark 3.1 (Bias Equivalence for Prior Correction). Under the double robust smoothness

conditions imposed in Assumption 2, [4] show that the prior adjustment approach of [28],

denoted by χPAη , also yields a semiparametric BvM theorem up to the exact same bias term

b0,η. Specifically, as a consequence of the triangular inequality for the bounded Lipschitz

distance, we have the asymptotic equivalence

dBL
`

LΠp
?
npχPAη ´ pχ´ b0,ηq | Z

pnq
q,LΠp

?
npχη ´ pχ´ b0,ηq | Z

pnq
q
˘

ÑP0 0,

by Theorem 3.1 above and Theorem 3.1 of [4]. Surprisingly, the one-step updated posterior

exhibits the exact same bias term as the plug-in version using adjusted prior of [28].

Therefore, we follow the strategy of [4] to carry out a feasible bias correction.

The previous result shows that, under double robust smoothness conditions, the

posterior of the one-step corrected mean only satisfies the BvM result within a bias term

b0,η. We emphasize that the Bayesian procedure that achieves the BvM equivalence in

Theorem 3.1 is not feasible, because it depends on the term b0,η, which is a function of the

unknown conditional meanm0. This bias term vanishes, if we impose additional smoothness

restriction on the conditional mean function m satisfying Donsker property.

Aimed at relaxing the Donsker property, our objective is to maintain double robust

smoothness conditions while considering pilot estimators for the unknown functional

parameters in b0,η. We explicitly correct the posterior distribution, following our proposed

methodology in Algorithm 1. Recall the definition of the bias correction term pbη given in

Algorithm 1:

pbη “ Pnrppγ ´ 1qppm´mηqs. (3.5)

The next theorem is an immediate consequence of [4].

Theorem 3.2. Let Assumptions 1, 2 and 3 hold. Then, we have

dBL

´

LΠp
?
npχη ´ pχn ´pbηq | Z

pnq
q, Np0,v0q

¯

ÑP0 0.
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As importance consequences of the BvM theorems, we hence provide the frequentist

validity of the Bayesian credible set built from the corrected posterior. For any α P p0, 1q

and Bayesian credible set Cnpαq for χη ´pb0,η, then we have P0

`

χ0 P Cnpαq
˘

Ñ 1´ α.

4 BvM Theorems under Primitive Conditions

We turn to our main task of establishing a new BvM theorem where the conditional mean

function is modeled by the BART. The BART prior expresses the unknown function as

a sum of many binary regression trees. Each individual tree consists of a set of internal

decision nodes which define a partition of the covariate space, as well as a set of terminal

nodes or leaves. Those partitions are generated by recursively applying some binary split

rules of the covariate space as the form txj ď τu versus txj ą τu where xj signifies that j-th

coordinated is chosen for the splitting and τ is the split point. The good approximation

property of tree-based learners relies on finding a fine partition scheme that divides the

data into more homogeneous groups and learning a piecewise constant function on the

partition. For this purpose, we introduce the notion about the split-net from [33]. Given

an increasing integer sequence bn, a split-net X “ txj P r0, 1sp, j “ 1, . . . , bnu is a discrete

collection of bn points xj at which possible splits occur along coordinates. For a set Ω Ă Rp,

we denote the j–th projection mapping of Ω by rΩsj “ txj P R : px1, . . . , xpq
J P Ωu.

The construction of each individual tree starts with some root node in r0, 1sp at depth

l “ 0, where the depth of a node means the number of nodes along the path from the root

node down to that node. Any binary tree can be characterized by the (i) the probability that

a node at depth l is nonterminal, (ii) the distribution on the splitting variable assignments

at each splitting node, and (iii) the rules with which the splits are made. Referring to

point (i), each node at depth l P t0, 1, 2, . . .u is split (hence nonterminal) with some prior

probability depending on the depth. When it comes to point (ii), we follow [19, 27] using

a sparse Dirichlet prior. This approach chooses a splitting covariate j from a proportion

vector ϑ “ pϑ1, . . . , ϑpq
J belonging to the p-dimensional simplex. Finally for point (iii), if a

node corresponding to a box Ω is split, a splitting coordinate is drawn from the proportion

vector and a split-point τj is chosen randomly from rX sj
Ş

intprΩsjq for a given split-net

X . The procedure ends until all nodes become terminal. We further denote the cardinality

of the split points in the split-net X projected onto the j-th coordinate by bjpX q for

j “ 1, . . . , p.

Throughout the paper, we pick a fixed number of trees T and assume an independent

product prior for the tree ensemble, ΠpEq “
śT

t“1 ΠpT tq. [13] recommend taking T “ 200
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based on extensive numerical evidence. For a given split-net X and for each 1 ď t ď T ,

we denote with T t “ pΩt
1, . . . ,Ω

t
Ktq a X -tree partition of size Kt and with step-heights

as βt “ pβt1, . . . , β
t
Ktq P RKt

. An additive tree-based learner is fully described by a tree

ensemble E “ tT 1, . . . , T T u and terminal node parameters B “ pβ1, . . . ,βT qJ P R
řT
t“1K

t

as follows

mE,Bpxq “
T
ÿ

t“1

Kt
ÿ

k“1

βtk1tx P Ωt
ku. (4.1)

Given an ensemble E of trees, we denote ME :“ tmE,Bpxq : B P R
řT
t“1K

t
u. If E consists

of a single tree T , we denote ME by MT . Binary decision trees or forests offer good

approximation properties to the class of Hölder continuous class, which is indexed by an

exponent α P p0, 1s. This parameter α does not exceed one, which is standard in the

literature studying the piecewise constant estimators and priors. Another notable feature

of BART is that one can explore the sparsity of relevant regressors and perform variable

selection. The true conditional mean function is assumed to belong to the following class

of functions. Below we introduce the norm }φ}Hα :“ supx,yPr0,1sp |φpxq ´ φpyq|{}x´ y}
α
2 , for

functions φ : r0, 1sp ÞÑ R, with some α ą 0, where } ¨ }2 denotes the Euclidean norm.

Definition 4.1. We denote the space of uniformly α-Hölder continuous functions that only

depend on some subset of covariates S as follows,

Fppα,Sq :“
!

m : r0, 1sp ÞÑ R : }m}Hα ă 8 and m is constant in the directions t1, . . . , puzS
)

where α P p0, 1s and }m}Hα is the Hölder coefficient.

For the set S0 with its cardinality |S0| “ q0 ă p, we assume m0 P Fppα,S0q. In addition,

we also explore the case where m0 is additively separable in terms of low-dimensional

covariates. Consider the following additive class with T0 components

Faddp pα,Sq :“

#

m0pxq “
T0
ÿ

t“1

mt
0pxq, such that mt

0 P Fppαt,Stq

+

,

where α :“ pαtqT0t“1 and S :“ pStqT0t“1. We denote qt0 “ |St0| for the subset St0 Ă t1, . . . , pu.
We define

εn :“ n´α{p2α`q0q
a

log n,

related to the rate of posterior contraction form0 P Fppα,Sq. When considering the additive

case m0 P Faddp pα,Sq, we define εaddn “

b

řT0
t“1 ε

2
n,t, where εn,t :“ n´α

t{p2αt`qt0q
?

log n.
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The case where m0 P Fppα,S0q provides a clean illustration of our theory, which shows

that our additional debiasing step is essential if q0 ą 1. The class Fppα,S0q fails to satisfy

the Donsker property whenever α ă q0{2. A subtle consequence, is that the size of the

resulting sieve set used to approximate the Hölder continuous function becomes too large, so

that the standard maximal inequality via the entropy bound fail to deliver the stochastic

equicontinuity. The same issue occurs to the additive class whenever αt ă qt0{2 for any

1 ď t ď T0.

Next, we list assumptions of covariates, error term and the prior specifications, followed

by some remark.

Assumption 4 (Model Specification). Under P0, the conditional density of Y , given pR “

1, X “ xq is standard Gaussian, i.e.,

f0py | xq “
1
?

2π
exp

ˆ

´
py ´m0pxqq

2

2

˙

.

Moreover, let log p À nq0{p2α`q0q if m0 P Fppα,S0q, and log p À min1ďtďT0 n
qt0{p2α

t`qt0q if

m0 P Faddp pα,Sq.

Assumption 5 (Tree-based Partition). The split-net X satisfies the following conditions:

(i) max1ďjďp log bjpX q À log n. (ii) One can construct a X -tree partition pT such that there

exists m0, pT , pβ with its step heights pβ, satisfying }m0 ´ m0, pT , pβ}8 À εn if m0 P Fppα,S0q.

For m0 P Faddp pα,S0q, we assume this tree-based approximation exists for each individual

component in the additive function, that is, }m0 ´m0, pT t, pβt}8 À εtn for t “ 1, . . . , T0.

Assumption 6 (Prior). (i) For a fixed T ą 0, each tree T t, t “ 1, . . . , T is independently

assigned a tree prior with the following Dirichlet sparsity, that is, the j-the covariate is

chosen for splitting the nonterminal nodes from a proportion vector ϑ :“ pϑ1, . . . , ϑpq
J, s.t.

pϑ1, . . . , ϑpq
J „ Dirpζ{pξ, . . . , ζ{pξq with ζ ą 0 and ξ ą 1. (ii) Given any tree, each node

at depth l P t0, 1, 2, . . .u is split with some prior probability νl`1 for some ν P p0, 1{2q. (iii)

Given K1, . . . , KT induced by E , we consider the independent priors for the step-heights:

dΠpB | K1, . . . , KT
q “

T
ź

t“1

Kt
ź

k“1

φT pβ
t
kq,

where φT p¨q is some bounded and compactly supported probability density function that

can depend on the tree size T .

Remark 4.1 (Discussion of Assumptions). The Gaussian likelihood with unit variance

in Assumption 4 is standard in the literature. One can also incorporate the unknown
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variance term and assign a prior as in [39] and [25]. The asymptotic analysis allows

for a large ambient dimension p. The requirement about the growth of log p simplifies the

presentation of the contraction rate. Otherwise, one needs to incorporate an additional term

as
a

q0plog pq{n in the high dimensional setup. The construction of the piecewise constant

approximation with the tree partition, which satisfies Assumption 5, can be found in Section

4 of [25].

Assumption 6 lists the specification of priors in the BART. The control of the unique

elements in the split-net along each coordinate is crucial to establish the posterior rate of

contraction. The original algorithm in [13] does not take into account of the sparsity of the

true regression model. [27] suggests the sparse Dirichlet prior on splitting coordinates to

perform the variable selection. Following [32], the splitting probabilities decay exponentially

with respect to the depth l, which gives rise to the desired exponential tail of the total tree

sizes. The compact support condition on each step height is assumed for technical reasons

when verifying high-level conditions in [16]; see [39] and [25].

Theorem 4.1. Let Assumptions 1 and 4–6 hold, together with }1{pπ}8 “ OP0p1q. If m0 P

Fppα,S0q and
?
n εn}pπ ´ π0}8 ÑP0 0, then

dBL

´

LΠp
?
npχη ´ pχ´pb0,ηq | Z

pnq
q, Np0,v0q

¯

ÑP0 0.

The same conclusion holds if m0 P Faddp pα,S0q and
?
n εaddn }pπ ´ π0}8 ÑP0 0.

Theorem 4.1 establishes a BvM result for BART without requiring the Donsker property

for either the propensity score or the conditional mean function. This result follows from

verifying the high-level assumption from the previous section. The proof is based on

constructing a sieve set that receives posterior mass with probability approaching one. This

sieve set is defined by piecewise constant functions over increasingly fine grids and with a

growing number of covariates. Due to the discontinuity of such piecewise constant functions,

the complexity with increasing number of covariates exceeds the threshold of the Donsker

class. Hence, the standard stochastic equicontinuity as imposed in the semiparametric

Bayesian literature is not satisfied.

Remark 4.2 (Donsker Class). One can establish the BvM theorem

dBL
`

LΠp
?
npχη ´ pχq | Zpnqq, Np0,v0q

˘

ÑP0 0,

under the Donsker property of Hn so that b0,η becomes asymptotically negligible itself. This

condition holds if α ą q0{2 for m0 P Fppα,S0q. With the additive structure, the above
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property holds for m0 P Faddp pα,S0q if αt ą qt0{2 for all 1 ď t ď T0. For semiparametric

Bayesian inference, such Donsker properties are imposed in Assumption 2(c) in [40] or

Condition (3.12) in [28]. Our results exploit the regularity of the propensity score, expressed

in terms of new stochastic equicontinuity to restore the frequentist validity of our robust

procedure.

Remark 4.3 (Smoothed BART). Given the non-smooth feature of the BART, it is natural

to consider the smoothed BART (see [27]), because it explores the smoothness of the

conditional mean. Our main message remains unchanged as one can trade-off the orders of

smoothness for the conditional mean and propensity score by incorporating the additional

bias correction step. Consider functions in the Hölder smooth class, i.e., the space of

functions on r0, 1sp with bounded partial derivatives up to order tβu, where tβu is the

largest integer strictly less than β and such that the partial derivatives of order tβu are

Hölder continuous of order β ´ tβu. If the true function only depends on at most q0

covariates, Theorem 2 in [27] states that the posterior rate of contraction is of the order

Opnβ{p2β`q0q logpnqq. If the conditional mean function and propensity score function are

in such Hölder smooth classes with smoothness indices pβm, βπq and they only depends

on q0 regressors, our robust approach is asymptotically normal when
?
βmβπ ą q0{2. In

comparison, the Donsker properties in [40] will force mintβm, βπu ą q0{2.

5 Numerical Studies

In this section, we first examine the finite-sample performance of BART inference for the

mean response χ0 “ E0rYis in missing data models. To illustrate the practical relevance

of the theoretical discussion in Remark 4.2, we consider simulation designs that include

interactions. As Appendix C extends the proposed robust BART inference to the average

treatment effect (ATE) framework, we then apply it to the well-known National Health and

Nutrition Examination Survey data to revisit the average effect of participation in meal

programs on students’ body mass index.

5.1 Monte Carlo Simulation

The data-generating process for i.i.d. observations is specified as follows. For each unit

i “ 1, . . . , n, we generate the observed variables pRiYi, Ri, X
J
i q by Xi “ pXi1, . . . , Xi5q

J

where Xi1, Xi2, Xi3 „ Np0, 1q, Xi4 „ Bernoullip0.5q, Xi5 is a categorical variable taking
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values t1, 2, 3u with equal probability. The distributions of Ri and Yi are given by

Ri | Xi „ Bernoulli pΨ repXiqsq , Yi | Xi „ N pmpXiq, 1q ,

where Ψptq “ 1{p1 ` e´tq. We analyze the finite-sample effects of varying the complexity

of the conditional mean function m and the propensity scores for sample sizes n P

t125, 250, 500u. Throughout our simulations, the number of Monte Carlo replication is

set to 1000.

We consider four designs for the function ep¨q that determines the propensity score by

πpxq “ Ψpepxqq and the conditional mean function mp¨q. In Design I, epxq includes an

interaction term x1x3, whereas mp¨q contains no interaction terms. In Designs II–IV, both

ep¨q and mp¨q include interaction terms, with increasing complexity (i.e., more interaction

terms) across designs:

Design I: epxq “ x1p2x3 ´ 1q{5, mpxq “ 1´ 2x1 ´ x
2
1{2` x2 ` x3 ` x4 ` hpx5q,

Design II: epxq “ x1p2x3 ´ 1q{5, mpxq “ 1` x1px2 ` x3q ` x2 ` x4 ` hpx5q,

Design III: epxq “ r2x3px1 ` x2q ´ x1s{5, mpxq “ 1` x1p1` x3q ` x2x3 ` x4 ` hpx5q,

Design IV: epxq “ r2x3px1 ` x2q ´ x1s{5, mpxq “ 1` x1x3 ` x2x3 ` x2x4 ` hpx5q,

where hpx5q “ 21 tx5 “ 1u ´ 1 tx5 “ 2u ´ 1 tx5 “ 3u {2 with 1t¨u denoting the indicator

function.

We evaluate three inference methods. Standard BART obtains the posterior of the

conditional mean function mηp¨q using BART, and then averages over the covariates using

Bayesian bootstrap weights. Implementation relies on the R package BART [36]: the

posterior of mηp¨q is computed using the function gbart with argument type “ wbart. We

draw 2000 posterior samples after discarding a burn-in of 500, with the number of trees set

to T “ 200. Default priors from the package are used, see Appendix D for details. One-

step BART applies the posterior correction of [40], which uses posteriors of both mp¨q

and πp¨q obtained via BART or its logistic variant.3 RoBART, the robust BART method

described in Algorithm 1, combines the BART posterior of mηp¨q, a plug-in estimator for

πp¨q, and the debiasing term pbη in (2.9). We consider two estimators for propensity score:

Logit, a quadratic logistic regression; and SL, a SuperLearner combining logistic regression

and a generalized additive model.4 Both include pairwise interactions of covariates.

3We implement logistic BART by calling gbart with type “ lbart.
4We use the R package SuperLearner with the library of prediction algorithms including SL.glm and

SL.gam for implementation.
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Table 1: Finite-sample performance of BART-based inference methods for the mean
response with missing data.

n Methods Design I Design II Design III Design IV

Bias CP CIL Bias CP CIL Bias CP CIL Bias CP CIL

125 BART 0.086 0.918 1.114 0.187 0.885 1.039 0.279 0.821 1.041 0.343 0.724 1.006
One-step BART 0.073 0.946 1.284 0.196 0.959 1.401 0.308 0.891 1.360 0.355 0.841 1.358
RoBARTLogit 0.082 0.916 1.192 0.048 0.963 1.215 0.059 0.938 1.207 0.083 0.934 1.209
RoBARTSL 0.050 0.916 1.416 0.037 0.949 1.477 0.072 0.916 1.228 0.075 0.918 1.345

250 BART 0.051 0.935 0.786 0.171 0.848 0.724 0.270 0.673 0.724 0.320 0.577 0.705
One-step BART 0.040 0.960 0.866 0.163 0.939 0.953 0.273 0.823 0.922 0.305 0.770 0.931
RoBARTLogit 0.039 0.935 0.822 0.019 0.965 0.816 0.011 0.958 0.875 0.028 0.963 0.875
RoBARTSL 0.081 0.932 0.954 0.028 0.964 0.802 0.047 0.953 0.898 0.045 0.959 0.849

500 BART 0.046 0.924 0.565 0.094 0.866 0.469 0.142 0.761 0.475 0.189 0.607 0.451
One-step BART 0.040 0.948 0.599 0.077 0.932 0.535 0.115 0.888 0.542 0.154 0.814 0.533
RoBARTLogit 0.040 0.927 0.570 0.030 0.944 0.493 0.026 0.947 0.519 0.053 0.930 0.511
RoBARTSL 0.042 0.926 0.566 0.034 0.941 0.486 0.033 0.945 0.503 0.061 0.925 0.494

Table 1 presents the bias of the posterior mean, coverage probability (CP) and the

average length (CIL) of the 95% credible interval formed by the (corrected) posteriors.

In Design I, where mp¨q is linear, all methods perform well including standard BART. In

Design II, where interaction terms appear in both ep¨q and mp¨q, BART tends to undercover,

while one-step BART and RoBART restore CP close to nominal levels.5 Between the two,

RoBART exhibits smaller bias, especially in small samples. In Designs III and IV, as

more interaction terms appear in ep¨q and/or mp¨q, one-step BART produces larger bias

and undercoverage, whereas RoBART continues to yield small bias and improved coverage.

These results align with our theory. As the additive components of πp¨q or mp¨q depend

on more than one covariate (see Remark 4.2), the Donsker property is not guaranteed.

Evidently, our RoBART demonstrates robust performance in such complex designs. In

addition to its improved bias and coverage performance, RoBART (with a logit estimator

for the propensity score) yields shorter credible intervals than one-step BART for all designs

and sample sizes, while RoBART (with a SuperLearner for the propensity score) does so

in 9 out of 12 cases.

5This complements the simulations in [40], which show improved coverage for one-step BART in a design
where both πp¨q and mp¨q are one-dimensional but discontinuous, see their Table 2.
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Table 2: ATE estimation of the school meal programs on children’s and youths’ BMI,
sample trimmed based on estimated propensity score (using Logit) within rt, 1 ´ ts, n̄=
effective sample size after trimming.

t n̄ Methods ATE 95% CI CIL

0 2330 BART 0.160 [-0.176, 0.675] 0.851
One-step BART -0.164 [-1.440, 0.984] 2.425
RoBARTLogit 0.088 [-0.356, 0.519] 0.875
RoBARTSL 0.062 [-0.354, 0.471] 0.826

0.05 2326 BART 0.195 [-0.258, 0.688] 0.946
One-step BART -0.109 [-1.235, 0.994] 2.229
RoBARTLogit 0.094 [-0.348, 0.521] 0.870
RoBARTSL 0.066 [-0.343, 0.467] 0.810

0.10 2136 BART 0.207 [-0.131, 0.681] 0.813
One-step BART 0.140 [-0.775, 1.061] 1.836
RoBARTLogit 0.215 [-0.230, 0.660] 0.890
RoBARTSL 0.200 [-0.225, 0.611] 0.835

5.2 Empirical Application

We apply the BART inference methods to a subsample of data from the National Health

and Nutrition Examination Survey (NHANES) 2007–2008, previously analyzed by [7]. The

parameter of interest is the average treatment effect (ATE), defined as ErYip1q ´ Yip0qs,

of participating in school meal programs (D) on body mass index (BMI) for children and

youths aged 4–17 years (Y ). The covariates X include eleven variables: child age, child

gender, race dummies (Black and Hispanic), an indicator for family income above 200% of

the federal poverty level, indicators for participation in the special supplemental nutrition

program and in the food stamp program, an indicator for childhood food security, an

insurance coverage dummy, and the age and gender of the survey respondent (an adult in

the family). The sample size is 2330.

We adapt the BART inference methods from the simulation study to the ATE setting

(see Appendix C for the robust BART (RoBART) method for ATE), and present the results

in Table 2. Table 2 shows that all ATE estimates of school meal programs on BMI are small

relatively to the sample average BMI 20.11 (with the standard deviation 5.42). All 95%

credible intervals include zero, suggesting that the average effect may go either direction

when uncertainty is taken into account. One-step BART produces more dispersed posterior

and thus more volatile point estimates than other methods. The estimates tend to increase

when observations with propensity score near the boundary are discarded. We compare
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the BART-based estimates in Table 2 with the frequentist results reported in Table 1 of [7]

using the full sample (n̄ “ 2330): Horvitz-Thompson (HT) estimate of ´1.48 with a 95%

confidence interval r´2.50,´0.46s, the inverse probability weighting (IPW) estimate ´0.41

with confidence interval r´0.62, 0.34s, and their preferred calibration estimate of ´0.04

with the confidence interval r´0.48, 0.40s.6 While point estimates differ in sign across

methods, all but the HT estimator indicate that participation in school meal programs

had no statistically significant effect on children’s and youths’ BMI. In particular, both our

proposed RoBART and the calibration estimator of [7] yield small point estimates when

using the full sample. And the credible intervals generated by RoBART are similar in

magnitude to the confidence intervals of the calibration estimator.

6We cite the calibration estimator with exponential tilting as representative; other calibration estimates
in [7] are similar in magnitude and interval length.
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A Proofs of Main Results

In the following, we denote the log-likelihood of the conditional probability density function

as

`npmηq “

n
ÿ

i“1

Ri log fmηpYi | Xiq,

which depends on the conditional mean function mηp¨q. We use the empirical process and

bootstrap process notations by writing Pnrhs “ n´1
řn
i“1 hpZiq and P˚nrhs “

řn
i“1WnihpZiq.

Recall the definition of the measurable sets Hm
n of functions mη such that Πpmη P Hm

n |

Zpnqq ÑP0 1. We introduce the conditional prior Πnp¨q :“ Πp¨
Ş

Hm
n q{ΠpHm

n q. Our BvM

theorem makes use of a frequentist estimator pχn as the centering term. Note that this

estimator itself is not needed in constructing the Bayesian point estimator or the credible

set. All we require is that it admits the linear representation with the efficient influence

function. Thus, we have the freedom to choose the following one to simplify our subsequent

asymptotic analysis:

pχ “ Pn rm0pXq ` pγpR,XqpY ´m0pXqqs . (A.1)

For simplicity of notation, we introduce

ρmpy, xq “ y ´mpxq,

which is used in the proofs presented below.

Proof of Theorem 3.1. In the same spirit of Theorem 2 in [28], we work that the estimated

least favorable direction pγ is based on observations that are independent of Zpnq by

Assumption 2. In the sequel, we denote it as a deterministic sequence of γn. Consequently,

we can write χη “ P˚nrmη ` γnρ
mη s

By Theorem 1.13.1 in [38], we can show this by establishing the convergence of the

conditional Laplace transform

Inptq :“

ť

ηPHn
exp pt

?
npχη ´ pχ´ b0,ηqq dΠW pW

pnq|Zpnqqe`npmηqdΠpmηq
ş

ηPHn
e`npmηqdΠpmηq

.
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We proceed with the following decomposition:

χη ´ pχ “P˚n rm0 ` γnρ
m0s ´ Pn rm0 ` γnρ

m0s ` P˚n rmη ´m0 ´ γnpmη ´m0qs

“pP˚n ´ Pnq rm0 ` γ0ρ
m0s ` pP˚n ´ Pnq rmη ´m0 ´ γnpmη ´m0q ` pγn ´ γ0qρ

m0s
looooooooooooooooooooooooooomooooooooooooooooooooooooooon

“:ϑn,η

` Pn rmη ´m0 ´ γnpmη ´m0qs
loooooooooooooooooomoooooooooooooooooon

“b0,η

.

By definition, we can express the first term as pP˚n´Pnq rm0 ` γ0ρ
m0s “ pP˚n´Pnqrχ0. Using

the notation of the influence function at P0 given by rχ0pzq “ m0pxq`γ0pr, xqρ
m0py, xq´χ0,

we may write

χη ´ pχ´ b0,η “pP˚n ´ Pnqprχ0 ` ϑn,ηq.

Thus, the conditional Laplace transform becomes

Inptq “

ť

ηPHn
exp pt

?
npP˚n ´ Pnqprχ0 ` ϑn,ηqq dΠW pW

pnq | Zpnqqe`npmηqdΠpmηq
ş

ηPHn
e`npmηqdΠpmηq

.

Under Assumption 3 (i), we apply Lemma B.2 to the functional class trχ0 ` ϑn,η : η P Hnu.

Given that the estimated propensity score is bounded away from zero in Assumption 2,

the Glivenko-Cantelli property as well as the required moment conditions on the envelope

function are satisfied by the corresponding assumptions on the class tmη : η P Hnu in

Assumption 3 (i). The conclusion from Lemma B.2 gives us

sup
ηPHn

ˇ

ˇ

ˇ
E
”

et
?
npP˚

n´Pnqprχ0`ϑn,ηq
ˇ

ˇ

ˇ
Zpnq

ı

´ et
2V ar0prχ0pZq`ϑn,ηpZqq{2

ˇ

ˇ

ˇ
“ oP0p1q.

Under Assumption 2 we show in Lemma B.4 that

sup
ηPHn

|V ar0 prχ0pZq ` ϑn,ηpZqq ´ V ar0 prχ0pZqq| Ñ 0. (A.2)

We emphasize that the above uniform convergence only requires the influence function

rχ0 ` ϑn,η to be in the P0-Glivenko-Cantelli class, not necessarily the P0-Donsker class.

Therefore, we have

Inptq “ et
2V ar0prχ0pZqq{2eoP0 p1q

ş

ηPHn
e`npmηq dΠpmηq

ş

ηPHn
e`npmηq dΠpmηq

“ et
2V ar0prχ0pZqq{2eoP0 p1q,
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which concludes the proof.

The original setup in [4] concerns the average treatment effect estimation. Our missing

data example can be viewed as applying the proposal of [4] to the treated (or control)

arm only. For concreteness, we adapt the proof of their Theorem 3.2 to show the feasible

estimator pbη approximates b0,η uniformly well in the missing data problem.

Proof of Theorem 3.2. It is sufficient to show that

sup
ηPHn

ˇ

ˇ

ˇ
b0,η ´

pbη

ˇ

ˇ

ˇ
“ oP0pn

´1{2
q,

where b0,η “ Pnrpγ0 ´ 1qpm0 ´mηqs and pbη “ Pnrppγ ´ 1qppm ´mηqs. We make use of the

decomposition

b0,η ´
pbη “ Pnrpγ0 ´ pγqpm0 ´mηqs ` Pnrppγ ´ 1qpm0 ´ pmqs. (A.3)

Consider the first summand on the right hand side of the previous equation. From

Assumption 3 we infer

?
n sup
ηPHn

|Pnrpγ0 ´ pγqpm0 ´mηqs| ď sup
ηPHn

|Gnrpγ0 ´ pγqpm0 ´mηqs|

`
?
n sup
ηPHn

|P0rpγ0 ´ pγqpm0 ´mηqs|

ď oP0p1q `OP0p1q ˆ
?
n}π0 ´ pπ}2,µ0 sup

ηPHn

}mη ´m0}2,µ0 “ oP0p1q,

using Assumption 3 (ii), the Cauchy-Schwarz inequality and Assumption 2. Consider the

second summand on the right hand side of (A.3). Another application of the Cauchy-

Schwarz inequality and Assumption 2 yields

Pnrppγ ´ 1qpm0 ´ pmqs “ Pnrpγ0 ´ 1qpm0 ´ pmqs ` oP0pn
´1{2

q

“ Pn
„

R ´ π0pXq

π0pXq
pm0pXq ´ pmpXqq



` oP0pn
´1{2

q.

Under Assumption 2, we apply Lemma B.3 to get Pn
”

R´π0pXq
π0pXq

pm0pXq ´ pmpXqq
ı

`

oP0pn
´1{2q. Hence, we obtain

Pnrpγ0 ´ 1qpm0 ´ pmqs “ oP0pn
´1{2

q,
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which completes the proof.

Referring to BvM theorems under primitive conditions for the Bayesian regression trees

(Bayesian CART) or forests (BART), we provide the detailed proof for Bayesian CART

by verifying the high-level assumptions and highlight the modifications for the BART

afterwards. Below, a_ b denotes the maximum of a and b.

Proof of Theorem 4.1. First, we provide the construction of measurable sets Hn such that

Πpη P Hn | Z
pnqq ÑP0 1 in Assumption 2. As we impose the BART type priors over

the conditional mean function, it suffices to find the proper sets Hm
n for mη such that

Πpmη P Hm
n | Z

pnqq ÑP0 1. Referring to the sieve set defined by equation (B.2), we work

with

Hm
n :“ tmη : mη PMn, }mη ´m0}2,µ0 À εnu . (A.4)

We prove the following posterior contraction in Lemma B.5:

Πpmη PMn : }m´m0}2,µ0 ą Cnεn | Z
pnq
q ÑP0 0, (A.5)

with εn “ n´α{p2α`q0q
?

log n for any Cn Ñ 8 as n, p Ñ 8 in Regime 1. In Lemma

B.5, we have shown that Πpmη R Mn
T q ÑP0 0. Therefore, one also obtains Πpmη R

Mn
T | Z

pnqq ÑP0 0, combined with Lemma 1 in [17]. Taken together, we have shown that

Πpmη P Hm
n | Z

pnqq ÑP0 1.

Under the uniformly boundedness assumption of the conditional mean, the requirement

for the envelope functions in (3.3) are satisfied. Regarding the P0-Glivenko-Cantelli

property of Gn, it is sufficient to verify this for the sieve set Mn, because the functions

in Gn correspond to the shifted versions by subtracting the true m0. Let } ¨ }n denote the

empirical L2pPnq–norm. For Mn with K̄n „ nε2
n{ log n and s̄n „ nε2

n{ logpp _ nq. In the

proof of Lemma B.5, we have logNpε,Mn, } ¨ }nq À nq0{p2α`q0q log n “ opnq for any given

ε ą 0. This satisfies the requirement about the growth of the entropy number in Theorem

2.4.3 of [38], which verifies the P0-Glivenko-Cantelli property.

For the stochastic equicontinuity condition, we apply the multiplier inequality as stated
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in Lemma B.1:

sup
ηPHn

|Gn rpγ0 ´ γnq pmη ´m0qs|

ď 4}γn ´ γ0}8E0 sup
ηPHn

|Gnpmη ´m0q| `
a

P0pγn ´ γ0q
2 sup
ηPHn

|P0pmη ´m0q|

À }πn ´ π0}8E0 sup
ηPHn

|Gnpmη ´m0q| ` }πn ´ π0}2,µ0 sup
ηPHn

}mη ´m0}2,µ0

À }πn ´ π0}8
?
nεn ` }πn ´ π0}2,µ0εn “ oP0p1q.

In the last inequality, we have applied the upper bound E0 supmηPMpεnq |Gnpmη ´m0q| À
?
nεn, as given in Lemma B.6.

When it comes to the functional class with the additive structure, we modify the

posterior rate of contraction by εaddn “

b

řT0
t“1 n

´2αt{p2αt`qt0q log n for a fixed T0 ă T .

Following the second part of Lemma B.5, we have

Πpmη PME : }mη ´m0}2,µ0 ą Cnε
add
n | Zpnqq ÑP0 0,

for any Cn Ñ 8 as n, p Ñ 8. The rest of the proof follows similarly to the Hölder

continuous case.

B Useful Lemmas and Auxiliary Results

B.1 Useful Lemmas

The following lemma is in the same spirit of Lemma 9 in [28] with one important difference.

That is, we do not restrict the range of the function ϕ to r0, 1s. This is important, as we

apply this lemma with ϕ “ γn ´ γ0, which can take on negative values. Accordingly, we

use the more general contraction principle from Theorem 4.12 of [26] instead of Proposition

A.1.10 of [38]. This allows us to relax the positive range restriction in [28].

Lemma B.1. Consider a set H of measurable functions h : Z ÞÑ R and a bounded

measurable function ϕ. We have

E sup
hPH

|Gnpϕhq| ď 4}ϕ}8E sup
hPH

|Gnphq| `
a

P0ϕ2 sup
hPH

|P0h|.

We now state the following generalization of Theorem 1 from [29], where the functional

class Gn containing gp¨q can vary with the sample size. We strengthen it following similar
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moment conditions as in Lemma 11 of [40]. As discussed by [29] on Page 2225 therein, this

uniformity refers to the marginal posterior distributions of the process rχ0`ϑn,η for η P Hn.

It is not about the distributional convergence of this process as a random element in the

set of `8pHq.

Lemma B.2. Suppose Gn is a sequence of separable classes of measurable functions with

envelope functions Gn, such that

sup
gPGn

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n
ÿ

i“1

gpZiq ´ E0rgpZqs

ˇ

ˇ

ˇ

ˇ

ˇ

ÑP0 0.

In addition, limCÑ8 lim supnÑ8 E0rG
2
nItG2

n ą Cus “ 0, and E0rG
4
ns “ opnq. Then for every

t in a sufficiently small neighborhood of 0,

sup
gPGn

ˇ

ˇ

ˇ

ˇ

ˇ

E0

«

exp

˜

t
?
n

n
ÿ

i“1

pWni ´ 1{nqgpZiq

¸

ˇ

ˇ

ˇ
Zpnq

ff

´ exp
`

t2V ar0pgpZqq{2
˘

ˇ

ˇ

ˇ

ˇ

ˇ

ÑP0 0.

B.2 Smaller Order Terms

The next lemma verifies the asymptotic negligible term that appear in the debiasing step.

Its proof is in the same spirit of bounding the Rn,2 term in Lemma C.8 of [5].

Lemma B.3. Suppose that the pilot estimator computed over some external independent

sample converges to the true conditional mean in the L2pµ0q–norm, i.e., }pm´m0}
2
2,µ0

Ñ 0.

Also, the true propensity score is uniformly bounded away from zero, then we have

1
?
n

n
ÿ

i“1

Ri ´ π0pXiq

π0pXiq
pm0 ´ pmqpXiq “ oP0p1q. (B.1)

Proof. We condition on pX1, . . . , Xnq, as well as the pilot estimator pm, which is computed

over the external independent sample. We use the fact that pRi´π0pXiqq has a conditional

zero mean. Specifically, this leads to

E0

«

´ 1
?
n

n
ÿ

i“1

Ri ´ π0pXiq

π0pXiq
ppmpXiq ´m0pXiqq

¯2 ˇ
ˇ

ˇ
X1, . . . , Xn, pm

ff

“
1

n

n
ÿ

i“1

`

pmpXiq ´m0pXiq
˘2V ar0pRi | Xiq

π2
0pXiq

using that V ar0pRi|Xiq “ π0pXiqp1´ π0pXiqq. Consequently, by the overlapping condition
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1 À π0pXiq for all 1 ď i ď n, we obtain

E0

«

´ 1
?
n

n
ÿ

i“1

Ri ´ π0pXiq

π0pXiq
pm0 ´ pmqpXiq

¯2

ff

À }pm´m0}
2
2,µ0

“ op1q,

where the last equation is due to the L2pµ0q-convergence for the pilot estimator pm.

Consequently, the result follows from using the Markov inequality.

For the next result, recall the definition of ϑn,η “ rmη ´m0 ´ γnpmη ´m0q ` pγn ´ γ0qρ
m0s

introduced in the proof of Theorem 3.1.

Lemma B.4. Let πnp¨q be a sequence of functions uniformly bounded away from zero and

}πn ´ π0}2,µ0 Ñ 0. Uniformly in η P Hn, assume }mη ´m0}2,µ0 Ñ 0. Then we have

sup
ηPHn

|V ar0prχ0 ` ϑn,ηq ´ V ar0prχ0q| Ñ 0.

Proof. Since rχ0pZq is centered under P0, we obtain by elementary calculation and the

Cauchy-Schwartz inequality

|V ar0prχ0pZq ` ϑn,ηpZqq ´ V ar0prχ0pZqq|

ď
ˇ

ˇE0prχ0pZq ` ϑn,ηpZqq
2
´ E0prχ0pZqq

2
ˇ

ˇ` pE0ϑn,ηpZqq
2

ď 2
b

E0rχ2
0pZq

b

E0ϑ2
n,ηpZq ` 2E0ϑ

2
n,ηpZq

“ 2
`?

v0}ϑn,η}2,µ0 ` }ϑn,η}
2
2,µ0

˘

.

A close inspection of the function ϑn,η shows that we can proceed by

ϑn,ηpZq “ p1´
R

πnpXq
qpmηpXq ´m0pXqq ` pγnpR,Xq ´ γ0pR,XqqpY ´m0pXqq

“
πnpXq ´ π0pXq

πnpXq
pmηpXq ´m0pXqq `

π0pXq ´R

πnpXq
pmηpXq ´m0pXqq

` pγnpR,Xq ´ γ0pR,XqqpY ´m0pXqq.

We now make use of the assumption that πnp¨q is uniformly bounded away from zero, as

well as the conditional variance of RipYi ´m0pXiqq is in L2pµ0q, i.e.,
ş

σ2
0pxq dµ0pxq ă 8.

Thus, we obtain

}ϑn,η}2,µ0 À }mη ´m0}2,µ0 ` }πn ´ π0}2,µ0 ` }mη ´m0}2,µ0}πn ´ π0}2,µ0 ,
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after some simple algebraic steps. The desired conclusion follows from the convergence of

the pilot estimator of the propensity score and supηPHn
}mη ´m0}2,µ0 Ñ 0.

B.3 Results Related to Regression Trees

In tree-structured models, the idea is to recursively apply binary splitting rules to partition

the support of covariates. Although tree-based partitioning allows splits to occur anywhere

in the domain, it is often preferable to select split-points from a discrete set [13]. Recall that

for the Cartesian product of p subsets of R, i.e., Ω Ă Rp, we denote the j–th projection

mapping of Ω by rΩsj “ txj P R : px1, . . . , xpq
J P Ωu. For a given split-net X , we call

each point xi “ pxi1, . . . , xipq
J a split-candidate. For a given splitting coordinate j and a

split-net X , a split-point will be chosen from rX sj
Ş

intprΩsjq to dichotomize a box Ω. Note

that rX sj “ txij P r0, 1s, i “ 1 . . . , bnu may have fewer elements than X due to duplication.

We denote by bjpX q the cardinality of rX sj, i.e., the number of unique elements in the

bn-tuple px1j, . . . , xbnjq.

In this part, we prove the posterior rate of contraction for the BART. The first

rigorous analysis covers the random design case appears [25] for a more general piecewise

heterogeneous anisotropic Hölder class. Our setup can be seen as a special case of [25] by

restricting to the isotropic Hölder continuous class. For two generic probability densities

p and q, we denote the Kullback-Leibler (KL) divergence by Kpp, qq and the square KL

variation by V pp, qq; see Appendix B in [18]. Furthermore, denote the Hellinger distance

by ρHp¨, ¨q. Our derivation of the posterior contraction rate builds on considering sieve sets

on which the prior concentrates on.

With given E and 0 ă M̄ ă 8, we define the function space

ME,M̄ :“
 

mE,B PME : }B}8 ď M̄
(

,

where } ¨ }8 denotes the supnorm of the vector B. We consider the collection of all ME,M̄

such that the the number of terminal nodes is upper bounded by K̄n and the number of

active splitting variables is upper bounded by s̄n for each individual trees in the following

sieve set

Mn :“Ms̄n,K̄n,M̄ :“
ď

E:|S|ďs̄n,KtďK̄n,1ďtďT

ME,M̄ . (B.2)

where K̄n „ nε2
n{ log n, s̄n „ nε2

n{ logpp _ nq, and M̄ is the upper bound for individual

step height in its prior distribution. Because the prior for each step height has a bounded

density with compact support, we work with a fixed M̄ , rather than a growing upper bound
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for the normal density in [25].

Lemma B.5. Under the assumptions stated in Theorem 4.1 for m0 P Fppα,S0q, we have

Π
`

m PMn : }m´m0}2,µ0 ą Cnεn
ˇ

ˇ Zpnq
˘

ÑP0 0,

with εn “ n´α{p2α`q0q
?

log n for any Cn Ñ 8 as n, p Ñ 8. For m0 P Faddp pα,S0q, the

posterior rate of contraction holds with εaddn .

Proof. We prove the result for m0 in the Hölder continuous class and outline the necessary

changes needed for the additive class. Let m1,m2 denote two generic conditional mean

functions in the Gaussian model for the outcome variable with associated densities fm1 , fm2 .

Then, the Hellinger distance ρHp¨, ¨q satisfies

}m1 ´m2}
2
2,µ0

À ρ2
Hpfm1 , fm2q À }m1 ´m2}2,µ0 ,

by Lemma B.2 of [39] under our Assumption 6 (iii). Hence, it is sufficient to check the

convergence in terms of ρH . In addition, we have

maxtKpfm0 , fmηq, V pfm0 , fmηqu À }m0 ´mη}
2
2,µ0

.

Define Bn :“ tmη : maxtKpfm0 , fmηq, V pfm0 , fmηqu ď ε2
nu. To check the posterior rate of

contraction, we verify the high-level assumptions from Theorem 2.1 in [16]:

Πpmη P Bnq ě c1 expp´c2nε
2
nq, (B.3)

logNpεn,Mn, ρHq ď c3nε
2
n, (B.4)

Πpmη RMnq ď expp´c4nε
2
nq, (B.5)

for positive constant terms c1, . . . , c4.

Referring to the first inequality (B.3), it follows by the direct calculation of the normal

likelihood:

Bn Ą tmη : }mη ´m0}2,µ0 ď C1εnu, (B.6)

under Assumption 6 (iii). Then we construct an approximating ensemble denoted by pE “
ppT1, . . . , pTT q. By restricting the function space to the one constructed by pE , we have

Πpmη : }mη ´m0}2,µ0 ď C1εnq ě ΠppEq
loomoon

1

Πpmη PMpE : }mη ´m0}2,µ0 ď C1εnq
looooooooooooooooooooooomooooooooooooooooooooooon

2

. (B.7)
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We provide the lower bound for the two prior probabilities separately. For a given split-net

X , there exists by Assumption 5 a tree partition pT generating an approximating function

m0, pT , pβ such that }m0 ´m0, pT , pβ}8 À εn. An approximating ensemble pE can be constructed

by setting pT 1 to be pT and pT t “ r0, 1sp for t “ 2, . . . , T so that the rest of trees are root

nodes with no splits. Under Assumption 6 (i)(ii), we have

log ΠppEq “
T
ÿ

t“1

log ΠppT tq “ log ΠppT 1
q ` pT ´ 1q logp1´ νq ě ´C2nε

2
n,

where the last inequality follows from Lemma 4 in [25].

Referring to the second part 2 , we have }mη´m0}2,µ0 À }mη´m0, pT , pβ}8` εn for some

m0, pT , pβ PM pT . We set all trees in pE the root nodes except for the first one pT 1 “ pT . Every

step-heights vector B for pE has the form B “ pβ1, β2, . . . , βT qJ P R pK`T´1 with β1 P R pK

and βt P R with t “ 2, . . . , T , where pK is the size of pT . By letting pB “ ppβ, 0, . . . , 0qJ, we

can write m0, pT ,pβ “ m0,pE, pB. Thereafter, we obtain

Πpmη PMpE : }mη ´m0}2,µ0 ď C1εnq ě Πpmη PMpE : }mη ´m0,pE, pB}8 ď C2εnq.

A similar calculation as in the proof of Lemma 5 in [25] leads to the lower bound of

the right hand side of the above inequality. By Assumption 6 (iii) where the priors step-

height are independent and compactly supported, we can simply replace the Gaussian small

ball probability bounds with the volume of order Cν
pK˚
n with νn “ εnσ

´1
maxpA

´1q{

b

pK˚ for
pK˚ “ pK ` T ´ 1, by lower bounding the volume of tB P R pK˚ : }AB}2 ď Cνnu for some

non-singular matrix A. Therein, we have

log ΠppEq ě ´C2nε
2
n, log Πpmη PMpE : }mη ´m0}8 ď C3εnq ě ´C4nε

2
n.

The above two inequalities combined with (B.6) and (B.7) gives us the desired bound in

(B.3).

Next, we bound the entropy number in (B.4). Under the unit Gaussian error

assumption, we can bound the Hellinger distance between fm1 and fm2 by the L2pµ0q–

distance }m1´m2}2,µ0 by Lemma 2.7 (i) in [18]. We proceed to upper bound logNpε,Mn, }¨

}8q for the stronger supnorm. Define ES,K1,...,KT as the collection of all tree ensembles E
with given S,K1, . . . , KT . By construction, we have the upper bound

Npεn,Mn, } ¨ }8q ď
ÿ

S:|S|ďs̄n

ÿ

pK1,...,KT q:KtďK̄n

ÿ

EPE
S,K1,...,KT

Npεn,ME,M̄ , } ¨ }8q,
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where we recall that K̄n „ nε2
n{ log n and s̄n „ nε2

n{ logpp _ nq. For any given E and

B1,B2 P R
řT
t“1K

t
, we have

}mE,B1 ´mE,B2}8 “ sup
xPr0,1sp

ˇ

ˇ

ˇ

ˇ

ˇ

T
ÿ

t“1

Kt
ÿ

k“1

pβt1k ´ β
t
2kq1tx P Ωt

ku

ˇ

ˇ

ˇ

ˇ

ˇ

ď

T
ÿ

t“1

Kt
|B1 ´ B2|8.

Following the proof of Lemma 6 of [25], the covering number of the sieve set is thus upper

bounded by

Npεn,Mn, } ¨ }8q

ďK̄T
n

s̄n
ÿ

s“1

ˆ

p

s

˙ˆ

s max
1ďjďp

bjpX q
˙TK̄n

N
´

εn{TK̄n, tB P RTK̄n : }B}8 ď M̄u, } ¨ }8

¯

ďK̄T
n s̄np

s̄n

ˆ

s̄n max
1ďjďp

bjpX q
˙TK̄n

`

3TK̄nM̄{εn
˘TK̄n

.

Under Assumption 5 (i), that is, max1ďjďp bjpX q À log n, logarithm of the above quantity

satisfies

logNpεn,Mn, } ¨ }8q À log K̄n ` log s̄n ` s̄n log p` K̄n

`

log K̄n ` log s̄n ` log log n´ log εn
˘

À s̄n log p` K̄n log n

using εn “ n´α{p2α`q0q
?

log n and the choices of K̄n and s̄n given below the sieve set (B.2).

These choices immediately imply logNpεn,Mn, } ¨ }8q À nε2
n.

When it comes to the prior mass outside the sieve set, we follow the proof of the

condition (2.3) in [33]. It boils down to check:

T
ÿ

t“1

Π
`

Kt
ą K̄n

˘

` Π
`

S : s ą s̄n | K
t
ď K̄n, t “ 1, . . . , T

˘

À e´nε
2
n ,

with proper choices of K̄n and s̄n to be made later. Under Assumptions 6 (i)(ii), one can

apply Corollary 7 of [32] to get

log Π
`

Kt
ą K̄n

˘

À ´K̄n log K̄n À ´K̄n log n,

for K̄n “ tCnε2
n{ log nu. Under Assumption 6 (i) with s̄n “ tCnε2

n{ logpp _ nqu, it follows
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from the proof on Page 50 of [25] that

Π
`

S : s ą s̄n | K
t
ď K̄n, t “ 1, . . . , T

˘

À e´nε
2
n .

This leads to the bound in (B.5) and completes the proof of the posterior rate of contraction

for the Hölder continuous class.

We outline the modifications needed for the additive model. The first difference occurs

to the construction of the approximating ensemble pE . For each 1 ď t ď T0, there exists a tree

partition pT t generating an approximating function mt
0, pT , pβ such that }mt

0´m
t
0, pT , pβ}8 À εn,t.

An approximating ensemble pE can be constructed by setting pT t as aforementioned with

1 ď t ď T0, and taking the rest of trees to be root nodes with no splits. The remaining

proof about the posterior rate of contraction is similar to the proof of Theorem 7 of [25],

and hence omitted.

The next lemma bounds the local empirical process term without assuming Donsker

property. Compared with more refined analysis in [21], the following bound is not sharp.

Nonetheless, it is sufficient to show the validity of our debiasing step, under the rate

condition
?
nεnrn Ñ 0.

Lemma B.6. Given the sieve setMn over the tree ensembles in B.2 and the posterior rate

of contraction εn, we have

E0 sup
mPMnpεnq

|Gnpmη ´m0q| À
?
nεn, (B.8)

where Mnpεnq :“ tmη ´m0 : }mη ´m0}2,µ0 À εnu.

Proof. The functional classMnpεnq recentersMn by subtracting m0 and it also restricts to

functions around the truth with a radius of order εn. We resort to the following inequality

as in Equation (2.6) of [21]:

E0 sup
mηPMnpσq

|Gnpmηq| À inf
0ďιďσ{2

"

?
nι`

ż σ

ι

b

logNrspε,Mn, L2pµ0qq dε

*

The entropy integral term
şσ

ι

a

logNrspε,Mn, L2pµ0qq dε comes from L2 chaining with

bracketing in the Gaussian regime using Bernstein’s inequality, starting from σ to ι. The

residual term
?
nι comes from the bound }m}1,µ0 ď }m}2,µ0 towards the end level ι of the

L2 chaining, where } ¨ }1,µ0 denotes the L1pµ0q–norm.
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For the bracketing entropy bound, we first bound the entropy number in L8 norm. Let

m1, . . . ,mN be the center of } ¨ }8–balls of radius ε that covers the functional class Mn,

one could obtain the pair of brackets rmj ´ ε,mj ` εs. Each bracket has L2pµ0q-size of at

most 2ε; see the proof of Corollary 2.7.2 of [38]. Given the entropy number in L8-norm

established in Lemma B.5, we also have the upper bound for the bracketing entropy number

as logNrspεn,Mn, L
2pµ0qq À nε2

n. By taking σ “ εn and ι “ σ{2, we then get the desired

upper bound E0 supmPMpεnq |Gnpmηq| À
?
nεn.

C Potential Outcomes and Treatment Effects

As in [28] and [4], the proposed robust method can be applied to causal inference, which

is fundamentally related to the missing data literature [24]. In this section, we outline the

extension of our methodology to this topic. In accordance with the theory for the missing

data problem, we note that the additional bias correction terms take the same forms in as

[4, 3]. For individual i, consider a treatment indicator Di P t0, 1u. The observed outcome

Yi is determined by Yi “ DiYip1q ` p1 ´ DiqYip0q where pYip1q, Yip0qq are the potential

outcomes of individual i associated with Di “ 1 or 0. The covariates for individual i are

denoted by Xi, a vector of dimension p, with the distribution F0 and the density f0. The

key functional component is the conditional mean function

m0pd, xq :“ E0rYi|Di “ d,Xi “ xs.

One of the most commonly used causal parameter is the average treatment effect (ATE):

τ0 :“ E0rm0p1, Xq ´m0p0, Xqs.

We can also express it in the one-step updated form incorporating the correction term:

τ0 “ E0

“

pm0p1, Xq ´m0p0, Xqq ` γ
ATE
0 pD,XqpY ´m0pD,Xqq

‰

,

where its Riesz reprenster is

γATE0 “
D

π0pXq
´

1´D

1´ π0pXq
.

One can simply apply our current approach to the population mean for the treated and

control outcomes separately and study their difference, as demonstrated by [4] based on
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the Gaussian process priors with prior and posterior adjustment. Our current work extends

[4] to a flexiable modeling scheme that allows for the BART type priors. For concreteness,

we outline the algorithm for making posterior draws of the ATE as follows. Let pm and

pπ be pilot estimators for the conditional mean and propensity score computed over some

external sample. We denote the estimated Riesz reprenster as

pγATE “
D

pπpXq
´

1´D

1´ pπpXq
.

Algorithm 2 Posterior Computation of ATE

for s “ 1, . . . , S do

(a) Generate the s-th draw using the BART prior and the data; denote it as

pms
ηpDi, Xiqq

n
i“1.

(b) Draw Bayesian bootstrap weights W s
ni “ esi {

řn
j“1 e

s
j where esi

iid
„ Expp1q, 1 ď i ď n.

(c) Calculate the recentered posterior draw for the ATT τ̌ sη :“ τ sη ´
pbsη where

τ sη “
n
ÿ

i“1

W s
ni

“

pms
ηpDi, Xiq ´m

s
ηpDi, Xiqq ` pγATEpDi, Xiq

`

Yi ´m
s
ηp0, Xiq

˘‰

.

and

pbsη “
1

n

n
ÿ

i“1

τ rms
ηp¨, ¨q ´ pmp¨, ¨qspZiq, (C.1)

where τ rmspzq :“ mp1, xq ´mp0, xq ` pγATEpd, xqpy ´mpd, xqq.

end for

Output: tτ̌ sη : s “ 1, . . . , Su.

Besides the ATE, the average treatment effect on the treated (ATT) is of policy interest,

especially to economists [22]. In order to facilitate the comparison with [40] who also studied

ATT, we outline our strategy to model the ATT, which is defined as follows:

θ0 “
E0rDipYi ´m0p0, Xiqqs

E0rDis
.

Its one-step updated version is

θ0 “
E0rDipYi ´m0p0, Xiqqs

E0rDis
` E0

“

γATT0 pD,XqpY ´m0pD,Xqq
‰

,
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where the Riesz representer is given by

γATT0 pD,Xq “
D

π0

´
1´D

π0

π0pXq

1´ π0pXq
,

with π0 “ E0rDis “ E0rπ0pXqs. In this case, the estimated Riesz representer is

pγATT pD,Xq “
D

pπ
´

1´D

pπ

pπpXq

1´ pπpXq
,

where pπ “ 1
n

řn
i“1Di. We only need to obtain the pilot estimator and the posterior draws

for the conditional mean in the control arm.

Algorithm 3 Posterior Computation of ATT

for s “ 1, . . . , S do

(a) Generate the s-th draw using the BART prior and the data from the control arm;

denote it as pms
ηp0, Xiqq

n
i“1.

(b) Draw Bayesian bootstrap weights W s
ni “ esi {

řn
j“1 e

s
j where esi

iid
„ Expp1q, 1 ď i ď n.

(c) Calculate the recentered posterior draw for the ATT θ̌sη :“ θsη ´
pbsη where

θsη “
n
ÿ

i“1

W s
nipγ

ATT
pDi, Xiq

`

Yi ´m
s
ηp0, Xiq

˘

.

and

pbsη “
1

n

n
ÿ

i“1

τ rms
ηp0, ¨q ´ pmp0, ¨qspZiq, (C.2)

where τ rmspzq :“ mp0, xq ` pγATT pd, xqpy ´mp0, xqq.

end for

Output: tθ̌sη : s “ 1, . . . , Su.

D Implementation of BART

We implement BART using the R package BART [36]. Specifically, the posterior of mηpXiq

is obtained by applying the function gbart with the argument type “ wbart for continuous

outcomes. We generate 2,000 posterior draws after discarding a burn-in of 500. The number

of trees is set to T “ 200. All BART priors follow the default choices recommended in

the package. We briefly summarize these priors below and refer readers to Appendix B of

[36] and Section 2 of [13] for further details. While some priors specified below differs from
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those in Assumption 6, our simulation results are consistent with Theorem 4.1.

Consider the model Y „ Npmηpxq, σ
2q given X “ x. The conditional mean mηpxq is

approximated by an additive tree learner
řT
t“1

řKt

k“1 β
t
k1tx P Ωt

ku, where pΩt
1, . . . ,Ω

t
Ktq :“

T t denotes the structure (partition) of the t-th tree of size Kt, and pβt1, . . . , β
t
Ktq :“ βt P

RKt
denotes the step heights (leaf values) at Kt terminal nodes of the t-th tree. The

structure of each binary tree T t consists of three components: (i) the number of internal

nodes, (ii) the splitting variable at each internal node, and (iii) the splitting value for

that variable. The priors are as follows: (i) the probability that a node at depth l is

internal is 0.95p1 ` lq´2; (ii) the splitting variable is chosen from p covariates with the

probability vector ps1, . . . , spq „ Dirpθ{p, . . . , θ{pq, where the hyperparameter θ is induced

from θ{pθ ` pq „ Betap0.5, 1q; and (iii) the splitting value is chosen uniformly among the

observed values of the splitting variable. Conditional on T t, each step-height βtk follows a

normal prior with mean
řn
i“1 Yi{n and standard deviation pmaxi Yi´mini Yiq{p4

?
T q. The

noise standard deviation σ is endowed with inverse χ2 prior with ν “ 3 degrees of freedom

and scale parameter λ chosen so that the 0.9 quantile of the prior equals σ̂, the residual

standard deviation from a linear regression of Y on X.

Posterior for the additive tree is drawn via a Gibbs sampler. Because the priors

on the step-heights βt and σ are conjugate, conditional on the tree structure T t, these

parameters can be drawn directly: βtk from a normal posterior and σ from an inverse χ2

distribution. Conversely, conditional on βt and σ, the tree structure T t is updated via a

Metropolis–Hastings step detailed in Appendix C of [36].

To implement the one-step corrected posterior method of [40] (One-step BART), we

need posterior draws of the propensity score function πηpxq. For this, we use BART with

a binary outcome and logistic link, implemented by calling gbart with type “ lbart. The

algorithm employs the data-augmentation technique of [1], introducing a latent variable Zi

with a truncated normal distribution given pYi, Xiq and the additive tree model pT t,βtqTt“1:

Zi | Yi, Xi, pT t,βtqTt“1 „ TNAi

˜

T
ÿ

t“1

Kt
ÿ

k“1

βtk1tx P Ωt
ku, 4V

2
i

¸

,

where Ai “ p0,8q (positive real line) if Yi “ 1 and p´8, 0q (negative real line) if Yi “ 0,

and TNA denotes a normal distribution truncated to A. The auxiliary variable Vi is drawn

from a Kolmogorov distribution.7 The latent Zi are then treated as the continuous outcome

for BART. Section 4 of [36] gives more details on BART for binary outcomes.

7[2] show that logistic random variables can be generated as a mixture of normal and Kolmogorov
components.
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[31] Rocková, V. (2020). On semi-parametric inference for bart. International Conference

on Machine Learning, pages 8137–8146.
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