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Abstract

We characterize equilibria in a canonical class of economies with endogenous production
networks. We provide an exact formula for equilibrium prices: the log-price vector is
a min-max over networks of an affine function of log-productivities. Economically, the
two operators capture the forces of resilience and fragility: the “min” reflects gains from
switching suppliers or technologies as prices move, while the “max” reflects amplifica-
tion driven by rigid input requirements. Standard specifications, such as endogenous
Cobb-Douglas and constant elasticity of substitution technologies, hardwire resilience or
fragility, ruling out qualitative economic phenomena. We show that a class of endogenous
Leontief technologies remains tractable yet sufficiently flexible to generate any feasible
equilibrium outcomes. In further applications, we: (i) generalize Hulten’s theorem and
find that Domar weights are insufficient to characterize the propagation of even small
shocks, (ii) characterize the effects of microeconomic volatility on GDP, finding that stan-
dard second-order approaches necessarily overstate the adverse effects of volatility, and
(iii) provide general conditions for when microeconomic shocks can generate macroeco-
nomic fluctuations.
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1 Introduction

Modern production is characterized by the presence of long and complex supply chains. There
are two broad perspectives on the economic implications of these interconnections. On the
one hand, there is the perspective that rigid supply chains involved in networked production
make the economy fragile (see e.g., Elliott, Golub, and Leduc, 2022; Acemoglu and Tahbaz-
Salehi, 2025), which we define as the property that (in logarithms) increases in volatility in
microeconomic productivity raise prices and depress GDP on average. On the other hand, there
is an influential and competing perspective that the ability to distribute production and change
suppliers (see e.g., Dew-Becker, 2023; Kopytov, Mishra, Nimark, and Taschereau-Dumouchel,
2024) may make the economy resilient or anti-fragile (Taleb, 2013).

At a theoretical level, analyzing the question of when the economy is resilient and when it
is fragile requires going beyond canonical settings in which firms’ prices are log-linear in their
input prices, which obtains under log-linearizations of general models (Hulten, 1978; Liu, 2019;
Carvalho, Nirei, Saito, and Tahbaz-Salehi, 2021) or equivalently when all firms operate Cobb-
Douglas production functions (Acemoglu, Carvalho, Ozdaglar, and Tahbaz-Salehi, 2012). This
is because, in such economies, changes in the microeconomic volatility of log-productivity have
no effect on expected log-prices and log-GDP.

However, outside of the log-linear case, there is no known general solution for equilibrium
prices and output. To overcome this challenge, the literature has proceeded in three directions,
each yielding valuable insights: (i) specializing to specific production technologies (Oberfield,
2018; Acemoglu and Azar, 2020; Elliott et al., 2022; Kopytov et al., 2024), (ii) considering
higher-order approximations (Baqaee and Farhi, 2019), or (iii) studying the asymptotic effects of
shocks (Dew-Becker, 2023). Thus, while our understanding of endogenous production networks
has advanced enormously, we lack a general theory that is valid outside of important but special
cases (cf. (i)) or for shocks that are neither very small (¢f. (ii)) nor very large (cf. (iii)).

For this reason, we study the global properties of the canonical static single-factor pro-
duction network model (as in Acemoglu et al., 2012; Carvalho and Tahbaz-Salehi, 2019). We
maintain the core assumption at the heart of input-output analysis (Leontief, 1941): production
is constant returns to scale. We otherwise make no parametric assumptions on the nature of
production technology at the microeconomic level.

Our main result provides globally valid and primitive formulae for equilibrium prices and
output that hold for any such economy. We exploit these formulae to understand conditions
on technology at the microeconomic level such that resilience and/or fragility emerge as en-
dogenous macroeconomic properties. In proving these results, we also derive a number of new
results in producer theory that may be of independent interest. We further apply the general re-

sults to provide a generalization of Hulten’s (1978) theorem compatible with non-differentiable



production technologies—which arise naturally from endogeneity of the production network.
Importantly, this result demonstrates that even local Domar weights can be uninformative for
the propagation of small shocks, which is the exact opposite implication of the standard result
of Hulten (1978). That is, in resilient economies with fast substitution, there is no shortcut in
understanding network propagation: an analyst must specify technology and cannot merely lift
Domar weights from the data. Moreover, with endogenous technology, we find that standard
second-order approaches to studying the effects of shocks to microeconomic volatility always
overstate the adverse consequences of increased risk as they omit the effects of rapid substi-
tution. Finally, we provide robust bounds that describe when microeconomic productivity
shocks can generate sizable GDP fluctuations, without making any additional assumptions on

production technology.

Model. The model follows the canonical static single-factor production network setting (see
Carvalho and Tahbaz-Salehi, 2019, for a review). There are many sectors, each perfectly com-
petitive, that use as inputs the outputs of other sectors and a single primary factor (such as
labor). A representative household inelastically supplies the primary factor. Within this con-
text, we allow for an arbitrary CRS production function. Thus, our analysis allows us to nest: (i)
the Cobb-Douglas benchmark (Acemoglu et al., 2012), (ii) nested constant elasticity of substi-
tution (CES) technology (Baqgaee and Farhi, 2019; Dew-Becker, 2023), (iii) heterogeneous CES
technology (Hanoch, 1971; Chodorow-Reich, Gabaix, and Viviano, 2026), (iv) Cobb-Douglas
production technology with endogenous supplier choice at the extensive and intensive margins
(Acemoglu and Azar, 2020; Kopytov et al., 2024), (v) Leontief production technology with and
without endogenous supplier choice (Acemoglu and Tahbaz-Salehi, 2025), and (vi) task-based
production functions (Acemoglu and Restrepo, 2018).

Main Characterization Results. Our main results provide globally valid and primitive
formulae for equilibrium prices and GDP for these economies. Our formula for equilibrium
prices asserts that the equilibrium log-price vector is the “min-max” over pairs of input-
output networks of the Leontief inverse of the maximizing network applied to the vector of
log-productivities plus a production wedge. This wedge depends on the primitive production
functions evaluated at the minimizing network and the relative entropies between the rows of
the minimizing and maximizing networks. Intuitively, equilibrium prices are always the “min-
max” of what prices would be in Cobb-Douglas economies with a certain kind of productivity
distortion. The resulting formula for log-GDP is simply the inner product of the household’s
expenditure shares and this equilibrium log-price vector.

To derive these results, we first express the fixed-point equation for equilibrium prices that
holds in such economies in terms of log-prices. In this system of equations, each sector’s log-

price is affine in its log-productivity and the log of its unit cost function. Next, we show that



any unit cost function that arises from a CRS production function also results from a seemingly
more specific endogenous Leontief production function. Accordingly, the cost function is simply
the minimum over vectors of Leontief input weights of the inner product of these input weights
and input prices, divided by the as if productivity of operating that Leontief technology. From
this, we show that the log-cost function is simply a “min-max” over pairs of vectors of input
weights of an affine function of the input log-prices. Finally, we show that the operations of
finding the fixed point and computing the “min-max” commute. That is, if we naively ignore
the “min-max,” compute the fixed point, and only then apply the “min-max” to the solution,
then we obtain the true solution to the fixed point system. This allows us to obtain the primitive
formula because, if we ignore the “min-max,” then the fixed point system is linear and can be

solved analytically.

Resilience vs. Fragility. We then apply this general representation to understand when the
economy is resilient (fragile), i.e., when equilibrium log-prices are concave (convex) functions
of the log-productivity vector. The general representation theorem makes clear that neither
property should generally be expected globally: the “min” will serve to induce concavity and
the “max” will lead to convexity. Thus, the general representation suggests that prices will
generally be concave in some regions and convex in others, depending on whether the force of
the “min” or the “max” dominates.

Indeed, in a leading example, we show how switching between technologies can naturally give
rise to an “S-shaped” response of average log-GDP to increases in the volatility of microeconomic
log-productivity: small levels of volatility lower GDP on average, intermediate levels raise it,
and high levels lower it again. Intuitively, if production technology is always locally rigid (e.g.,
Leontief), then small levels of volatility are always harmful. However, the ability to switch
between different technologies with different input intensities creates option value and a love of
volatility. Ultimately, though, if production technology is always locally rigid, then very high
volatility is asymptotically harmful.

This notwithstanding, many standard specifications of production functions ensure that the
economy is globally resilient or fragile. This occurs when each sector’s log-cost function is always
a concave or convex function of log-prices, respectively. When this occurs, such specifications
necessarily rule out qualitative phenomena: increases in productivity volatility are always either
good or bad on average. Indeed, for this reason, second-order approximations in logarithms (as
in Baqaee and Farhi, 2019) or a focus on asymptotics (as in Dew-Becker, 2023) do not allow us
to detect the presence of “S-shaped” responses.

To understand when assumptions on technology can rule out these qualitative phenomena,
we characterize the property that a log-cost function is globally concave or convex. As a

concrete example, a CES production function with elasticity of substitution greater (lesser)



than unity has a globally concave (convex) log-cost function. More generally, we show that any
concave log-cost function arises from an endogenous Cobb-Douglas production function, which
has become a particularly popular production function in the study of endogenous production
networks (see e.g., Acemoglu and Azar, 2020; Kopytov et al., 2024). This shows both that
endogenous Cobb-Douglas technology is more general than it may appear: it allows the analyst
to capture any concave log-cost function. However, by the same token, by ruling out convexity,
such a specification ensures global resilience. On the other side, we show that any convex
log-cost function arises from a particular form of task-based production (see e.g., Acemoglu
and Restrepo, 2018) where a set of tasks, each of which has Cobb-Douglas technology, must be

completed to produce output.

Further Applications: Hulten’s (1978) Theorem, The Effects of Volatility, and Ro-
bust Variance Bounds. We next apply our general representation to derive the effects of
small shocks of productivity on equilibrium prices and output. We show that equilibrium
prices are always directionally differentiable, but not necessarily Gateaux differentiable, i.e.,
the derivative depends on the direction of shock considered. The failure of Gateaux differentia-
bility is economically important because it corresponds to the presence of technology switching,
the core phenomenon that the endogenous production networks literature sets out to study: if
a sector is ever indifferent at equilibrium prices between producing using different input mixes,
then different directions of shocks will lead to different input mixes and different shock propa-
gation. This is likely to occur when a sector can use multiple different production technologies:
as relative prices change, there will be a critical point at which they become indifferent between
a given pair of technologies, inducing non-differentiability. While such indifferences are non-
generic (i.e., they hold at a zero measure set of prices), ignoring the non-differentiabilities they
induce can lead to inaccurate quantitative guidance, as we show in a leading application. In-
tuitively, when such a switch happens, the correct coefficients in any order of Taylor expansion
jump and the previously accurate approximation suddenly breaks down.

We use this formula for the derivative of prices to derive a corresponding formula for the
derivative of GDP, providing a generalization of Hulten’s theorem: the effect on GDP is the
mazximum over the set of Domar weights (the vector of sales shares of nominal GDP across
sectors) that may prevail at equilibrium of the inner product of these Domar weights and the
shock direction expressed in log-TFP units (Proposition 7). The presence of the maximum
generalizes Hulten’s theorem beyond the differentiable case and allows economically for the
presence of technology switching. This provides nuance to the typical interpretation of Hulten’s
theorem as implying that, for small shocks, input-output structure can be ignored. This is
because, even for small shocks, it is important to account for the possibility that changes in

input mix lead to rapid changes in Domar weights and the direction of shock propagation.



Next, we study the effects of increasing the volatility of microeconomic productivity on
average GDP. We call an economy locally resilient (resp. fragile) if increases in volatility
increase (resp. decrease) average GDP. We provide a general formula for the local resilience of
an economy, finding it is the sum of two terms: the average derivative of the Domar weights
in productivity—which may be positive or negative—and a term reflecting the average jump
in Domar weights from technology switching—which is always positive. The first term reflects
an ezact version of the Baqaee and Farhi (2019) logic: derivatives of Domar weights describe
the second-order effects of productivity shocks. The second term reveals an additional force:
when technology switches can occur, there is a form of option value in the economy, which
always pushes toward macroeconomic resilience. Moreover, the presence of this switching term
further underscores the importance of technology switching; even if these switches occur at a
zero-measure set of points, that does not mean that they can be neglected.

Finally, we apply our generalization of Hulten’s theorem to derive robust upper and lower
bounds on the variance of log-GDP that hold without restricting technology. This allows us
to understand when microeconomic fluctuations in productivity can generate sizable fluctua-
tions in aggregate output without making strong and untestable assumptions on production
technology. We define, for each sector, the smallest and largest Domar weight that arises in
equilibrium across all productivity realizations. The squared largest (across sectors) small-
est (across productivity realizations) Domar weight multiplied by the microeconomic volatility
of log-productivity provides a lower bound, while the Herfindahl index of the biggest (across
productivity realizations) Domar weights multiplied by the microeconomic volatility of log-
productivity provides an upper bound. This result highlights that microeconomic fluctuations
can generate large aggregate fluctuations when at least one sector maintains a non-negligible
sales share of GDP even when it is very unproductive. Intuitively, this corresponds to the

presence of sectors that cannot be substituted even when their products are very expensive.

Additional Technical Literature. Having already summarized how our paper contributes
to the macroeconomic literature on production networks, we discuss how the methods we use
relate to existing technical work that characterizes fixed points. Most relatedly, Cerreia-Vioglio,
Corrao, and Lanzani (2025) characterize the properties of the limit of a general family of
fixed point problems arising from operators studied in decision theoretic analyses (see e.g.,
Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio, 2011; Cerreia-Vioglio, Maccheroni,
Marinacci, and Rustichini, 2014; Maccheroni, Marinacci, and Rustichini, 2006). The fixed point
problem that characterizes equilibrium prices in production networks lies within this class. In
this paper, we show that the additional structure of cost minimization imposes restrictions
that allow us to characterize the fixed point globally, away from the specific limits that have

previously been characterized.



Figure 1: Illustrating the Potential Network Configurations

< =

Notes: The left network corresponds to D using U intensively (w = w). The right network corresponds to D
using D intensively (w = @). The thickness of arrows denotes the strength of the connection and the direction
denotes input usage.

2 Why Global Properties Are Important: An Example

We begin with a simple example to motivate the importance of a global approach. We do so by

highlighting the potentially inaccurate conclusions that arise from standard approximations.

Setting. Suppose that there are two sectors in the economy, an upstream sector U and a

downstream sector DD. The upstream sector uses labor and upstream inputs to produce output:

Yo =22vQ¢ Qi (1)

where Zy; is the productivity of sector U, Qo is the input of a primary factor, and Quy is
sector U’s usage of goods produced in sector U. The downstream sector uses labor, upstream
inputs, and downstream inputs to produce output and can do so using two different production
technologies indexed by w € {w,w} C (0,1):
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where Zp is the productivity of sector D, ()p is the input of a primary factor, Q@p p is D’s
usage of goods produced downstream, and ()p 7 is D’s usage of upstream inputs. Intuitively, up-
stream and downstream goods are always perfect complements in the production of downstream
goods, but the downstream sector can choose between two distinct production technologies. We
illustrate the potential network configurations that can arise in Figure 1.

To close the model, we assume that the primary factor has an aggregate supply of one and



has a price that we normalize to one. Finally, a household has Cobb-Douglas preferences:
11
U=2C3C5 (3)

where C; is final consumption from sector i € {D,U}. We will examine the outcome of a
competitive equilibrium in this simple setting, in which both sectors minimize costs and make

no profits, the household maximizes its utility, and all markets clear.

Solving for Equilibrium Outcomes. By solving the cost-minimization problem of the
upstream sector and applying the zero-profit condition, the price of the upstream sector follows

Py =1/Z%. We now perform the same steps for the downstream sector and find that:

2 4 4(1 —w)2R T+ /@ +4(1 - @) 2R
Wty /w?+4(1 - w)h W+ /W + 4( w>zg

PD:H[ZDSZU] 572 v +]I[ZD>ZU] 572
D D

(4)

Intuitively, the cost of producing one unit of the composite intermediate input is just the
weighted sum of input prices, and the sector will always choose the cheapest technology w and
D is cheaper than U in equilibrium iff and only if Zp < Z.

By solving the household’s utility maximization problem, we obtain that log-GDP follows:

1 1 |In (g+ \/g2 +4(1 —u)%) ,Zp < Zy,
InGDP=-In24+InZy+InZp — - Zg
2 2 |m (w+ \/wg +4(1 —w)Z—f;> ,Zp > Zy.
U

(5)

We now proceed to study the global properties of equilibrium prices and GDP. The standard
approach to studying the properties of this economy would be to take a first-order approximation
(Hulten, 1978) or a second-order approximation (Baqaee and Farhi, 2019) of In GDP in In Z =
(In Zy,In Zp). At all points In Zy (except those such that Zy = Zp), we have that:

. 1
InGDP ~ InGDP + DTAIn Z + 5(Am Z)Y'HAIn Z (6)

where AlnZ =1nZ —In Zj, In GDP is a constant, and D is the gradient and H is the Hessian
of In GDP evaluated at the initial In Z,.

Approximations Can Give Inaccurate Quantitative Guidance. We first examine the
accuracy of these approximations, considering approximations of In GDP in In Z;; at a value that
is positive but very close to zero, holding fixed In Zp = 0. In Figure 2, we plot the resulting
approximations (Panel (a)) and percentage absolute approximation errors (Panel (b)). For
positive shocks, the approximations are highly accurate. Even a 100% positive shock gives rise

to only a small error under the first-order approximation and an utterly negligible error under



Figure 2: Local Approximations Can Provide Inaccurate Quantitative Guidance
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Notes: This figure plots the percent absolute approximation error, i.e., |(True — Approx.)/True|, for first-
(orange), second- (green), and third-order (red) Taylor approximations to In GDP in In Zy around the point
InZy =1 x 1074, Parameters: w =0.2, w = 0.8, InZp = 0.

the second-order approximation. For negative shocks, however, the approximations break down,
even locally. In particular, negative shocks lead to an approximation error of about 20% and the
first-order approximation performs substantially better than the second-order approximation.
One natural reaction to these results is to posit that second-order approximations are not
enough and higher-order series expansions must be considered. However, as can be seen in
Figure 2, this does not solve the problem that the local approximation breaks down for small
negative shocks, and it can lead to larger approximation errors for non-negligible positive shocks.
Indeed, the issue could not be remedied by any series expansion. The problem is that the Taylor
approximation functional that returns an n-th order series approximation at a given value of
In Z is discontinuous at the kink at which In Zp = In Zy; and the downstream sector switches

technology. For this reason, a global approach is necessary to provide accurate guidance.

Approximations Can Rule Out Qualitative Phenomena. More importantly, putting
aside the issue of accuracy, we also argue that first-order and second-order approximations
rule out qualitatively interesting and potentially important economic phenomena. One of the
most important motivations in the modern production network literature is understanding how
microeconomic shocks at the sector-level may affect the first and second moments of In GDP.
Consider now that In Z is an IID random vector with mean 0 and variance-covariance matrix
o?I. Under the second-order approximation of Baqaee and Farhi (2019) in an arbitrary economy

with n sectors, we have that:

- 0D 1 2 - _ 4 . 2 2 - 2
E[ln GDP] = InGDP + _o > Hy Var[nGDP|=20*> H}+o0 ZlDi. (7)

i=1 i=1



Figure 3: Local Approximations Can Rule Out Qualitative Phenomena

The Effects of Mean-Preserving Spreads on Expected GDP
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Notes: This figure plots expected In GDP when In Zy; = k4x (each with probability 0.5) against Var[ln Z;] = 22
under the global solution (blue) and under first- and second-order Taylor approximations around the point
In Zy = k. Parameters: w =0.2, w =08, InZp =0, k = 0.5.

How does increasing the variance of microeconomic shocks affect the mean and variance of
GDP growth? Thus, second-order methods imply that as we increase the variance of shocks,
the effect on output must be (i) unambiguously positive or negative, and (ii) convex.

In our example economy, suppose that In Zy; = k + x, each with probability 0.5, while
In Zp = 0. Figure 3 plots the effects of increasing the volatility of upstream productivity on
expected output. The global solution reveals an S-shaped response in which initial increases in
variance lower expected output, intermediate levels of variance increase aggregate output, and
high levels of variance decrease output again. Intuitively, at low levels of variance, the econ-
omy mostly operates one Leontief technology downstream, and so variance in input prices is
harmful. However, at intermediate levels of variance, the downstream sector can switch across
technologies and the option value of switching technologies makes variance beneficial. Ulti-
mately though, when variance becomes very large, the fact that they always operate a Leontief
technology (even if they can choose the best one) makes variance lower average output. These

qualitative patterns cannot be captured by first-, second-, and even third-order approximations.

Summary. Of course, one might think that we are presenting a pathological example, and no
reasonable model would display kinks like this. However, we will later show that such kinks are
a general property of models with endogenous production networks—including many leading
examples in the literature. Intuitively, when relative prices cross critical values, firms may
switch across technologies or input suppliers, leading input demands to jump and generating
a kinked cost function. Thus, to capture the force of technology switching, it is insufficient to

study approximations; understanding the global properties of such economies is required.



3 Model

We consider a canonical static model of a production network with n € N sectors, following
Acemoglu et al. (2012), Baqaee and Farhi (2019), Acemoglu and Azar (2020), Dew-Becker
(2023), and Kopytov et al. (2024). The only novelty of our setting is its generality.

3.1 Primitives

Supply. Each sector ¢ € [n] = {1,...,n} produces a single output by combining a primary
factor in amounts Q; and intermediate goods in amounts @Q; = (Qy;)%—, according to a pro-

duction function F; : R — R,
Fi(Qi0, Qi) = ZiGi(Qio, Qs) (8)

where Z; € Ry, is the Hicks-neutral productivity and G; - R’f“l — R, is the underlying
production technology.

The goal of our analysis is to study the robust properties of equilibrium outcomes in pro-
duction networks, i.e., those properties that obtain without functional form restrictions on the
nature of the production network. Thus, we impose minimal regularity assumptions, a normal-
ization that allows us to interpret the Z; as Hicks-neutral productivity shocks, and the core

economic assumption at the heart of input-output analysis: production is CRS.

Assumption 1. For all sectors i € [n|, the production function G; R’ffl — Ry is positive
homogeneous, non-decreasing, continuous, and such that the optimal expenditure share on the

primary factor is bounded away from zero.!

In order to simplify notation and exposition for the main text, we express production tech-

nologies in the form:

Gi@n@) = ((20) 7 (G0 Q) )

where 8 € (0,1) is the intermediate-input share of costs, and G; : R, — R, satisfies all but
the last of the requirements of Assumption 1. We show in Lemma 16 in Appendix G that by
redefining the set of sectors, any economy with production technologies satisfying Assumption 1

can be exactly represented by technologies of this seemingly more restrictive form. Moreover, so

IFirst, it is equivalent to assume that each G; is only upper semicontinuous since we restrict to intermediate
production functions that are positive homogeneous (see, e.g., Moore, 1999, Proposition 5.95). Second, our
definition of the property that the expenditure share on the primary factor is bounded away from zero is that the
production function of sector i can be written for some 8 > 0 as G;(Qo, Q) = Zi(Qo/(1—B))1 B (G: (Qo. Q) /B)”,
where G; satisfies the other criteria of Assumption 1.
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that Z; has an unambiguous meaning, we normalize G; such that maxg,ea Gi(Qi, - - ., Qin) = 1,
where A = {w eERY: DT w;= 1}. We call such a G; reqular.

In light of this representation, the key object that determines the network of input-output
relationships is the intermediate input production function G;. The current literature that
provides analytical results for the equilibrium properties of production networks has consid-
ered various assumptions on G;: Acemoglu et al. (2012) and a large subsequent literature (see
Carvalho and Tahbaz-Salehi, 2019, for a review) assume a Cobb-Douglas production function,
Dew-Becker (2023) assumes a constant elasticity of substitution (CES) production function,
Kopytov et al. (2024) assume a Cobb-Douglas production function with endogenous weights.
Our formulation is sufficiently general to encompass the universe of intermediate input produc-
tion functions considered in this previous work. As we demonstrate in Section 3.4, this allows
us to consider models in which the technologies, suppliers, and substitution elasticities of firms

are chosen endogenously.

Demand. As the focus of our analysis is on the production network, we follow Acemoglu
et al. (2012), Dew-Becker (2023), and Kopytov et al. (2024). This is justified because, as is well
known and we will shortly see, demand has no role in determining equilibrium prices. Instead,
demand matters only for computing GDP given prices. A representative household inelastically
supplies a unit of primary factor and consumes a bundle of goods C' € R’} with a Cobb-Douglas
utility function:

R

ve)=1] (5—) VO € R? (10)

i=1 '
where each & > 0 captures the importance of good i for the final consumer and » ;& = 1.
Normalizing the wage in the economy to one and denoting the price of good ¢ as P;, the
household faces the standard budget constraint )., C;P; < 1. In general, so long as U is

positive homogeneous, our results characterizing GDP extend.?

3.2 Equilibrium

Given this structure for production and demand, the competitive equilibrium is defined by
requiring that firms and consumers are price takers and firms make zero profits.?

Definition 1. A competitive equilibrium is a vector of prices, P* € R, a matriz of unitary
input quantities Q* € RZX("H)
vector C* € R such that

, a vector of production levels Y* € R, and a final consumption

2This is because we can treat U as if it were a production function and apply Proposition 1 below. For the
later GDP characterization this induces an additional min-max layer over the household’s expenditure shares
(see Footnote 6).

3 As technology is constant returns to scale, these requirements are equivalent to profit maximization in the
more standard definition of competitive equilibrium.
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1. Firms choose a cost-minimizing vector of unitary inputs:
Q@) € argmin Y QuPf+Qu st FiQo.Q)>1 Vien. (11)
(Qio,QiERT™ 21
2. Firms price at their marginal cost:
Pl =) QuPj+Q, Vi€ (12)

Jj=1

3. The labor market and all product markets clear:
MYrQu=1, Y YIQ;+C =Y Vjen]. (13)
i=1 i=1

4. The household chooses consumption to maximize its utility:

C* € argmaxU(C)  s.t. ZCZPZ* < 1. (14)
i=1

CeR?}

We will be concerned with characterizing equilibrium properties of prices and GDP. We call

a solution to Equation 12 an equilibrium price vector.

3.3 Preliminaries: The Log-Cost Operator and Equilibrium Prices

Our characterization of the equilibrium leverages the properties of a particular transformation

of the sectors’ cost functions. By solving each sector’s cost minimization problem, we obtain:

n

1
min 4P+ Quo=—K;(P)’  Vie[n],¥PeR" 15
(QiO,Qi)ER1+1:;Q] i+ Qio 7 (P) [n] i (15)
Fi(Qi0,Q:)>1 7=

where K;(P) is defined as:*

We define the associated map from log-prices to log-costs as:

Ti(p) = In(Ki(exp(p))) Vp € R" (17)

4See Lemma 9 in the appendix for a proof of Equation 15 and that the minima in Equations 15 and 16 are
attained.
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The cost operator K : R}, — R}, and the log-cost operator T': R"™ — R" are the operators
whose i-th row are respectively equal to K; and T;.
By defining the inverse log-productivity of sector i € [n] as z; = —ﬁ In Z;, we can rewrite

the fixed-point equation that defines equilibrium price vectors Equation 12 as:

pi = (1= pB)x; + BTi(p) Vi € [n]. (18)

It is standard to show that the operator defining this fixed point equation is a contraction,” and
therefore that there exists a unique solution to this equation; we denote this unique equilibrium
price vector by II(x). This represents a vector of equilibrium log-prices at a given vector of
log-productivity shocks = € R"™.

We denote the equilibrium aggregate log-output at such a vector of log-prices by

T(z) =maxInU(C) s.t. ZCi exp(Il;(z)) < 1. (19)

CeR™

It is standard to show that:f

T(z) = — Z &I (). (20)

Because of this observation, it suffices to characterize equilibrium prices. While equilibrium
prices and aggregate output are unique, there is not necessarily a unique equilibrium matrix of

mput quantities (). We will characterize this stronger uniqueness property in Proposition 6.

3.4 Example Economies

Before embarking on our analysis, we give four classes of example economies that fall within

our general framework and to which we will often turn to exemplify our general results.

Example 1 (Nested CES). A standard non-linear specification of production in which the

input-output network depends endogenously on equilibrium prices is the nested CES structure:

Ci(Q) = (z @) | o
j=1

for some vector of weights o; € A and elasticity of substitution o; € R,. As is well-known, o; =

®As T is monotone and translation invariant (see Proposition 1), Blackwell’s sufficient conditions imply that
the fixed point operator is a contraction

SWith more general preferences, the GDP formula would instead be a non-linear aggregate of prices. Under
positive homogeneity of U, Proposition 1 can be applied directly to provide a general formula for GDP given
prices.

13



Qij

0 corresponds to the Leontief production function G;(Q;) = min{ }, 0; = 0o corresponds
to the perfect substitutes production function G;(Q;) = Z?:l Qij, and o; = 1 corresponds to a
Cobb-Douglas production function G;(Q;) =[], (Qij/a;;)*?. For the nested CES structure,

the log-cost operator is given in general by:

Ti(p) = ~In (Z aij exp ((1 — Uz')pj)> - (22)

Existing work has characterized the second-order local implications of shocks with nested CES
(Baqaee and Farhi, 2019) and the asymptotic effects with large shocks (Dew-Becker, 2023).

However, the global equilibrium properties of these economies have not been characterized. A

Example 2 (Endogenous Cobb-Douglas). Recent work that explores the endogenous deter-
mination of supply linkages has proposed models in which each sector ¢ € [n] chooses its
Cobb-Douglas input shares to economize on costs at the opportunity cost of perhaps suffering
reduced productivity:
n N i
Gi(Qs) = max Ai(en) [ (@> (23)

a; €C; Q5
2 0 ]:1 1]

for some upper semicontinuous and log-concave productivity shifter A; : C; — (0, 1] where
C; € A is convex and max,,cc, 4;(a;) = 1. The interpretation of A;(«q;) is that it represents
the productivity of the sector when it operates using some feasible input shares «; € C;. The
closer A;(«;) is to 1, the cheaper it is (in terms of lost productivity) for sector i to use technology
a;. The technologies «; ¢ C; are the infeasible ones for sector i.

For the endogenous Cobb-Douglas structure, the log-cost operator is given by:

Ti(p) = min {]z:: QijPij + In (ﬁ) } (24)

Influential papers in the literature have studied particular cases of this class. Acemoglu and
Azar (2020) consider as a leading application a specification in which productivity depends only
on the identity of the suppliers chosen by each sector, but their input shares are fixed. Kopytov
et al. (2024) study a specification in which A;(c;) is smooth and strictly log-concave. A

Example 3 (Task-Based Production). Recent work that studies the substitutability of different
factors of production has studied task-based models in which output is produced by completing
a set of different tasks and each task has its own production function (see e.g., Acemoglu and
Restrepo, 2018). Inspired by this, we consider an economy in which the set of tasks corresponds
to the nonempty and convex set C; C A. Output is only produced if each task in this set is

completed. That is, each sector has a Leontief production function over tasks. The output
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of each task is itself given by a Cobb-Douglas production with weights «; € C; and some
lower semicontinuous and entropy log-convex (i.e., w; = In A;(w;) — 37 wy; Inw;; is convex)
productivity shifter A; : C; — [1, 00) with min,,cc, A;(c;) = 1. That is, the production function
is given by:

Gi(Qi) = min A;(oy) ﬁ (Q?)aij . (25)

The interpretation of this production function becomes clear when we plug it into the unitary

cost-minimization problem defined in Equation 16:

Ki(P) = min > QuP st Al ][] <%) >1 Va; €C; (26)
€RY £— o1 \ i

That is, the firm must acquire a vector of inputs (); that produces a unit of all the tasks in C;.
With this, the tasks such that A;(a;) is high are those for which the constraint is less binding,
while the tasks such that A;(«;) is close to 1 are bottlenecks. In this case, the log-cost operator

is given by that of Equation 24, with the min replaced by a max. A
Example 4 (Endogenous CES). Our general framework allows us to study a new class of
nested CES economies in which input weights and elasticities are chosen endogenously:

j=1

a;€A0;€[0,0;

for some &; € R, indexing the maximum possible degree of substitution and an upper-
semicontinuous A; : A x Ry — [0,1] such that MaXa, A o.cf0,5,] Ai(as, 0;) = 1, representing
the productivity of producing using different input weights and with different elasticities of

substitution. In this case, the log-cost operator is given by:

1 u 1
T,(p) = mi 1 gexp((1—o)p;) | +In |
(p) aieAr,%?el[Oﬁi] {1 — 0 " (Zaj exp(( 7 >pj)> M (Az'(%', Ui)) }

J=1

A natural sub-class of the endogenous CES family emerges if we assume that sector i € [n] is
endowed with some initial input weights a? and elasticity of substitution ¢? and it can suffer

an “adjustment cost” in productivity-equivalent units that is given by:
Ai(ai, 07) = exp (= D(ail|a?) — d(os]|o7)) (28)
where D : A% — R, is a divergence between a; and o and d : Ei — R, is a divergence between
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o; and 0. This specification captures the intuitive idea that if a sector tries to produce using a

technology that is different from where it started, then there will be an opportunity cost. A

4 A General Formula for Equilibrium Prices and Output

In this section, we derive a general formula for equilibrium prices and output in terms of the
primitive, non-parametric production structure. In so doing, we provide a primitive formula
for the global solution for equilibrium prices in a general production network economy. A key
step in proving this result is showing that an arbitrary CRS economy can be represented “as
if” it were an economy in which each sector can choose among a set of Leontief technologies

with different input weights and productivities (as in the activity analysis of Koopmans, 1951).

4.1 The Sufficiency of Endogenous Leontief Technology

We begin our analysis by providing a characterization of the structure of log-cost functions. To

do this, we define the relative entropy R: A x A — R,:

S (B) i w<d,

00 otherwise,

R (w|jw) = (29)

where w < @ means that w is absolutely continuous with respect to w. The following result
reveals that we can work directly with log-costs T' rather than production functions G so long

as T has a specific structure that is consistent with cost minimization:

Proposition 1. The following are equivalent:

1. There ezists a reqular G that induces T

2. T is monotone, translation invariant, normalized, and Kr := exp ol oln s concave.

Moreover, G and T are related through:

: - } 1
T(p) = min max {Z wypy — Alula) +1n (g7 } (30)
=
This result follows from the constant returns to scale assumption on production functions.

We derive this representation by first showing that the cost function K corresponding to any

production function G can always be written as:

(31)



More evocatively, we observe that this is the same cost function as the one that would obtain if

the production function were given by the following endogenous Leontief production function:

G*(Q) = max {G(u?) min %}
wWEA JEln] Wy
That is, it is as if any production function corresponds to choosing a Leontief technology
with input weights @ € A and corresponding endogenous productivity G(w). Intuitively, the
resulting technology arises from the trade-off between choosing cheap inputs and selecting an
input mix at which productivity is high.

In turn, this endogenous Leontief representation can be directly connected with the models
of endogenous production technologies recently analyzed in the literature (Acemoglu and Azar,
2020; Kopytov et al., 2024). These papers consider CRS production functions that can be
obtained as upper envelopes over technologies of smooth production functions, usually Cobb-
Douglas, with technology-dependent productivity shifters. This result shows that there is no
loss of generality in making this kind of assumption, so long as the base production technology
is taken as Leontief.”

In the final part of the result, we derive the representation of 1" that will be essential for
our subsequent analysis of equilibrium prices. This expression rewrites Equation 31 by first

transforming it into the space of log prices:

T'(p) = min {m <Z w; eXp(pj)) +1In (%) } (32)

Jj=1

and then leveraging the Donsker-Varadhan formula to express the first term as:

n n
In (; W eXP(J?j)) = max {; w;p; — R(w||ﬁ))} (33)
which then directly yields Equation 30. The economic interpretation of this formula is that
the Leontief technology with weights w is the worst possible Cobb-Douglas technology with
a productivity gain that depends on the relative entropy between the chosen Cobb-Douglas
weights w and the Leontief weights w. The key mathematical upshot of this representation is
that T" is the min-max of an affine function of log-prices. This is the property that will allow

us to characterize equilibrium prices in the sequel.

"This may be reminiscent of Houthakker (1955), who shows that aggregation of Leontief technologies with
fixed inputs and heteogeneous input-specific productivity can yield an aggregate Cobb-Douglas technology, we
emphasize that our result is microeconomic in nature and has nothing to do with aggregation.
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4.2 Formulae for Equilibrium Prices and Output

We now derive our main formula for equilibrium log-prices. Let W = {W € R : Vi € [n],w; € A}
be the set of n x n row-stochastic matrices, which can be interpreted as the set of all possible

input-output matrices. Given an input-output matrix W € W, we define the Leontief-inverse:
Qw = (1)1 - W)™ (34)

It is well known (see e.g., Acemoglu et al., 2012) that in a Cobb-Douglas economy with fixed
input shares W, the equilibrium price vector is given by Il(z) = Qux. That is, Q uniquely
pins down how log-productivity shocks propagate in equilibrium.

To generalize this, we also define the production-wedge operator 7¢ : W? — R" as:

(W) = fﬁ {m (G(lw)> - R(wi||w,-)} Vi € [n] (35)

which is simply a rescaling of the additive productivity distortion term in the affine min-max
representation of T; (see Equation 30).

With these objects in hand, we state our formula for equilibrium prices:

Theorem 1 (Equilibrium Prices). The unique equilibrium log-prices are given by

II(z) = min max {QW (33 + TG(WHW)>} Vo € R" (36)
Wew Wew

Before unpacking the intuition behind this formula, we remark that the right-hand side of
Equation 36 is entirely primitive: it depends only on the production functions and not on any
equilibrium objects. To interpret the formula, fix W and W that respectively are minimizers and
maximizers in Equation 36. We then have that II(z) = Qu (z +7¢(W||W)). That is, it is as if
the initial adverse productivity shock z is further increased by the production wedge 7¢ (W ||W),
and then this composite productivity shock propagates according to the Leontief-inverse of the
input-output matrix W. This is the formula for equilibrium prices in a Cobb-Douglas economy
with input-output matrix W and inverse log-productivity vector z + 7¢ (W ||W).

Turning to intuition, given that the economy we are studying is non-linear, the fact that
the solution for equilibrium prices inherits the linear form corresponding to a distorted Cobb-
Douglas form is perhaps surprising. We can use the endogenous Leontief representation of
Proposition 1 to understand where this comes from. In particular, the fixed point equation for

equilibrium prices becomes:

W; EA w;EA

pi = (1 — B)x; + f min max {Z w;;pj — R(w;]|w;) + In (Gl(lﬁ)z)) } , Vi€ [n] (37)
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Thus, stacking these equations and using the definition of the production-wedge operator, we
have that:

1-p ~
= (1 — )z +  min max W+—7‘GWW} 38
p= (1= 8o+ 5 i e {1+ 2= Eo v 39
To understand why we can view row-by-row min-maximization over vectors as vectorial min-
maximization over matrices, observe that each sector chooses its own technology, taking the
prices as given. We then proceed by doing something seemingly naive. Suppose that we fixed
a given pair of input-output matrices (W, W). The resulting fixed point equation is simply a

linear system in p and can be exactly inverted to yield:
p = Qu(x + 7¢W||W)) (39)

The key step of the proof is then to show that we can apply the min-max structure to this
solution and obtain the solution that we would have obtained if we applied the min-max and
then computed the fixed point. That is, the operations of taking the fixed point and the
min-max can be performed in either order and the answer is the same.

By way of analogy, this ability to interchange optimality and fixed points appears regularly in
economics via the optimality principle of Bellman: the value of a dynamic optimization problem
(under standard conditions) is the same as the fixed point of a Bellman operator. Though the
details and argument differ, here we are establishing a similar conclusion that applies when
computing equilibrium prices. As a by-product, this result guarantees the existence of a pair of
input-output networks W and W that respectively and simultaneously maximize and minimize
the price of every sector.®

To understand what the production wedge looks like, we observe that if G; is a Cobb-
Douglas production function with fized weights a; € A, then the wedge is proportional to the
difference in the relative entropy between «; and w; and the relative entropy between w; and

W
- 5 B N
T (WW) = ] [R (evl|w;) — R (wi|w;)] (40)
Given this form, solving the min-max problem in Equation 36 yields the standard Cobb-Douglas
solution that II(z) = Qux, where W = (a;)", is the matrix of Cobb-Douglas weights. Sim-
ilarly, if G; is a CES production function with weights a; € A and o; € R, then the wedge

is proportional to the Renyi divergence with parameter O_i between «; and w; and the relative

8In dynamic programming, this amounts to showing that, in stationary environments, Markov policies are
enough to find the unconstrained optimum.
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entropy between w; and w;:
~ 15} B R
T (W|W) = T35 D (evil|wi) — R (ws]|w;) (41)

where D, is the Renyi divergence with parameter ¢t € R. In this case, our result provides the

first formula for equilibrium prices under the nested CES structure.

From Prices to GDP. With the prices derived, equilibrium GDP follows simply by solving
the household’s utility maximization problem given the equilibrium prices. To illustrate how

this can be applied, suppose that the household has a Cobb-Douglas utility function:

n C; &i

ve)=1] (5—) VO € R (42)
i=1 t

where each & > 0 captures the importance of good ¢ for the final consumer and Y. | & = 1.

It is standard to show that:

T(z) = — Z &I (). (43)

In this case, it follows immediately from Theorem 1 that the corresponding equilibrium log-
output is given by:

() = max min {—S'Qw (:B + TG(WHW))} (44)

Intuitively, as we are solving all n min-max problems simultaneously, the expenditure weights

pass through the min-max structure.

Illustrating The Formula in a Two-Sector Economy. To understand the economic in-
terpretation of the minimum and the maximum, it is illustrative to specialize to a setting with
one upstream sector and one downstream sector, like the one analyzed in Section 2. As before,
assume that the production function of the upstream sector is given by Yy = 2ZUQZ%]’OQ[%]’U.
Now, instead of the double-Leontief form of the initial example, we generalize the downstream
production function to take the form Y, = 2ZDQ%OGD(QD,D, QD,U)%a where G p is regular. For
simplicity, we assume that the household consumes only downstream output and set Zp = 1.
We now use Theorem 1 to understand the propagation of upstream productivity shocks into
real GDP. Recalling that zy = —21In Zy, we therefore have that the unique equilibrium log

prices are given by:

Po a0\ g+ (Gl ) - Rlwwllv)
— min max 3—wyu—wpp 3—wyu—wpp U

U
= 1—w 2—w 1 ~
1774 wew DD vy [ S
PD eEw el s ——— In Golon) R(wp||wp)

(45)
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where we have solved for the Leontief inverse. We begin by inspecting the first row of this
problem. First, observe that the minimizer can guarantee a value of xy by setting wyy = 1 (as
the maximizer must then set wyy = 1). Second, observe that the maximizer can also guarantee
a value of zy by setting wyy = 1 (as the production wedge cancels to zero at this point). Thus,

we have that py = zy. We now turn to the second row, which allows us to express log real

GDP (as the household only consumes downstream goods) Y(xy) = —pp as:
Y(a0) i =g (0= wnle + p(wnp o) )} (10)
zy)= max min «——— (1 —wpp)zy + 7p(wpp, W
v @pp€[0,1] wppe[0,1] 2 —wpp bRy IDATEDD, DD
where 7p(s,5) = —InGp(8,1 —3) — R((s,1 — 9)||(5,1 — §)) is the production wedge of the

downstream sector.
To unpack further the form of the solution and the roles of the max and the min, first suppose
that the downstream sector operates a Leontief technology Gp(Qp.p, @py) = min{Qp p/a, Qpu/(1—
a)} for a € (0,1). In the formula above, it is simple to verify that wpp = « is optimal and
hence that:

Pheontief( ) — i d (1 —wpp)ry — R((wpp, 1 — wpp)||(e,1 — @) (47)
wDDE[O,l] 2 — Wpp

Thus, log GDP is a minimum of an affine function of xy and is hence concave in upstream
productivity shocks. Thus, in Leontief economies, which are intuitively the most fragile to
shocks, the force of the minimum dominates.

To consider the polar opposite case, now suppose that the downstream sector operates a
perfect substitutes production technology Gp(Qp.p,@puv) = Q@pp + @pu. Again, in the GDP

formula, one can verify that wpp = wpp and hence that:

pSubstitntes (Y = pay {_@} (48)
Wpp€[0,1] 2 —wpp

And so log GDP is a maximum of an affine function of xy; and is therefore convex in upstream

productivity shocks. Hence, in economies with perfect substitutes, which are intuitively the

most resilient to shocks, the force of the maximum dominates.

In general of course, one cannot resolve the system so that either the min or the max
dominates, and the two interact to determine the response of prices and GDP to shocks. In the
following section, we proceed to formally define notions of resilience and fragility and we show
that it maps formally to the dominance of the forces of the minimum and the maximum in the

general representation.
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5 Application I: Resilience vs. Fragility

We now apply our general representation of equilibrium prices to derive how properties of
production functions translate into general equilibrium properties of prices. In the process, we
will formalize the mathematical sense in which the general min-max formulation of equilibrium

prices encodes the dueling forces of resilience and fragility.

5.1 Defining Resilience and Fragility

To define the notions of resilience and fragility, we ask: when is it true that making shocks
to productivity more dispersed has adverse economic consequences? Informally, if the conse-
quences are adverse, we call the economy fragile, and if the consequences are beneficial, we
call the economy resilient. While this is far from the only reasonable definition of fragility and
resilience, this corresponds to the popular notion advanced by Taleb (2013): “Fragility can be
defined as an accelerating sensitivity to a harmful stressor: this response plots as a concave
curve and mathematically culminates in more harm than benefit from random events. An-
tifragility is the opposite, producing a convex response that leads to more benefit than harm.”
We follow this definition:

Definition 2 (Resilience and Fragility). Sector i is resilient (fragile) if T; is concave (convex).

The economy is resilient (fragile) if I1 is concave (convez).

To understand the motivation for this definition, assume that the log-prices faced by sector
i have an initial distribution 7 over R". The expected unitary log-cost of sector ¢ is then E[T;].
We are interested in the effect on the expected log-cost of a mean-preserving spread of the
distribution of log-prices, that is, the new distribution 7" dominates 7 in the convex order. We
have that sector i is resilient if and only if E./[T;] < E.[T;] for any such pair of distributions.
Conversely, sector i is fragile if and only if E./[T;] > E.[T;] for any such pair of distributions.
That is, resilient sectors have lower log-costs in expectation when the volatility of log-prices
rises, while the opposite happens for fragile sectors. We can interpret resilience and fragility of
the economy analogously by looking at the expected log-price effect of mean-preserving spreads
in the distributions of log-shocks.

This notion of resilience and fragility is consistent with the intuitive idea that CES tech-

nologies are fragile (resilient) when the elasticity of substitution is smaller (larger) than one:

Example 1 (continuing from p.13). A sector i € [n] with CES production technology with

elasticity of substitution o; is resilient if and only if o; > 1 and fragile if and only if o; < 1.
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5.2 Resilience

We now characterize resilience at the sector level and show that equilibrium prices preserve
resilience. The next result shows that a sector is resilient if and only if its cost operator is

generated by an endogenous Cobb-Douglas production function (as in Example 2).
Proposition 2. Fiz i € [n] with log-cost function T;. The following are equivalent:

(1) Sector i is resilient.

(ii) T; is generated by an endogenous Cobb-Douglas production function G} :

G:(Qu) = max {Axwi)ﬁl (Q—)} (49)

w; €C; U]”

for some nonempty, compact, and convex set C; C A and production shifter A; : C; —

0, 1] that is upper semi-continuous, log-concave, and such that max,,cc, Ai(w;) = 1.
Moreover, the productivity shifter A; is uniquely defined given Tj.

One important implication of this result is that endogenous Cobb-Douglas production func-
tions span the full scope of possibilities under resilience. Thus, insofar as one is interested
in resilient technologies, this result implies that the approach of imposing endogenous Cobb-
Douglas technology (as done in applications by Acemoglu and Azar, 2020; Kopytov et al., 2024)

is not a restriction. However, this formulation rules out the possibility of fragility.

Example 1 (continuing from p. 13). Interestingly, because CES production functions with elas-
ticity o; > 1 induce a concave log-cost operator, it follows that they are cost-equivalent to
some endogenous Cobb-Douglas production function. By inspection of the proof of Proposition
2, it 1s possible to show that the productivity shifter recovering the CES log-cost operator is
Ai(w;) = exp(— 1 R(wiHai)) and C; = {w; € A w; < oy}, where o € A are the weights in

l1—0;

the original CES production function.

The next result uses this representation and Theorem 1 to derive the formula for equilibrium

prices in economies in which all sectors are resilient:

Corollary 1. If every sector is resilient, then the economy is resilient and such that

I(z) = nin {Qw(z+ (W)} (50)

1—

where Wo = {W € W w; € C,Vi € [n]} and 7H(W) = iﬁln (ﬁ) for alli € [n].
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Thus, in resilient economies, the max in the general min-max representation of Theorem 1
disappears. This justifies our earlier informal interpretation of the min as inducing resilience.
In this case, the production wedge also simplifies: G; is replaced by A; from the endogenous

Cobb-Douglas representation.

5.3 Fragility

We now turn to the opposite question of when sectors and the aggregate economy are fragile.
The following result shows that fragility is equivalent to a sector having a task-based production
function with an entropy log-convex shifter A; (as in Example 3). To understand this property,
recall that cost operators K are always concave. Thus, while log-cost operators T can be convex,
this comes with the additional restriction that A; is sufficiently convex that its logarithm plus a
concave function (i.e., the entropy) remains convex. This is exactly the extra restriction needed

to offset the resilience coming from cost minimization.
Proposition 3. Fiz i € [n] with log-cost function T;. The following are equivalent:

(1) Sector i is fragile
(i1) T; is generated by a task-based production function G :

(%))

n
w.
7=1
for some nonempty, compact, and convex set C; C A and production shifter A; : C; —

G Qi) = melfcl {Ai(wi)

[1, 00] that is lower semi-continuous, entropy log-convez, and such that min,,cc, A;(w;) =
1.

Moreover, the productivity shifter A; is uniquely defined given Tj.

While the endogenous Cobb-Douglas production function that characterizes resilience is
familiar in the literature, this task-based mirror is (to the best of our knowledge) new. Moreover,
the shifter in the task-based production function is required to be entropy log-convex, a stronger
property than log-convexity. This stronger requirement comes from the need to be consistent
with the co-occurrence of T; being convex while K is concave. Indeed, it can be shown that this
requirement is so strong that convexity of T; implies differentiability of 7;.° Intuitively, under
convexity, firms are not able to change their production technique fast enough to generate kinks
in T;. Thus, by the subsequent Proposition 6, if all sectors of the economy are fragile, then

there is a unique equilibrium.

9Formally, if T} is a convex log-cost functional, then T} is continuously Frechet differentiable.
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Example 1 (continuing from p. 13). Similarly to the resilient case, because CES production
functions with elasticity o; < 1 induce a convex log-cost operator, it follows that they are cost-
equivalent to some task-based production function. By inspection of the proof of Proposition
3, 1t is possible to show that the productivity shifter recovering the CES log-cost operator is
Ai(w;) = exp( L ,R(wi||a,-)) and C; = {w; € A w; < oy}

1—0;

The next result leverages this representation and Theorem 1 to provide the equilibrium

prices in economies in which all sectors are fragile:

Corollary 2. If every sector is fragile, then the economy is fragile and such that

I(z) = Q AW 52
() = gnax {Sw (@ +74(07))} (52)
Thus, just as resilience eliminated the max in the general min-max representation of The-
orem 1, fragility eliminates the min in the representation. This completes our justification of
the general max as corresponding to fragility and the min as corresponding to resilience. More-
over, as in the resilient case, the production wedge is substantially simpler than the general

representation.

5.4 Resilience, Fragility, and the Ability to Abate Adverse Shocks

In this subsection, while not the motivation for our definition, we nevertheless show that our
notions of resilience and fragility provide a useful diagnostic for the concept that a sector is
(un)able to abate large shocks to upstream suppliers. For this thought experiment, consider
a pair of sectors 7,5 € [n], and suppose that there is a change in the price of sector j by an
amount A > 0 such that the input price vector changes to p — p + Ae;. We say that a large

such shock to sector j can be abated by sector i if:'°

lim Ti(p + Xej) — Ti(p)

Lim 3 =0 (53)

Intuitively, a shock to j can be abated by sector ¢ if, as the shock to j’s price becomes large,
the ultimate effect on the costs of sector ¢ becomes proportionately insignificant. To exemplify
this definition, in the case in which sector ¢ has a Cobb-Douglas production technology with
weights a; € A, i can abate shocks to j if and only if a;; = 0.

To describe how resilience and fragility relate to the ability to abate shocks, consider first
a resilient sector i € [n]. By Proposition 2, such a sector can be represented as possessing
an endogenous Cobb-Douglas production function with productivity shifter A; : C; — [0, 1].

For such a production function, we define the set of feasible production technologies Cft =

10We observe that this property is independent of the initial p at which the object inside the limit is evaluated.
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c{w; € C; : Ai(w;) > 0}, i.e., the closure of the set of all of the mixes of inputs such that
the sector can generate production using that input mix. Now consider a fragile sector ¢ € [n].
By Proposition 3, such a sector can be represented via a task-based production function with
productivity shifter A; : C; — [1,00]. For such a production function, we define the set of
necessary tasks Cf" = {w; € C; : A;j(w;) < 0o}, i.e., the set of tasks which must be completed

in order to produce output. With these definitions in hand, we have that:
Proposition 4. The following statements are true:

1. Suppose sector i is resilient. Sector i can abate shocks from sector j if and only if w;; = 0
for some w; € CE.

2. Suppose sector i is fragile. Sector i can abate shocks from sector j if and only if w;; =0
for all w; € CF.

Thus, our notion of resilience captures the idea that a sector can abate adverse shocks so
long as it is possible to adopt a technology that substitutes away from an adversely affected
supplier. By contrast, our notion of fragility captures the idea that a sector can only abate
shocks if all of the tasks that it performs do not require the outputs of the shocked supplier.
Moreover, if a sector is fragile, it follows immediately that there always exists some sector
such that shocks to that sector cannot be abated. Thus, while our definition does not use
these concepts in its conception, it has the desirable property that it maps to these potentially

natural notions of the ability to abate shocks.

Example 1 (continuing from p. 13). As one application of this result, consider a sector i with
a CES production technology with input weights o; € A and elasticity of substitution o; € R
If sector i is resilient (i.e., o; > 1), then it can abate shocks to sector j if and only if a;; < 1.
That is, it can abate shocks originating from a sector if and only if that sector is not its sole
input supplier. If sector i is fragile (i.e., o; < 1), then it can abate shocks to sector j if and

only if a;; = 0. That is, it can abate shocks from a sector only if it is not exposed to that sector.

5.5 Alternative Fragility Notions: Big Shocks and Elasticity

So far, we have considered a notion of fragility that corresponds to more dispersed shocks
leading to worse outcomes. While this is a standard notion, there are other reasonable natural-
language notions of fragility. Two potentially natural additional notions are that: (i) as shocks
become bigger, their marginal adverse effect is larger, and (ii) the elasticity of substitution is
greater or smaller than unitary. In this section, we show how these notions are related.

Formally, we define resilience and fragility to big shocks as:
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Definition 3 (Resilience and Fragility to Big Shocks). Sectori is resilient (fragile) to big shocks
if T; is concave (convez) at zero. The economy is resilient (fragile) to big shocks if 11 is concave

(convex) at zero.

To understand this, observe that T; is convex at zero if for all A € (0,1) and p € R™

T:(Ap

np) > 1O
—— ——

Total Effect Average Effect

(54)

That is, the total effect of a shock in direction p—or T;(p)—is larger than the average effect for
all scaled down versions of that shock— or T;(Ap)/A. This is a mathematical definition of the
intuitive notion that the marginal effect of a shock is increasing in the size of the shock.

Moreover, we define elasticity as:
Definition 4 (Elasticity). Sector i is elastic (inelastic) if T; is supermodular (submodular).

To understand why we use this definition of elasticity, we observe that when T; is twice
continuously differentiable, it collapses to the standard notion of elasticity from producer theory.
More technically, given the corresponding cost function K;, we define the Allen-Uzawa elasticity

of substitution as

9Ki(P) 9*T;(p)
UKZ'(P) _ K; (P) oP;0P. _ 14 dp;Opr, (55>
gk OK;(P) OK;(P) 9T (p) 0Ti(p)
(9Pj Py apj apk

where the second equality follows by simple algebra. Here, we can see that supermodularity
(submodularity) is equivalent to the elasticity of substitution being globally greater than one
or smaller than one—the standard notion of elastic and inelastic. Indeed, for a CES production
function, this notion of elasticity corresponds to the standard condition that ¢ < 1. Our
definition is more general in that it can be specified without assuming any differentiability
property of T;.

From this, we can see that elasticity encodes a notion of fragility to correlation. To under-
stand this, suppose as before that the log-prices faced by sector i have distribution 7 € R". A
standard notion of a random vector with distribution 7’ being more correlated than another
random vector with distribution 7 is that the distribution 7’ dominates 7 in the supermodular
stochastic order (see Shaked and Shanthikumar, 2007, for a discussion). That is, for all super-
modular f : R" — R, we have that E.[f(p)] > E:[f(p)]. Intuitively, if 7’ is more correlated
than 7, the expected value of a supermodular function will be larger under «’ than 7 because
the arguments are more likely to be jointly large and small. Thus, a sector being elastic implies
that that sector is fragile to correlation.

The next result shows that these different notions of resilience and fragility can be ranked

in order of stringency.
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Proposition 5. The following statements are true:

(i) If a sector is inelastic (elastic), then it is fragile (resilient)
(i1) If a sector is fragile (resilient), then it is fragile (resilient) to big shocks
Thus, while all sectors being elastic or inelastic is sufficient for the conclusion that the
economy is resilient or fragile, it is far from necessary. While these notions are equivalent
with CES production technologies, away from this special case our analysis makes clear the
distinct roles played by elasticity and resilience/fragility: elasticity determines the extent to
which correlation is good or bad, while resilience and fragility determine the extent to which
volatility is good or bad. As Theorem 1 and Corollaries 1 and 2 have shown that resilience
and fragility characterize equilibrium outcomes, our results indicate that elasticity (while more

conventional) is less reflective of the general structure of equilibrium outcomes.

6 Application 1I: Shock Propagation

Understanding the effects of small shocks is a classic analytical method in macroeconomic
analysis. This is typically for the reason that, by focusing on small shocks, non-linearities
can be ignored. We will find, however, that the presence of technology switching implies that
non-linearities affect even such a local analysis, caveating the standard takeaway from Hulten
(1978): local Domar weights are not generally sufficient to determine the effects of even small

shocks.

6.1 Shock Propagation in the Small

To understand the effects of small shocks, we denote the starting point from which the economy
is shocked by x € R™, the direction of a productivity shock by d € R", and the size of the shock
by t € R, . With this, we define the local effect of a shock in direction d of size ¢ starting from

T as:

Mo (a: d) = lim 2 F 1) = @) (56)

t—0t+ t

We say that II is directionally differentiable at x if this limit exists for every d and that II is
Gateaux differentiable at x if this limit is a linear function of d.*!

We define the optimal technology choice profile across sectors from the endogenous Leontief

representation (Proposition 1) as:

T " exp(p;
YX(p) =W € W :w; € argmin 29*1 i p(p;)
wW;EA GZ(U)Z)

, Vi€ [n]} Vp e R" (57)

11 All these properties and derived objects are analogously defined for the log-cost operator T' and the real
GDP function T.
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Intuitively, 3 (p) corresponds to the set of cost-minimizing technology choices across firms when

they face the log-price vector p. We also define the operator L : W x R" — W:

- W;; exp(p;)
LZW — J J
W P) = S G exp(an)

Vi, j € [n] (58)

which returns the Cobb-Douglas expenditure shares given a technology choice matrix 1. With
these definitions in hand, we arrive at the following formula for the directional derivative of

equilibrium log-prices:

Theorem 2. The equilibrium log-price operator 11 is directionally differentiable with:

lo(z;d) =  min Qg peyd  Vo,d eR” (59)
Wexs(TI(z))

Intuitively, this formula says that for every direction d, shocks propagate according to the
Leontief inverse of a fictitious Cobb-Douglas economy with expenditure shares given by L.
Moreover, the result says that among all of the cost-minimizing technologies that prevail at the
equilibrium log-prices II(x), the fictitious Cobb-Douglas is the one that minimizes equilibrium
prices following the shock.

We emphasize that different directions of shocks can give rise to different technology choices
of firms, causing the derivative of prices to jump. Theorem 2 thus implies that the derivative
of prices jumps at exactly those points where many technologies are optimal for any sector.
The following four equivalent statements characterize the points at which technology switching

introduces jumps.
Proposition 6 (When Jumps Feature). Fiz x € R". The following statements are equivalent:

(i) T is Gateaux differentiable at 11(x)
(ii) 11 is Gateaux differentiable at x
(111) S(I1(x)) is a singleton

(iv) There exists a unique competitive equilibrium at x.
Moreover, for almost all x € R™, these four equivalent conditions are true.

Thus, whenever there are multiple competitive equilibria or 7" is not Gateaux differentiable
at equilibrium, jumps occur and the fundamental theorem of calculus may serve as a poor guide.
While this result clarifies that these jump points comprise a zero measure subset of R", their
presence can nonetheless lead to arbitrarily large errors if the analyst ignores them. As we will
see in our later applications, the presence of jumps is an essential consideration in computing
the effects of shock volatility on expected GDP.
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6.2 The Insufficiency of Local Domar Weights

We now use Theorem 2 to derive the directional derivative of equilibrium output Yo(z;d) =

lim,_q T(:c+tc?f’r(x)

and provide a generalization of Hulten’s theorem that the change in ag-
gregate labor productivity induced by infinitesimal productivity shocks is given by the inner
product of the sales share vector (or Domar weights) with the vector of productivity shocks.
To this end, let £(x) be the set of competitive equilibria at x € R"™. For any competitive

equilibrium E, we define the Domar weight vector as A\g = (PFY,P)™,.

Proposition 7 (Generalized Hulten’s Theorem). Equilibrium log output Y is directionally dif-

ferentiable with derivative:

To(x;d) = max Nydy Vo,d € R" (60)

Ecé(x)
where dy = —(1 — B)d is the direction of the shock expressed in units of log-TFP.

This generalizes Hulten’s theorem beyond the case in which firms’ cost functions are differ-
entiable. The technology switching that previously led to discontinuity in the response of prices
to shocks also leads to discontinuity in the response of output to shocks. This discontinuity
manifests because switches in technology lead to jumps in the economy’s Domar weights. The
theorem highlights that scaling d by any n > 0 yields the same Domar weights but rotations of d
may lead different Domar weights to govern shock propagation. Intuitively, when the economy
is at a technology switching point, different directions of shocks will propagate differently.

To understand the implications of this result, observe that Proposition 7 implies that knowl-
edge of £(x) is essential to know the effects of local productivity shocks. However, except when
&(z) is a singleton, this implies that knowledge of Domar weights before a shock is insufficient to
know the effects of a shock. Instead, the analyst must know how technology may change in or-
der to predict how shocks propagate. For large shocks, it is well understood that Hulten (1978)
may provide a poor approximation (Baqaee and Farhi, 2019). What is new is that Proposition
7 shows that the same conclusion can be true even for small shocks. Moreover, Proposition
6 clarifies exactly when the conclusion of Hulten (1978) fails: when technology switching is
fast, technologies that prevailed before a shock can be a poor guide to technologies that prevail
following a shock. Conversely, when the economy is fragile (and thus by Proposition 3 features
a Gateaux differentiable T'), the conclusion of Hulten (1978) is valid.

Illustrating the Generalized Hulten’s Theorem in a Two-Sector Economy. To un-
derstand this result further, we explicitly apply for the formula in the example economy that
we used to illustrate Theorem 1. In particular, we consider the local effects of a shock to

upstream log productivity xy starting from a steady state in which both the upstream and
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downstream sector are equally productive (Zy, Zp) = (1,1). At the initial productivity vector,
by symmetry the prices of both sectors are equal. Hence, the Cobb-Douglas expenditure share
operator simply reduces to Lij(W,H(O)) = w;j. Therefore, the Domar weight vector given
technology choices W is given by A = f’QL(W,H(O)) = ¢'Qy;,. Applying the fact that {p =1 (as
the household only consumes downstream goods) and our earlier derivation that wyy = 1 (as
the upstream sector has no technology choice in this example), we have that the Domar weight

vector corresponding to downstream technology choice wpp is given by:

/
i 0 1 0 -
)\<wDD) - ( 1 > ( 1-%pp 1 ) - ( 2—wg§ 2—11}1DD ) <61)
2—Wpp 2—WpD

As efficient technology choice for the downstream sector at symmetry simply maximizes down-

stream output, we have that wpp must lie in the set Sp = {wpp € [0,1] : Gp(Wpp, 1 —wWpp) =
1}. We denote the largest and smallest elements of this set by Wpp and wp,. The formula
from Proposition 7 yields that the local effects of an upstream productivity shock zy on log

real GDP are given by:

- w

To(0; (x17,0)) = max 1=wpp (1. I F=rres (—izp), 20 <0, o2
0(0; (zv, ippesp | 2 — dpp \ 20 Lton (_ly) oy > 0
—WDpD ) .

where the second equality follows as the objective is an decreasing function of wpp when xy < 0
and an increasing function of wpp when zy > 0.

Intuitively, when there is an adverse shock to the upstream sector (i.e., zy > 0), the down-
stream sector switches to the technology (among all of those that are efficient) that is least
reliant on upstream inputs. Conversely, when there is a positive shock to the upstream sector,
it switches technology to be maximally exposed to the shock. To understand when there is a
discontinuity in the effects of shocks, we therefore have to understand when Sp is singleton,
i.e., when there is a single efficient technology choice. If there is a single Leontief technology
downstream with downstream input weight «, the unique efficient technology is wpp = «.
Hence, Sp = {a} and there is no discontinuity. If there is a perfect substitutes technology
downstream, then all technologies are efficient Sp = [0, 1], there are highly asymmetric effects:
positive shocks propagate while negative shocks generate no adverse consequences. More gener-
ally, if there are finitely many Leontief technologies downstream (as in the introductory example
from Section 2), negative shocks propagate according to the smallest Leontief weight on up-
stream and positive shocks propagate according to the largest Leontief weight on upstream.
These examples illustrate that resilience and the ability to switch technologies generates these
shock-dependent local responses. The fully general formula generalizes these examples to cap-

ture these technology switching phenomena with richer technological possibilities.
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7 Application III: Microeconomic Volatility and GDP

To quantify the magnitude of an economy’s resilience, we now apply our results to study how

changes in microeconomic volatility affect the average GDP of the economy.

7.1 Local Resilience and Fragility

For this section, we assume that sectoral log productivities are stochastic and study how a
change in the standard deviation of the log productivity of an arbitrary sector i € [n| affects
average log GDP. To this end, suppose that sector i’s log productivity can be written as X; =
wi + s;v;, where p; € R represents mean log-productivity, s; € R, denotes the standard
deviation of log productivity and v; is a shock (in standardized units) to log productivity. We
assume that v; is (jointly) independent across sectors and has probability density function ¢;,
which is even, continuous, and has unit variance. With an abuse of notation, we henceforth
suppress dependence on means, and let ¢4(z) and, for all i € [n], ¢_; s(z_;) denote the induced
densities of the random vectors X = (X);cf and X = (X;);2. A key example accommodated
by this setting is that X is jointly normally distributed with mean g and variance-covariance
matrix diag(s?, ..., s2), where s = (s1,...,s,) € R7,.

Given this structure, we define expected log GDP given sectoral standard deviations s € R’}

as:
n

V() =10 = [ T@pa)do= [ T (Hg%(xi;“i>)dx (63

R™ =1 7t i

We say that the economy is locally (at s) fragile to increases in the volatility from sector i if

8}8/—5(;) < 0 and the economy is locally resilient if 8§—L§j)

resilient (resp. fragile), then the economy is also everywhere locally resilient (resp. fragile) to

Y (s)
0s;

economy to sector . We now proceed to provide a general decomposition of this quantitative

> 0. It also follows that if the economy is

every sector i.'2 We can consider as a quantitative measure of the local resilience of the

measure.

7.2 The Effects of Microeconomic Volatility on GDP

To state the result, we define Dr as the set of € R™ such that 7" is continuously differentiable

at x. By Proposition 6, we have that D has measure one for all possible profiles of sectoral

12T see this, observe that, for every i € [n] and every convex function ¢ : R — R, the map

S / O(pi + 83v3)pi(vi) dv;
R

is nondecreasing over R;. With this, the distribution of each X; increases in the convex order whenever s;
increases.
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standard deviations s > 0 and that for all x € Dy there is a unique equilibrium. We also define
by Hr as the set of points of R™ where T is twice continuously differentiable. In this section,
we maintain the following technical assumptions: (i) the set Dr is open and (ii) Dr = Hr.
Together with the full-measure property of Dr, these assumptions say that T' is fundamentally
C? (Definition 5). Under the lens of Proposition 6, the first part of the assumption says that
equilibrium uniqueness is robust to small perturbations of shocks. The second part of the
assumption states that whenever a unique equilibrium exists, the log-cost operator admits a
second-order expansion. Importantly, this does not imply that the second-order expansion
approximates well the equilibrium everywhere, just generically. While this might seem a detail,
especially since we are considering absolutely continuous shock distributions, our decomposition
below shows that the (non-generic) discontinuous changes in the derivative of T still matter
even when we consider infinitesimal changes in volatility s. Intuitively, while jumps are rare,
they are locally infinitely larger than the smooth variation in the function.

Under our maintained assumptions, for every x € Dy, the Domar weights A(z) € A and

their derivatives (a’g—f‘")) . € R"™ are well defined. We set a’;;—z(f”) = 0 for all x ¢ Dy and
v i€n v

all i € [n]. Moreover, for every sector ¢ € [n], define the Domar weight jump as A\;(z) =
Ai(z) = limy, Aj(x — £e’) for all z € R™. These jump functions are well defined everywhere, and

they are equal to 0 on Dr. Finally, we define the function m; : R — R, :

m(x;) = /:)m re(r)dr (64)

k3

With these objects in hand, we have that the local resilience of the economy is given by the

following formula.

Proposition 8. For all s > 0 and i € [n|, we have:

Y (s)
asi

= —(1 - B)E, /R—a)\i(xi’X_i)mi(xi)dxi + Z AN (i, Xog)my () (65)

al’i

x; ER

Moreover, we have that AN, (xz) <0 for all x € R™, and so the second term is negative.

To prove this result, we leverage techniques from convolution. The result expresses the
effect of changing the standard deviation of sector ¢ on expected log GDP as the sum of smooth
and jump contributions, weighted by m; and averaged over X_;. These are the two components
of the second-order distributional derivative of GDP with respect to x;. The first term is the
standard and familiar second-order term from Baqaee and Farhi (2019): the second-order effects
of changing productivity shocks are captured by the change in the Domar weights. However, in
general, this does not capture the total effect. The second term is the average of a singular (non-

smooth) measure that captures points at which the Domar weights jump because firms discretely
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switch technologies. This term always contributes positively. Intuitively, technology switching
always makes the economy more locally resilient because firms change technologies efficiently.
Thus, neglecting technology switching will always overstate the extent of the economy’s local
fragility.

We now unpack these terms and how they contribute to local resilience and fragility under
different technological assumptions. First, suppose that each sector has a sufficiently “smooth”
production technology in the precise sense that its log-cost is Gateaux differentiable. In this
case, we have there is always a uniquely optimal technological choice of firms and the singular

measure in Proposition 8 is identically zero. That is, we have:

oY ONi(5, X_;
2 - | [ P 4] (60
If X; ~ N(p,s?), this reduces to
oY (s) = [ON(X)
s —(1 - B)s;Eq [ o1, ] : (67)

For derivatives with respect to the variance v; = s?, the corresponding expression is divided by
2s;, as explained in Remark 1.

A direct corollary of this fact is that if all sectors are fragile, only the first term appears and,
in this case, the total effect of microeconomic volatility is negative.'® In this world of smooth
technology, the Baqaee and Farhi (2019) logic of studying the derivatives of Domar weights is
sufficient to characterize local resilience and fragility. However, even in this case, we highlight
that the formula provided by Proposition 8 is novel and extends the logic from Baqaee and
Farhi (2019): it provides the exact—rather than approximate—effects of changing volatility on
expected GDP.

Second, to explore the opposite resilient case, suppose that each sector has an endogenous
Cobb-Douglas technology with only finitely many technologies (e.g., as in Acemoglu and Azar,
2020):

G(@) = max A) ] (ff—) ’ (68)

J=1

where C; is a finite subset of A. On every region where the optimal technologies are unchanged,
the economy has a fixed Cobb-Douglas production network and hence constant Domar weights.

The weights can jump at the boundaries between these regions, but their smooth derivative

13This is true more generally since in fragile economies Y is a concave function (Corollary 2).
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term in Proposition 8 vanishes. Specializing that proposition therefore gives:

= (1 - B)E; Z[—AN(K X_3)]ma(t)| > 0. (69)

teR

Here the expectation is over X_;, and, for each realization of X_;, the sum collects the jumps as
the coordinate x; = t varies. This is the jump contribution in Proposition 12 in the appendix,
with the smooth term equal to zero. Since A)\; < 0 and m; > 0, each jump contributes nonneg-
atively to the marginal effect of increasing s;, making the economy everywhere locally resilient.
The entire effect of increased volatility on expected log GDP therefore operates through tech-
nology switching, even though the switching boundaries themselves have probability zero under
the maintained continuous productivity distributions.

Even beyond fragile and resilient economies, Proposition 8 formalizes and generalizes the
qualitative phenomenon illustrated in Section 2, that is, the effect of microeconomic volatility
in expected log-GDP is generally non-monotone. In particular, in the case of finitely many
endogenous Leontief technologies considered in that section, the smooth term in Equation 65 is
always negative and corresponds to the (smooth) volatility effect in the local Leontief economy,
a fragile economy. Therefore, in this case, the total effect is the sum of two effects with opposite
signs, respectively capturing the fragility (owing to the fact that technology is locally Leontief)

and the resilience (arising from the ability to switch technologies) of the economy.

8 Application IV: Robust Bounds on GDP Volatility

In this section, we derive lower and upper bounds on the variance of real GDP under standard

assumptions about the distribution of productivity shocks.

8.1 The Stochastic Properties of Productivity

Assume now that X, the profile of the sectors’ inverse log-productivities, is a random vector
with independent components. Importantly, we are not making any assumptions about the
boundedness of the distributions’ supports or the existence of densities. Let T denote the ran-
dom variable describing the equilibrium real GDP of the economy at every possible realization
of the random vector X. In fact, we let X be the only source of randomness for T. Our goal
is to find bounds on Var[Y] given the original distribution of X and the equilibrium operator

yielding T.
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8.2 The Bounds on GDP Volatility

By Proposition 6, we know that there exists a full-measure set D C R” such that T is (Gateaux)
differentiable at every = € D. For every = € D, let A\(x) € A denote the Domar weight vector
corresponding to the unique competitive equilibrium at z.'* For every sector i € [n], define its

smallest and largest Domar weights respectively as

A; = inf () and A\ = sup \i(z). (70)

= x€D zeD

Observe that, differently from any fixed Domar weight vector Ag, we have that > " A, <1
and Y7 | \; > 1, usually with strict inequalities.®®
With these definitions in hand, we now provide robust bounds and variance of aggregate

GDP that can result from microeconomic productivity disturbances:

Proposition 9. Under our maintained assumptions, we have

(1 B)? max NPVar[X;] < Var[Y] < (1 - 8)*Y_ X, Var[X]. (71)
S
i=1
Before discussing the intuition behind and implications of these bounds, we remark that
Equation 71 provides robust bounds on the volatility of the aggregate output that apply re-
gardless of the distribution of productivity and firms’ production technologies.
To unpack this result, we observe that these bounds in a fixed Cobb-Douglas production

economy (with Domar weight vector A € A) reduce to:

n

(1= B)” max A\ Var[X;] < Var[Y] < (1 — 8)* )~ A?Var[X,]. (72)

i€[n] Y

Intuitively, there is a most influential sector i whose squared Domar weight A? multiplied by its
productivity volatility Var[X;] is maximal. The volatility of aggregate output is always bounded
from below by the volatility that arises from this most influential sector. For the upper bound,
we observe that the volatility of GDP is simply less than the total contribution of each sector.
While the lower bound is typically loose, we can see from this example that our upper bound
is tight, as the volatility of GDP is exactly this upper bound in Cobb-Douglas economies.

In the general non-linear case, our result shows that this intuition from Cobb-Douglas

economies carries over to arbitrary economies, with one caveat: instead of the fixed Domar

4This is well-defined again owing to Proposition 6.

15Tn fact, the main case where the previous conditions hold with equality is that of a production economy
where all sectors have Cobb-Douglas production functions as in Acemoglu et al. (2012). In that case, there
exists a single Domar weight vector that is independent of the realization of the sectors’ productivities.
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weights governing propagation, the lower bound is governed by the most influential sector’s
smallest possible Domar weight (across different productivity realizations) and the upper bound
is governed by the largest possible Domar weight.

Thus, our result provides general conditions for when small microeconomic productivity
disturbances can generate sizable macroeconomic fluctuations. If there is a sector which always
has a non-negligible Domar weight, then microeconomic shocks are guaranteed to generate
aggregate fluctuations. Relative to the insight of Acemoglu et al. (2012), our bounds imply that
even with arbitrary technologies, so long as there exists a sector that cannot be replaced (even in
extreme circumstances), microeconomic shocks have the potential to generate macroeconomic

events.

9 Conclusion

In this paper, we have provided a global analysis of the canonical production network model with
arbitrary constant returns to scale technology. Our main result provides a primitive formula
for equilibrium prices that applies in any such economy. As a formula was previously known
only in the Cobb-Douglas case (Acemoglu et al., 2012), this formula represents a substantial
generalization and applies to popular special cases, such as nested CES economies (Baqaee and
Farhi, 2019; Dew-Becker, 2023), endogenous Cobb-Douglas economies (Acemoglu and Azar,
2020; Kopytov et al., 2024), and many others (including those studied by Chodorow-Reich
et al., 2026; Acemoglu and Tahbaz-Salehi, 2025).

Beyond the technical contribution of this paper, to demonstrate the general utility of this
analysis, we used it in four applications. First, we studied the question of when the economy
is resilient and when it is fragile. We found that the “min” and the “max” in the general
representation correspond in a natural way to the competing forces of resilience and fragility.
We also characterized the microeconomic properties of resilience and fragility at the sector
level, revealing that standard specifications and approximation-based methods allow only for
global resilience or fragility. Thus, such models cannot capture the qualitative possibility that
changing input mix can lead to volatility having “S-shaped” effects on the economy, whereby
small and large levels of volatility are bad, but intermediate levels are good.

Second, we provided a generalization of Hulten’s (1978) theorem to cover the case of general
(i.e., non-differentiable) production technology. As we showed, such non-differentiabilities are a
natural consequence of allowing for endogenous production networks. Moreover, the generalized
theorem places important economic nuance on the received wisdom following Hulten (1978)
that, for small shocks, it is not important to know anything about technology or the input-
output network. Indeed, the presence of technology switching—which cannot be inferred from

mere observation of the current Domar weights—leads current Domar weights to provide an
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inaccurate description of shock propagation, even for small shocks.

Third, we characterized the effects of microeconomic volatility on GDP. We showed that
these effects can always be decomposed into two terms, reflecting how changes in productivity
smoothly change the economy’s Domar weights—providing an exact version of the logic from
Baqaee and Farhi (2019)—and an additional term reflecting how jumps in Domar weights
contribute. This change from jumps in Domar weights results from technology switching and
always contributes positively. Hence, by this notion of local resilience, economies are necessarily
weakly more resilient than would be suggested by second-order methods (and strictly more so
exactly when technology switching occurs in equilibrium).

Finally, we further applied the generalized Hulten’s (1978) theorem to provide robust up-
per and lower bounds on the variance of aggregate output that results from microeconomic
productivity disturbances that hold regardless of the underlying production technology in the
economy. These general bounds reveal that, in order to guarantee that microeconomic produc-
tivity disturbances matter in aggregate, there must generally be a sector whose sales share of
GDP is substantial even when they are very unproductive and their goods are very expensive;

1.e., there must be a sector whose output is very hard to substitute.
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Appendices

A Preliminaries: nonexpansive operators and fixed points

In this appendix, with an abuse of notation, we let x € R™ denote an arbitrary n-th vector,
which does not need to be related to the vector of log-productivity shocks considered in the
main text. We endow R"™ with the supnorm |[z||c = max;epn) |2;|. We say that an operator
S : R" — R" is nonexpansive if ||S(z) — S(2')||x < ||z — 2||s- Also, denote by D the set of
constant vectors of R™.

We now recall a few definitions of operator properties that will be important in our analysis.
We say that a selfmap S on R" is normalized if S(he) = he for all h € R, where e = (1,...,1) is
the n-dimensional unit vector. We say that such a selfmap is translation invariant if S(p+he) =
S(p) + he for all p € R and h € R.

Given a nonexpansive operator S : R” — R", denote as F(S) its fixed points, that is those
points z such that S(z) = z. Fix 8 € (0,1). We introduce the new operator Sg : R — R”
that maps each x € R™ to the solution of the following equation (in Z):

(1-B)z+BS (). (73)

z

Lemma 3 in Cerreia-Vioglio et al. (2025b) establishes that S is well defined. In what follows,
to lighten notation, we often denote Sg(m) = Zg. We define an additional ancillary operator
S R" = R" by

Sge(2)=(1=B)z+pS(2") Vi'eR", (74)

and, for every m € N, let S§' (z') = Sg.0...085,(z') denote its m-th fold iteration evaluated
at ’. It is standard to show that lim,, S§,(z') = Sg(x) for all ',z € R", see, e.g., Lemma 3 in
Cerreia-Vioglio et al. (2025b).

We next state without proof a simple lemma which characterizes 5’5 when S is affine, non-

decreasing, and translation invariant.

Lemma 1. Let S(z) = Wz + u for some W € W and u € R". We have
Ss(z) = Qw (:v + Lu) Vo € R™. (75)
(1-5)

In this case, Sg is affine, non-decreasing, and translation invariant.

Lemma 2. Let S and R be nonexpansive. If either S or R is non-decreasing and S > R, then
Sp > R,
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Proof. Assume S is non-decreasing and fix z € R". We prove by induction that Sg,x (x) >
R}, (z) for all t € N. For t = 1, note that S§ , (z) = (1 - )z + S(z) > (1 - )z + R (z) =
R}, (). Next, we assume the statement is true for ¢ and we prove it holds for ¢ + 1. Since S

is non-decreasing and S > R, we have that

S5 () = Spa (Shy (@) = (1= B)z+ BS(Sh, () > (1— B)a + BS(RY, (x))  (76)
> (1— )z + BR(RY, (1)) = Rg. (R, () = Ry, (x), (77)

proving the statement. By passing to the limit, Sz(z) = lim, Sho (x) > limy R}, (z) = Rs(z).
If, instead, R were the one to be non-decreasing, it would then be enough to change in the
inductive step (1 —3)z + BS(R}, (x)) with (1 — )z + BR(S}, (x)), to reach the same con-

clusion. O

B Proofs of the Results in Section 4

Proof of Proposition 1. (1) = (2) Fix P € R,. Fix also ¢ € [n] and w; € A such that
G;(w;) # 0. Define @Q; = % € R%. Since G; is positive homogeneous, we have that
G;(Q;) = 1. By definition of @, it follows that

ZJG# ZQUP > K,(P). (78)

Because w; was arbitrarily chosen, it follows that

> Wi P > Wi P
K(P)< w2 0ili L 2em Talh 79
( )_wieA%i?wiﬁéO Gi(w;) gzlérﬁl‘ Gi(w;) (79)

Next, fix @; such that G;(Q;) > 1 and define w; = It follows that

Y
s, @i

ST P SCIL B oL, Sp S

Gi(Q)) Gi(w) T aea  Gi(w;) (80)

where the equality follows from positive homogeneity of GG;. Because (); was arbitrarily chosen,
it follows that K;(P) > ming,eca % proving K;(P) = ming,ca %

By the definition of T, we have

1
T:(p) = z{;né% In <Z W;; exp(p; ) +1In <Gz(wz)> , (81)
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By Maccheroni et al. (2006), this establishes that 7" is normalized, monotone, and translation
invariant, completing the proof of this part.

(2) = (1) follows directly by Theorem 3.

The exact expression for T follows by combining the above with Proposition 1.4.2 in Dupuis

and Ellis (2011).16 0

Define the function H : [0,00] x A x A — [0, 00] as

A wis log (2

) if w, <w;, and X< oo,

00 otherwise.

Lemma 3. Let T : R" — R" be such that, for every i € [n], there exists \; € [0,00] and a

lower semicontinuous function ¢; : A — [0, co] with

T,(z") = meirAl mgﬁ{(whx’) — H(\;, wi, w;) + ¢; (w;) } Vr' e R™. (83)
We have that
[I(x) = min max {QW <x - TC(WHW))} Ve e R" (84)
Wew Wew

where (W ||W) = % (H (N, w;, w;) — ¢;(w;)) for alli € [n].

Proof. For every i € [n], fix \; € [0,00] and ¢; : A — [0,00] as in the statement. For all
W, W €W, define a (W, 1V) € R" as

a(W,W) — —H (\wi, i) + o (0;) Vi€ [n] (85)

%

and the affine operator Ty i, : R" — R™ as
Ty (&) = Wa' +a (W, 1) (86)
Also, for every W € W, define the operator T - R" = R" as

Ty (o) = max Ty gy (7). (87)

16The steps of the proof of that result need to be adapted in the obvious way given that we have
1n<2?:1 Wi exp(pj)) in place of — 111(2?21 Wy exp(—pj)).
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Observe that the operator in Equation 87 is well defined since

w; EA

<%§%TW,W (x’)) = max {(w;, ©') — H (A\j, wy, ;) + ¢; (0;)} Vi € [n], V2’ e R". (88)

Clearly, each 15, is non-decreasing and translation invariant, hence nonexpansive. With
this, we have
T (2') = min T, (2) V' € R". (89)

wew w

By Lemma 1, for all W, W € W, we have

W, W8 (z) = Qw <x + T 604 (W, VV)) Vx € R™. (90)
Next, fix W € W and observe that for all W € W and 2’ € R", we have Ty w (2') < T (2).

By Lemma 2, we also have that

Qw (m+ fﬁa (W, W)) = Ty (0) < Tjy , () (91)

for all W € W and x € R™. By Equation (87), for all z € R"™, there exists W € W such that
Ty 5 (@) = (1= B)a+ BT}, (T&V,ﬁ <:c>) = (1 =Bz + BTy y (T;fv,ﬁ (x)) (92)

yielding that TI}/B () = TW,W,ﬂ (x), hence that

77, (x):%rvnea%{ﬁw (x—l— 1fﬁa(w,w))}. (93)

Because W € W was arbitrarily chosen, it follows that Equation 93 holds for all W € W.
Next, fix x € R". Because T' < 1% for all W € W, Lemma 2 implies that

M(w) < T, (2) (94)

for all W € W. By (89), there exists W* € W such that
(z) = (1 =)z +pT (l(2)) = (1 = )z + Ty, (T (z)) (95)

yielding that II (z) = T;/ 5 (). This in turn yields that

min 7% () <T%,  (2) =1 (z) < min 7%, . (2), 96
min Ty, (2) < Ty, () = 11(0) < uin T, (0 (96
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hence that

. . B z
II(z) = %/nelilvTWﬁ (x) = nin max {QW (:r; t1o Boz (W, W) (97)
= gmin ey {2 (=7 (W)} %)
as desired. []

Proof of Theorem 1. By Proposition 1, observe that for every i € [n], T; can be written as
in Equation 83 with \; = 1 and ¢;(w;) = In (ﬁ) for all w € A, which is clearly lower

semicontinuous. Therefore, the result immediately follows by Lemma 3 and Equation 20. [

C Proofs of the Results in Section 5

Proof of Proposition 2. Fix i € [n| and a log-cost operator T;.

(i) implies (ii). Because sector i is resilient and T} is a log-cost operator, by Proposition 1
we have that T; is normalized, non-decreasing, translation invariant, and concave. By Lemma
26 in Maccheroni et al. (2006), it follows that

where d; : A — [0, 00] is lower semicontinuous, convex, and such that min,,ca d; (w;) = 0. In

particular, if T; is positive homogeneous d;(w;) € {0,000} for all w; € A. With this, we have

{ [ 2™

K; (P) = exp (T; (In (P))) = min m

w; EA

} VP eR",. (100)

Next, define

w; EA

G* (Q;) = max {exp (—di (w) ]| (Q"i) } vQ; € R". (101)

Observe that G; is non-decreasing and such that

ooy o | n U~1ij Wij B
max G;(@;) = max {eXP( di (w:)) max | 1< ) }— : (102)

Moreover, since the objective function in the maximization of Equation 101 is the product of

two upper semicontinuous functions, it is upper semicontinuous in (Q;,w;). In turn, Lemma
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17.30 in Aliprantis and Border (2006) implies that G; is upper semicontinuous, and Proposition
5.94 in Moore (1999) implies that it is, in fact, continuous.
By letting C; = {w; € A : d;(w;) < oo} and A; (w;) = exp (—d; (w;)) for all w; € C;, we

obtain

w; €C;

n w;s
G (Qi) = max {Ai(wi) I (Q”) } VQ: € R (103)
j=1

Observe that, given the properties of d;, we have that C; is nonempty and convex A; is upper
semicontinuous, log-concave, and such that max,,cc, A; (w;) = 1. Moreover, if T; is positive
homogeneous, and thus d(w;) € {0,000} for all w; € A, A; is equal to 1 on its domain. Next, it

is easy to see that, for all P € R"} |

Wij

min i@ijpj — min {Hf—wﬂ)} = K; (P), (104)

Qi€RT:GF(Q4)>1 w;€C;

yielding that 7; is generated by G}.
(ii) implies (i) The cost operator generated by G; is
nopvi
Wi ? e R", . (105)

In turn, this yields that

wiGCi

Ty(p) = min {(wi,p) +n (A;wi))} Wp € R, (106)

which is a concave function, as desired. Moreover, if A;(w;) is identically equal to 1 on its

domain, In <m> € {0, 00} so T; is positive homogeneous. ]

Proof of Corollary 1. For every sector ¢ € [n], Proposition 2 and Equation 106 give that

) 1 .
Ti(p) = iy {(wi,p) + In (Ai(wi))} Vp € R™. (107)
By Equation 107, observe that for every i € [n], T; can be written as in Equation 83 with
A; = oo and

In (;> if wed,
00 otherwise.

(108)

which is clearly lower semicontinuous. Therefore, the result immediately follows by Lemma
3. O

Proof of Proposition 3. 1t follows directly from Proposition 13. O
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Proof of Proposition /. First, assume that sector i is resilient. Fix j € [n] and observe that by
Definition 3.1, Proposition 5.7, and Theorem 7.4 in Dal Maso (1993) we have:

. Ti()\ej) T . 1 1 .
jim = = i iy {wiﬂ‘ Ty (m) } = i vy (109)

With this, sector 4 can abate shocks from sector j if and only if there exists w; € C® with

w;; = 0. Point 2 on the fragile-sector case follows from an entirely symmetric argument. O

Proof of Proposition 5. 1. It follows by Theorem 14 in Marinacci and Montrucchio (2008).
2. Immediate. L

D Proofs of the Results in Section 6

Let T : R® — R™ be normalized, non-decreasing, and translation invariant. Define II' : R* —
R"™ as
' (z) = (1 - B)x + BT (x) Vz € R™ (110)

For all integers t > 1 define
' (x) = (1—-pB)x+ BT (Ht_1 (m)) Vx € R™. (111)

We are going to say that ¢ : R®™ — R is reqular at x if and only if

_ / _ /
i 9@t hd) —g(z) _ .. 9@ +hd) —g(a)
h10 h z’'—z,h10 h

We say that g is regular if and only if it is regular at each point of its domain. Define M :
AXR" - R by M(a,z) =In(> "  e"q;) for all @ € A and for all z € R". We define
MW xR" - R" by M; (W,z) = M (w;,z) for all W € W, for all z € R”, and for all
i € [n]. For each g : R” — R and = € R" define by o, (z) the subset of as in A such that
g(x) = M (a,z) + c(a). Note that if T; is generated by a production function G;, then it

easily follows by Proposition 1 that or, () is nonempty and compact for all x € R™.

Remark 1. We list here some notation and make four observations. Given an operator S :
R™ — R"™, we denote the Jacobian of S at x by Jg (). If S is normalized, non-decreasing, and
translation invariant and admits Jacobian at x, then Jg(x) is a stochastic matriz. We endow

the space of n x n matrices with the norm || ||, : M, (R) — [0,00) defined by
W1, = max Wi; YW e M, (R). 112
W1, = e o (®) (112)
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This is the operator norm when W is viewed as a linear operator from R™ to R™ and R" is
endowed with the supnorm || ||.. Observe that if W is a stochastic matriz, then ||W{, = 1.

First, observe that when W and W are two stochastic matrices,'” we have that

HWt—Wt Vt € Ny. (113)

gﬂW—W

*

Second, consider the quantity k = (1 — )Y ., B%. Note that k is well defined and finite. It
1s well defined because the partial sums are positive and increasing. Moreover, set v = %% + %
Since 8 € (0,1), note that v € (1,1/8) and B~ € (0,1). It follows that eventually v* >t and,
i particular, eventually (ﬁfy)t > ('. This implies that k is finite. Third, given § € (0,1),
define B: W — W by B(W) = Qu for all W € W. Note that

HB(W)—B(VV) *:HQW—Wg = (1—@’)%& (Wt—Wt) (114)
=0 .
ca-pyo|w-w| ca-pnyeew-w| aw)
t=0 t=0
SHHW—W o W ew. (116)

This proves that B is a Lipschitz continuous operator. Fourth, B s injective. By Horn and
Johnson (2012), Theorem 8.3.4 and Problem 5.6.P26, observe that for each W € W the spectral
radius of BW is B < 1 and, in particular, (I —BW)~" = 32 BW*. We can conclude that
B(W) =8 (W) implies that (I — BW)™" = <[ — 514“/)_1, yielding that I — W = I — AW,
that is, W = W, proving injectivity.

Lemma 4. Leti € [n]. If T; is generated by a production function G; then T; is regular.

Proof. Fix x € R". Since K; is concave and locally Lipschitz, we have that —K; is locally
Lipschitz and regular a la Clarke at exp (z) (see Clarke, 1990, Definition 2.3.4 and Proposition
2.3.6). By Clarke (1990), p. 32 and Theorem 2.3.10, and since exp is continuously differentiable,
it follows that — K; oexp is regular a la Clarke at . Definey: R__ — R, by v(s) = —In(—s)
for all s € R__. By Clarke (1990), p. 32 and Theorem 2.3.10, and since « is continuously
differentiable, we have that v is regular a la Clarke. By Clarke (1990), point (i) of Theorem
2.3.9, and since 7 is non-decreasing and — K; o exp is regular a la Clarke at x, this implies that
vo—K;oexp is regular a la Clarke at x. It is immediate to see that g = —yo— K, oexp, proving

that 7T} is regular in our sense. O

17See footnote 32 of Cerreia-Vioglio et al. (2025b).
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Lemma 5. Let i € [n]. If T; is generated by a production function G; then for each x,d € R"

IcT; (x) = co{VM (w;, z) : w; € or, ()} and lﬁﬁ} L+ hc}? — i@ _ min( | (VM (w;,x),d).
wieaTi T
(117)

Proof. The result follows from Clarke (2013), Theorem 10.22, whose assumptions are satisfied
by Lemma 4. O

Corollary 3. Fizi € [n]. IfT; is generated by a production function Gy, then for eachy,z € R™
there exist A, . € [0,1] and w; € or, (A\y .2+ (1 — N\, .)y) such that

Ti (2) = Ti(y) = (VM (wi, Az + (1= Ay o) y) 2 — o) (118)

Proof. Fix y,z € R". By Lebourg’s Mean Value Theorem (see, e.g., Clarke, 1990, Theorem
2.3.7) and since T; is Lipschitz continuous, there exists A, , € [0, 1] such that

(2) =T (y) oo™ (wi, 2 —y) (119)

By Lemma 5, we have that

T (2)-T; > min W, 2 —Y) = min VM (wi, Ay .z + (1 — A\, ,Z— 1Y)
-T2 | ro™ 0 y) weon (VM (wi, Ay 2z + (1= Xy2)y), 2 — )
(120)
By choosing w; € or, (A\y.2z + (1 — \,.) y) which achieves the min above, the statement follows.
[

Lemma 6. Let W € W, 5 € (0,1), and d € R". If z € R™ is such that z < (1 — () d + Wz
(resp. >), then z < Qud (resp. >).

Proof. We prove by induction that
2<(1=8)> BW'd+ Wz (resp. >) V1 €N (121)
=0

Initial Step. 7 = 0. By assumption, we have that

T

2<(1=B)d+pWz=(1-8)) B'W'd+ B Wz (resp. >), (122)

t=0

proving the initial step.

Inductive Step. We assume the inequality is true for T and prove it holds for 7 + 1. By
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assumption, we have that

T T

2<(L=B)) W'+ WT < (1= 8)> BWd+ W ((1—B)d+ W)
t=0 t=0
(123)
T+1
— (1 . ﬁ) Zﬁtwtd‘i‘ ﬁT+2WT+22’, (124>
t=0

proving the inductive step.

The inequality (121) follows by induction. By passing to the limit in 7 and since W is a

stochastic matrix, we have that z < Qud (resp. >). O
Given z,d € R" and h > 0, define g, 4 = w. Given x,d € R", since II is Lipschitz
continuous of order 1, we have that {gnzda},-0 € [= lldll, ld]l )"

Lemma 7. Let T be generated by a production function G and B € (0,1). If x,d € R™ and
W e X (I1(x)) and {hi} ey € (0,00) is such that limy, by, = 0 and limy, gy, 2.4 = g, then

4 = Qg M@ d- (125)

Proof. Fix x,d € R". Since we fixed x and d, we denote g3, 4 simply by ¢, for all h > 0.
Consider W € X (TI (z)). Note that, by Proposition 1, for each = € R”

T(y) - T (x) §M<W,y> —M(W,x) VIV € 3 (2), ¥y € R™. (126)
Therefore, we have that

II(x + hd) — I (x)

(1= 5) (x + hd) + BT (I (x + hd)) = (1 = B)x — BT (Il (x))  (127)

— (1= 8)hd+ B[T (Tl (x + hd)) — T (I (x))] (128)
<(1=p)hd+ 5 (M (W +hd) =M (W,1(x))  ¥h>0.
(129)

By the Mean Value Theorem, we have that for each h > 0 and for each i € [n] there exists
Tin € [0,1] such that

M, (W, I (z + hd)) M, (W, 11 (x)) (130)
— M (@, 11 (2 + hd)) — M (@, 11 () (131)
= (VM (w;, 7; )11 (x 4+ hd) + (1 — 735) 11 (2)) , 11 (2 + hd) — 11 (2)) . (132)
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For each h > 0 define W}, the matrix whose i-th entry is VM (w;, 7, 5,11 (x + hd) + (1 — 7;,) I ().
Note that

M (W, I (z + hd)) M (W i (x)) — W, (I (z + hd) — I (z)) ¥h > 0. (133)

Define also W, as the matrix whose i-th entry is VM (w;, I (z)), that is, Wy = JM(W ) (I (x)).
Since II is Lipschitz continuous of order 1 and (w, z) — VM (w, z) is continuous on A x R", we
have that limj o W), = W,. Since h > 0, it follows that

11 (z + hd) — I (z) M(W>H(x+hd)> —M(W,H(w))

7 <(1-pB)d+p 3 (134)
:(1—6)d+ﬂWhH(m+h?_H(@ Vh > 0, (135)

that is,
g < (1—=B)d+ Wig,  Vh > 0. (136)

By Lemma 6 and since h was arbitrarily chosen and W), is a stochastic matrix, we have that
qn < Qw, d for all h > 0. By Remark 1 and since limy W), = Wy, limy, ¢, = ¢, and qp,, < Qthd
for all £ € N, it follows that ¢ < Qy,d, proving (125) follows. ]

Lemma 8. Let T be generated by a production function G and B € (0,1). If x,d € R™ and
{hi}ren € (0,00) is such that limy, hy, = 0 and limy, gy, o0 = q, then there exists W e x(I(z))

qz QJM(W,)(H(I))CZ' (137)

In particular, ¢ = minWeE(H(m)) QJM(W )(H(a:))d-

.

Proof. Fix z,d € R". Since we fixed  and d, we denote g, , 4 by simply g, for all A > 0. By

Corollary 3, for each h > 0 and for each i € [n] there exist A;, def i i(z) T(z+hd) € [0, 1] and

Wi € o, (Nipll (2 4+ hd) + (1 — ;) II(2)) such that

T (Il (z + hd)) — T; (11 (z)) (138)
> (VM (tip, MipIT (z + hd) + (1 — i) T (2)) 11 (2 + hd) — 11 (2)) . (139)

Define Wh the matrix whose ¢-th row is w;; and define W) the matrix whose i-th row is
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VM (w; p, MipIl (z + hd) + (1 — X\ p) II(x)). This implies that

II(z + hd) — I (z) = (1 — B) (z + hd) + BT (I (z + hd)) — (1 — B)x — BT (L (x))  (140)
= (1-B)hd + BT (I (x + hd)) — T (I (x))] (141)
> (1 - B) hd + W, (I1 (z + hd) — I (z)) . (142)

By dividing by h, we obtain that
qn > (1= B)d+ Wi, ~ VYh > 0. (143)

By Lemma 6 and since h was arbitrarily chosen and W), is a stochastic matrix, we have that
qn > Qy,d for all h > 0. Consider now {h;}, .y € (0, 00) such that limy, b, = 0 and limy, g5, = ¢.
Since {th}kEN C W, we have that there exists a subsequence {hy, },cy € {hk}yen Stuch that
lim; thl = W and, in particular, lim, wi,hkl = ; for all ¢ € [n]. Since IT is Lipschitz continuous,
we have that @; € og, (II(2)) for all i € [n] and, in particular, W € X (IT (z))."® Since IT is

Lipschitz continuous and (w, z) — VM (w, z) is continuous on A x R", we have that

lign VM (b1 Ay, T (2 + ) + (1= A, ) T (2)) = VM (i, TL(2)) Vi € ).
This implies that lim; Wy, = JM(W’_) (I (z)) with W € (I (z)). By Remark 1 and since
limy Wy, = JM(W’.) (I (x)), lim, n, = ¢, and qp, > Wi, pd for all [ € N, it follows that

q> JM(W ) (IT (x)) 5 d with W e X (Il (z)), proving the first part of the statement. By Lemma
7, we have that JM(W ) (Il (x))zd > g and, in particular,

7= JM(W,.) (11 (x))ﬁd < JM(VT/7.) (11 (x))gd VIV ex (II(z))

proving that ¢ = MG 5y JM(W,,) (IT (f))ﬁ d. =

Proof of Theorem 2. Fix x,d € R". Consider a sequence {hy}, .y € (0,00) such that lim; hy, =
0. Since we fixed x and d, we denote gy ;4 simply by g, for all h > 0. As noted, {gn, },cy is a

bounded sequence. Consider a subsequence {Qhkl} C {an, }ren- Since {gn, } ey s a bounded

leN

sequence, {qhk } has a further subsequence {qhk } that converges.
1 1EN Um) ) meN

By Lemma 8, it converges to miny, ¢y ) JM(W ) (Il (x))zd. By (Carothers, 2000, p. 47,

18Consider {21} ey € R™ and {a},cy € A such that o; € o7, (2;) for all I € N, limy oy = o, and lim; 2; = 2.
Since T; and M are continuous and G; is continuous, we have that

T; (x) = lirnlinfﬂ (z;) = limlinf M (a,z;) + InG; ()] > M (o, ) + InG; (o) > T; (2),,

proving that T; () = M (a, z) + In G; () and, in particular, o € o, ().
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Exercise 39) we can conclude that

II(z + hgd) — 11 (x)

lim = min Q.4 d.
k D, Wes(Il(z)) LW 1(z))
Since {hy},cn and d were arbitrarily chosen, the statement follows. O

Corollary 4. Fix i € N and let T; be generated by a production function G;. The following

statements are equivalent:

(1) T; is Gateaux differentiable at x € R";

(i1) or, (x) is a singleton.

Proof. Fix x € R". Define T}, (x;-) : R® — R by T}, (x;d) = limyo w for all d € R™.
By Lemma 5, it follows that Tio (z;+) = minyeoy, () (VM (w;, z) , d).

(i) implies (ii). Since 7; is Gateaux differentiable at x € R", T}, (z;-) is linear and, in
particular, {VM (w;,x) : w; € or, ()} is a singleton. Since if w; # w) then VM (w;,x) #
VM (w}, z), we can conclude that or, (z) is a singleton.

(ii) implies (i). If o7, (x) is a singleton, that is, op, (z) = {w;}, then T}, (z;d) = (VM (w;, ), -),

proving the statement. O]

Lemma 9. Ifi € [n| and P € R, then Equation 15 holds. Moreover, we have that:

(i) If (Qio, Q:) € R solves (15), then Qi = Z_BKi (P)? and there exists v > 0 such that
<7Qi1,-.-,7@n> solves (16).
(ii) If Q; € R solves (16), then there existy > 0 and Qi > 0 such that (Qi(b Qi1 .., me> c
R% solves (15).
(i4i) If (Qio, Q) € R solves (15) and Py = min(Qw’Qi)eRiJrl:Fi(Qiin)Zl Z?Zl Qi Pi+Qio, then
_ 2= Qi

p— =i (144)

Proof. Fix P € R and i € [n|. As a preliminary step, we show that the minimum in Equation
16 is attained. Observe first that the minimized function is continuous, and the set over which
the minimization is performed is nonempty and includes some Q; € A. The set over which
the minimization is performed is closed by the continuity of G;. Moreover, for any P € R
the same value is obtained if we restrict the set over which the minimization is performed to
{Qi: G4(Q:) > 1 and P,Qy; < 31, PuQu,Vj € [n]} which is also compact, and the minimum
is thus attained there.

A similar argument shows that the minimum in Equation 15 is attained. We can thus now

prove the proper lemma statement, assuming that the minima are attained.
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Since (; is positive homogeneous, note that

min Z Qi P + Qi = min Z Qi P + Qio
(Qi0,Qi)ERY T :Fi(Qio, Qi) >1 {7 Qio€R,Qi€R™:Z; ?f%)l_ﬁ(%)ﬁzl g
(145)
= min min Qi; Pj + Qo (146)
Qio€ER 4+ QieRi:Ql}O—ﬁGi (Ql)ﬁzw jzl Y
QioERy 4 8 1-8 1-8\ 5 O
QiERi:Gi(Qi)Z(%(@iO) ) =1
1
. FO=0T (NN LY
_ o[22 P, 148
Qi?glgw (o < Z; Qio QiERirirgiI%Qi)Zl ]Zl ng ! ( )
1
. ﬁﬁ(l—ﬁ)l“*( ! )1‘5 E
= min o+ | ———— K; (P 149
Qio€ERy ¢ Q 0 ( Z; Qio ( ) ( )

e b
= min x—i—(A (—> ) B. (150)
TERy X

where x = Q;, A = W > 0, and B = K;(P). Define f : Ry — Ry, by f(x) =
T+ A%x_%ﬁB for all x > 0. Since P € R’ and G; is positive homogeneous, we have that
B > 0. It follows that

1

1— _ 1— 1\ ?
Fa)=1- 1P g 1 L8 i (—) Va > 0. (151)

g 5 z
B
It follows that f’ is increasing and takes value 0 at z* = <% AB? > 0 and, in particular, f
B -

is convex and minimized at <%> ABP. Since A = 55(1_2—5)ﬂ and B = K; (P), we have that
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_1-5B
f@) = LR Py A (1;5 Key) R (152)
LB pp AT O e ) sy
Zi Zf Z;T
_1-p s, B ow_ 1 8
=K (P) + 5 K (P)? = ZiKz(P) : (154)

proving the first part of the statement.
(i). Consider (Qio, QZ) € R’frl that solves (15). Since F; <Qi0, QZ> > 1, we have that Qio >

1 1
N A B(1_a\1-8 1-B8\ 7 B(1_a\1—-8 1-8\ "8
0. It follows that G; (Qun, -, Qin ) > <% (&) ) . Define y = (% () >

0. Since G; is positive homogeneous, note that G; (’y@il, ...,WQm> > 1. By contradiction, as-
sume that (WQﬂ, v 7Q1n> does not solve (16). It follows that there exists Q; € R? such that
Gi (Qit,-s Qin) > 1 and Y7 QP < Y0 7QyP;. Consider (Qi07771Qi17-~7771Qin> €

R, By the initial part of the proof and since G; is positive homogeneous, we have that

min Qz P + QzO - QZO + Q’L P > Q’LO + ")/71@2 (155)
(Qio,QV)ERTH Fy(Qi0,Q1)> Z ’ Z ’ Z ’
> Qz’O + min L Z sz
S Bﬂ<16)157 7i=1
QiER™:G,(Q)> ( (QIZO) >
(156)
> min < Qi+ min Z Qi; P
Qi0€R++ " 55(1 5)1 B 1 5 j=1
Qi€RY:Gi(Qi)> (71(@10) )
(157)
= min Z Qi; P + Qio, (158)

(Qi0,Qi)ERY 1 Fi(Qio,Qi)>1 {5

a contradiction, proving the second part of the point. As for the first part, by the proof of the
main statement and since (Qio, QZ) € R solves (15) and (’y@il, ...,’V@m) solves (16), we can
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conclude that

Qio€R4 4 Z; Qio

1B 1-8\ 7
in Qm(ﬂﬁu_my) )m (159)

= Qi+ Y _ QP =Qu+7" Y Q4P (160)
=1 j=1

) 6(1_ )P 18\ 7
=%+<% <Qlo> ) K; (P) (161)

proving that Q:0 minimizes the left-hand side of the expression. By the proof of the main
statement, it follows that Qio = 12—_/3Ki (P)B )

1
(ii). Define Qi > 0 to be the uni int that minimi (e (NN e op
. i0 o be the unique point that minimizes ();o+ 7 o .(P).

1

A - 1-B\ 7
By the proof of the main statement, it follows that ;0 = %Ki (P)B. Define vy = (M ( L ) ) :

Zi Qi()
Define (Qz‘o, Qz) = (Qio, YQity -ees va> € RTFI. By the proof of the main statement and since
Qi € R} solves (16), we have that K; (P) = 7, Q;;F; and

1
. & . B8 (1— 5)1—5 ( 1 )1—6 B
min iiPi + Qi = min o+ | ———————— K; (P
(Qi0,Qi) R Fi(Qi0,Qi)>1 ; @il + Qo Qio€R 14 Qo ( Z; Qio (P)
(162)
1
s L (0= (1N
=W ——— | = K; (P 163
Qo+ ( 72— (g () (6)
=Qu+7Y_QuP=Qin+ Y Q4P (164)
j=1 j=1
= Qi() + Z QUP] (165)
j=1

1
B

_ 1-8
Since G} is positive homogeneous and G; (Q;) > 1, we have that G; (vQ;) > (M < 1 ) ) ,

Zi Qio

yielding that F; (@z’o, Qz> > 1 and proving the point.

(iti). By the proof of the main statement and point (i) and since (Qq, Q) € R™! solves
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(15) and P, = min(Qio,Qi)eRiH:Fi(Qio,Qi)zl Z;;l Qi Pj + Qio, we have that

> i Qi P B > i1 Qi P + Qio — Qio > i1 Qi P; + Qio Qio

B _ _ 166
< E o CN T
= min(Qiin)ERiﬂ:Fi(Qioni)Zl Zy:l QZ]F)] +Qu — Qio (167)
b P
Qo FKAPY
L oz g 168
% K (P) 3 (168)
proving the point. D

Lemma 10. Leti € [n]. If K; is generated by a production function G;, we have that:

(i) If Q; € R} solves (16), then ﬁ@z € A solves the right-hand side problem of (31).
(i1) If w; € A solves the right-hand side problem of (31), then there exists v > 0 such that
yw; € RY solves (16).

Proof. (i). Assume @; € R solves (16). Define w; = <——5-Q; € A. Since G, is positive

homogeneous and G; (Q);) > 1, observe that

Z i=1 ng

. 2 @b Y wib
= Qi P > =% === > K; (P), 169
proving that w; solves the right-hand side problem of (31).

(ii). Assume that w; solves the right-hand side problem of (31). It follows that G; (w;) > 0.

Consider v = G; (wi)_1 and define Q); = yw;. Since G; is positive homogeneous, we have that

Gi (Qz) =1 and

Do WPy YT jwg Py 3T ywi P YT Qi

KB =m =0 @~ G Gow) . GQ) ZQ”P 2 K (),
(170)
proving that @Q; = ~yw; solves (16). O

Corollary 5. Leti € [n] and P € Ry . The following statements are true:

(i) If Q; € R™ solves (15), then
of (31).

(i1) If w; € A solves the right-hand side problem of (31), then there exist v > 0 and Qi >0
such that Q; = (Qm,ywﬂ, ...,ywm) € Rﬁ“ solves (15).

Z" 5 <Q11, . ,Qm) solves the right-hand side problem
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Proof. (i). Fix i € [n] and P € R},. By Lemma 9, we have that there exists 7 > 0 such
that (7@11, ...,7(:22-”) solves (16). By Lemma 10, it follows that ————— S 00 Q <7Q11,. .,7Qm> =
Jj= 1 Y5

Z” o0 (Qll, ey Qm> solves the right-hand side problem of (31).
j=1

(ii). By Lemma 10, if w; € A solves the right-hand side problem of (31), then there exists
v > 0 such that 7;w; solves (16). By Lemma 9, there exist v > 0 and Q0 > 0 such that

Qi = (@io,w%wﬁ, ...,’}/2’}/1'11}@'”) c RT_:_+1 solves (15) [l

We denote the set of all competitive equilibria by €. Given £ € €, that is a tuple
<P,Q,Y,C>, we define F¢ as the n x n matrices such that its ij-th entries is _QuPi e

Fi(Qi) P
Q']
Zk 1 sz

also define W in as the matrix whose ij-th entry is
Proposition 10. We have that:
(i) € is nonempty.

fee

(i) {Wg} — 3 (I (7)) and{L(Vv(p,Q; ),m(P))} or :{JM(W,.) (H(z)):Wez(n(m}.
BL

e 5
(if)) IFE € €, then AT o o =7 (1= BL(W(p g c)n P))
(1v) ]f< C’) (P Q.Y C’) € €&, then P = P.

Proof. (i). Consider the (unique) equilibrium price P and a matrix Q) such that (Qio, Ql) solves
Equation 15 for all 4 € [n] with P = P. Compute C' € ArgmaXpegn | poi<1 U (C). Next,
consider the equation AT = DT + X\TEp 5 with unknown A € R" where D is the vector whose

J-th entry is C’ij. By point (iii) of Lemma 9 and since P is an equilibrium price, we have that
B=>" Qq;P;/ P, for all i € [n]. Since F; <Qz) =1 for all i € [n], this implies that

Alp n Ai P AZP AZP
Ql i_ Zk:1_Qk k nQJAJ _ nQJAJ —  VYi,j € [n], (171)
Pi PZ Zk:l Qlkpk Zk:l Qlkpk

that is Epo = L (W( Po7.0) 1n(15)), vielding that AT = DT + ATAL (W< 5 Qy,é),ln(P)).

Since L (W(PQYé)aln(P)> is a stochastic matrix, D > 0, and 8 € (0,1), it follows that
_ . Ny -1

tﬁhis equation has a (unique) so}ution AT = PT (I — ?L <W(P,Qy,é)>1n(P)>) > 0. Since

P e R}, and A > 0, define Y € R} by Y; = N\B, for all ¢ € [n]. Since Fj is positive

homogeneous and F; <QZ> =1for alli € [n] and AT = DT + ATEp g, it follows that for each

j € [n]
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By dividing by P; and since P; > 0 for all j € [n], it follows that the market clearing conditions
of the n sectors are satisfied. Since C;P; + Y7, Y;QUPJ = F; (YGQAJ-O, YGCZ) P; for all j € [n],

we obtain that

ZZYQWPJFZOP ZZYQWPJFZCP En:Fj(YijoJ/jQy) Py (173)
j=1

i=1 j=1 7j=1 =1

Since the preferences of the representative agent are monotone and P; = Z?:l Q”ﬁ] + Qio for
all 7 € [n], we have that

F Q@) P, Z@m

(174)

)

P > = y Y:Qio Vi€ ln]. (175)

This proves that (]5, Q.Y C’) satisfies condition 3 of a competitive equilibrium (cf. Definition
1). By construction of P and C, conditions 1 and 4 of a competitive equilibrium are also
satisfied. Finally, since (Qj, Q;) solves (15) for all i € [n] with P = P, we have that condition
2 of a competitive equilibrium is satisfied, proving that <P, Q, Y, (7) € € and the latter set is
nonempty.

(ii). Fix an equilibrium & = (P, Q,Y,C’). It follows that P = expII (z). By point (i) of
Corollary 5 and since (Qig, QAz) solves (15) for all i € [n], then ———— S o Q (Qﬂ,. ,@m) solves the

right-hand side problem of (31) with p = II (Z) for all i € [n], proving that We € X (I1 ().
Define W = JM(W&.) (IT(z)). It follows that

B . = Qij D. A
B erH i(%) B W;; P; . Sro Qik F; . Qi P
Y Sy W@ S gy B,y Qe p S Qub, (176)
k=1 Wik k=1 Wik1lk Zk:l mpk Zk:l sz k
proving that W = L (W( POY.C) ln(P)>. We can conclude that {L (W(P,Q,?,é)> ln(P)) }(P,Q,Y,C)ee -

{Tugw) @@) W es @)}

Consider W € X (TI(z)). By point (ii) of Corollary 5, it follows that there exist (unique)
v > 0 and (unique) Qio > 0 such that <Qio,’ywi1, ...,wam> R’fl solves (15) for all i € [n]
with P = P = expIl(Z). By part 1 of this proof, there exist (unique) ¥ € R and C € R}

58



such that ( Q Y,C ) € €. Finally, since I is a stochastic matrix, observe that

Qij  _ ywy
~ — n —
> e Qik D ket YWik

=wy; Vi, j € [n], (177)

proving that W e {Wg} and, in particular, {Wg} D X (II(z)). Finally, consider W €

gee Eee

{JM<W’.> (I1(2)) : W € 2 (11 (:z))} that is, W = Jy..) (1T (@) for some W € (I (#)). By

(176) and since {Wg}g . = % (I1(z)), we have that W = W for some £ = (P,Q,Y,C’) c¢
~ S

and W = EL(W(p,@y,C)Jn(P))’ proving that

{L (W(P,Q7Y7@),1n(z5)) }(P,Q,Y,c)e@ > {JM(W,) (I (z)) : W € 2(II (;z))} . (178)

<i
"U\
A
+
=i
<;Q>
v
Il
ug‘
+
=
i
gQ>

Vi€ [n], (179)

that is, A\ = DT + Al Eg. By the same arguments leading to (171), we can conclude that
M= DT+ \IBL (W(pQYO),ln(P)), proving that AT = DT (I — BL (W(ﬁQYC*)>ln(p)>>
Since DT = ¢7T, the statement follows.

(iv). It is obvious. O

Corollary 6. Let T be generated by a production function G. If v € R" and T is Gateauz
differentiable at 11 (x), then X (Il (x)) = {W} and

Ho(z;d) = Qo m@nd = Qpmnd  Vd € R™ (180)

Proof. Since T is Gateaux differentiable at IT (x), so is T; for all i € [n]. By Corollary 4, we
have that op, (IT (z)) is a singleton for all ¢ € [n| and, in particular, ¥ (IT (x)) is a singleton.
This implies that Jr (I (x)) = JM(W") (IT(z)). By Theorem 2, the statement follows. O

Remark 2. Fiz = € R". Consider two stochastic matrices W and W and assume that
Qrpiwy @ = 1, p(iv ) (@) By the last part of Remark 1, it follows that Jyw,) (x) = JM(W,~) ().
By deﬁmtzon of M, it follows that VM (w;,z) = VM (w;, z) for all i € [ |, that is,

e wip e Wip

= Vi, h € |n].
Z;}ZI e%iwg; 22:1 oT; wij 2 [n]
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For each i € [n] set \; = 27:1 e“iw;;/ Z?Zl e"i;;. We obtain that w;p, = N\jwyy, for all i, h € [n]
and, in particular, 1 = Y77 wy = N D _p_ Wi, = N for all i € [n]. We can conclude that
Wip, = Wy, for all i, h € [n], that is, W = W. A

Proof of Proposition 6. (i) is equivalent to (iii). By Corollary 4, the statement follows.
(iv) implies (iii). By point (ii) of Proposition 10, if € is a singleton, then X (II(z)) =

We is a singleton.
gee

(iii) implies (iv). By point (ii) of Proposition 10, if ¥ (II (Z)) is a singleton, so is {Wg} .
gee

Assume there exist two equilibria (f’, Q,?,é’) , (P,Q,Y, C_') € € that generate the unique
Wg. It follows that R 3

Qe Qy

Wi; = n ~ = oy =

Zkzl Qik Zk;:l Qik

For eachi € [n] define pi; = >~} _, Qir/ Y oret Qir. By Equation 181, we have that (Qﬂ, s Qm> =
L (@“, o QAm> for all i € [n]. By point (iv) of Proposition 10, we have that P = P. By point (i)
of Lemma 9 and and since (Qio, Ql), (Qio, Ql) € R solve (15) for all i € [n] with P = P = P,
then Q0 = Qi = 12—.5—’(1‘ (P)ﬁ for all i € [n] and

Vi, j € [n]. (181)

Qio + Z QUP] = Qo + Z Qi Py = Z ngpg = Z Qi Py = i Z QUPJ (182)
j=1 J=1 J=1 J=1 J=1
= =1 Vien]. (183)

This implies that Qij = Qij for all 4, j € [n], proving that Q = Q. By the proof of existence of
a competitive equilibrium (cf. Proposition 10), we have that ¥ = Y is uniquely pinned down
by P = P and Q = Q. Given the preferences of the agent and P = P, we have that C = C,
proving (15, Q,Y, C’) = (P, Q, Y, C_*) and uniqueness of the equilibrium.

(i) implies (ii). By Corollary 6, the implication follows.

(ii) implies (i). By Theorem 2 and since II is Gateaux differentiable at Z, we have that there
exists W € W such that

Q. pd > To(z,d) = Wd Vd € R, YW € 2 (I1(z)). (184)

(w,) (@

It follows that QJM(W §@@) = W for all W € X (I1(Z)). By Remark 2, we can conclude that
JM(W,~) (Il (z)) = JM(W,~) (I1 (z)), that is W = W, for all W,W e X (II(z)), proving that
Y (ITI(z)) is a singleton and that T is Gateaux differentiable at I (7). O

Define Wy = {W e W: G, (w;) =1 Vi€ [n]}. In our world, it is immediate to see that
X (0) = Wh.

60



Corollary 7. Let T be a production operator and § € (0,1). If x € R", then for each d € R"
there exists Wy € X (I1 (x)) such that

lim T (x+ hd) — 7T (x)
R10 h

= = () (@) g d = =€ ) (M (@) 5 d VIV € S (I (2)).

In particular, we have that

. Y (x+4hd)-7T () p
l}ggl 5 = Wenzlg'ﬁx)) —£ JM(W,~) (IT(x)) 4 d.

Proof. Fix z,d € R". By Theorem 2, there exists Wy € ¥ (II () such that

im (z+ hj? — @) _ T M@)3d < Ty (@) d WV € S(11 ().

By definition of T and since & > 0, this implies that

, T($+hd IL; (x + hd) — 11; (x) .. (z+hd)—1(z)
i IR B B

= ") @) d = =€y, (@) gd YW € D (I (x)),
proving the statement.
Proof of Proposition 7. Fix d € R". By Corollary 7, we have that

. Y (T+hd) -7 () T _
1 = — oy (1T d.
}g})l h Wenzl?rﬁ@) ¢ JM(W")( ()5

By points 2 and 3 of Proposition 10, we have that

. Y@ +hd)—-T(z)
W = (L= Ama A

proving the statement. O]

E Proofs of the Results in Section 7

E.1 Semiconvexity of T

In this section, we are going to consider first a production operator 7" which is twice continuously
differentiable and we are going to express the Hessian of II as function of the Hessian of 1. By

Corollary 8, recall that IT inherits the differentiability properties. Before we start we introduce
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some notation. We consider the vector space M, (R)" which is the space of vectors whose n
components are n X n square matrices. Given a stochastic matrix W and v € M, (R)", the
juxtaposition Ww is the vector whose i-th component is Z?Zl w;;v; and is itself an n x n square
matrix. Finally, given a twice continuously differentiable operator S : R* — R™ and x € R", we

define by Hg (x) the vector in M, (R)" whose i-th component is the Hessian of S; at x, denoted
by HS«; (iL‘)

Lemma 11. Let T' be a production operator and 5 € (0,1). If T is twice continuously differ-

entiable, then

- ﬁiBtJT (I (x))'v VoeR" (185)

where v € M, (R)" is such that v; = Jy (z)" Hy, (I1 (x)) Ju (x) for all i € [n].

Proof. Fix x € R". By definition of Il and since II is twice continuously differentiable, we have
that

Ju(x) = (1-8)1+ BJr (Il (x)) Ju (v).

Fix i,j € [n]. It follows that

1
a0 L (130
Fix h € [n]. We define f; : R® — R by f; (z) = g_ff (IT (x)) gTTI; (x) for all z € R™ and for all
[ € [n]. By the Chain Rule, we obtain that
I f " 0°T, o1, . . oI, T, 0211,
= IT —_— — IT l .
oxy, o — 01,02, (T (=) oxp, (z) oz, () + oz, (T (= Ox;j0xy, (z) Vi€
By (186), this implies that
82 @le
(9%6% Z 8xh
8Hl 8 T 821_Il
= IT
B;le 8% (91:;(996 (T () 8xh 52 8xl (%zrjé)xh( 7)

Since i, j, and h were arbitrarily chosen, we have that

Huy, () = BJn (x)" Hr, (1 +BZ

a[L‘l HHZ ( ) VZ € [TZ] .
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If we define © € M, (R)" by v; = %JH (z)" Hy, (1 (z)) Ji () for all i € [n], then we have that

Hy (z) = (1= p) 0+ BJr (L (2)) H (),

yielding that
=B B (I ()
t=0

and proving the statement. O]

Lemma 12. Let T be a production operator, 5 € (0,1), and £ € A. If T is twice continuously
differentiable, then the map T : R" — R, defined by T (x) = — (£, 11 (x)) for all z € R", is

A-semiconver where A\ = = /3, that is, T + 3 5 |l H2 is a convex function.

Proof. Fix x € R". By Lemma 11, we have that
- s

Hu(a) = 125 (1= 5) 3 AU (T (@) v = 12 (112, 0

where v € M, (R)" is such that v; = Ji ()" Hy, (IL (x)) Ji () for all i € [n]. Since Jp (IT (z)) is
a stochastic matrix, so is Jr (I (z)) 5 and, in particular, ¢ defined as €T = £TJp (1T ()4 belongs
to A. It follows that

He (@) = = 1256 I @), 0 = €% = =123 6 )" By, (10) Jn ()

_ 1fﬁJn (z)" (Z & Hy, (IT (x))) Ju (2).

By Lemma 23, we have that max,cp._ (Hr, (IT (z)) h,h) < 1 for all i € [n]. Since £ € A, this
implies that

h€Boso

max <ZngT ), h> < Z@ max (Hr, (T1 () h, h) <1

Since Ji (z) is a stochastic matrix, we have that ||Ji (z)d|| < ||d||, for all d € R". To
simplify notation, set A ="  &Hy, (I1(z)), B = Ju (x), and C = BTAB. This implies that
|Bd||,, < ||d| forall d € R™ and

max (Cd,d) = max (ABd, Bd) = max (Ah, h) < max (Ah,h) < 1.

d€Bso d€Boso heR":h=Bd and d€ B h€Bso

Next, consider d € R™\ {0}. If we set d = d\ ||d||,, then ||a?”OO < HCZH2 = 1 and, in particular,
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(Cd,d) < 1, that is, (Cd,d) < |d||3. Since d was arbitrarily chosen, we can conclude that
(Cd,d) < ||d|; for all d € R". Since Hy (x) = —Z5Ju ()" (X0, &Hr, (I (2))) Jn (z) =
—%BTAB = —%C, we can conclude that

(-t ) d.d) = (250u.d) < % i3 = (ADd.d) Ve R,
proving that A\ + Hy () = 0 where A\ = . Since x was arbitrarily chosen and T is twice
continuously differentiable, the statement follovvs. O

Proposition 11. If T is a production operator, € (0,1), and§ € A then T : R™ — R, defined
by T (z) = — (£, 11 (x)) for all x € R™, is N\-semiconver where A = that is, T+ 2| |5 is a

convex function. In particular, we have that:

137

1. 11; is A-semiconcave for all i € [n].
2. For each x,d € R", the function t — Y, (x + td;d) is locally of bounded variation.

Proof. By Proposition 15, there exists a sequence {71}, },,.y € C* (R",R") of production op-
erators such that lim,, II,, (r) = II(z) for all x € R". Define ¥,, : R* — R by T, (z) =
— (&, 1, (x)) for all 2 € R™ and for all m € N. By Lemma 12, we have that Y, + 3 || 15 is
convex for all m € N and lim,, Y,, (z) = T (z) for all x € R". Since convexity passes to the
limit, we can conclude that T + % || I3 is convex.

1. Fix i € [n] and set & = ¢'. It follows that T = —II;, proving the statement.

2. Fix z,d € R"™. Since T + 3 || | is convex, we have that the function ¢ + T, (x + td; d) =
[Ts (x + td;d) + X {z + td, d)] — X (x + td, d), that is, it is the difference of two increasing func-

tions, proving the statement.

Corollary 8. If T is a production operator, then II7! = ﬁ (I — BT), that is, II7* (p) =
ﬁ (p— BT (p)) for all p € R™. In particular, if T is twice continuously differentiable in a
neighborhood U, so is 11 in the neighborhood V = 11"1 (U).

Proof. Fix p € R". Since II is bijective, there exists x € R™ such that I (z) = p, that is,
II-! (p) = x. This implies that

p=11(T"(p)) =1 (x) = (1 =)z + BT (I (z))
= (1= (p)+ 4T (M1 (p))) = (1 = B)II" " (p) + BT (p),

proving the statement. Since IT7! = ﬁ (I — BT) and T is twice continuously differentiable on
U, sois II7'. Since T is a production operator, we have that Jr (p) is a stochastic matrix and,
in particular, Ji-1 (p) = 125 (I — B8Jr (p)) is invertible for all p € U. By the Inverse Function

Theorem, we can conclude that IT is twice continuously differentiable on V = I (U). O
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Definition 5 (Fundamentally C?). For an operator S : R" — R", let Ds and Hs denote
the sets of points where S is continuously differentiable and twice continuously differentiable,
respectively. We say that S is fundamentally C? if Dg = Hg and this common set is open and

has full Lebesgue measure in R™.

Lemma 13. Let T be a production operator and 8 € (0,1). If T is fundamentally C* and
d = € for some j € [n], then 11 is fundamentally C?, {t € R: x +td € Dy} is open for all
z € span{d}", and {t € R : x +td € Dy}° is countable for almost all x € span {d} .19

Proof. By Corollary 8 and since 7T is twice continuously differentiable on the open set Dy = Hr,
we have that IT is twice continuously differentiable on the open set II™* (Dr) = II"! (Hz). Since
Hn C D and 1T is a homeomorphism, this implies that Hy 2 117 (D) = Dy 2 Hu, proving
that Hy = Dp = 1T (Dr) and 1T is twice continuously differentiable on this latter set. By
Proposition 11, we have that II; is A-semiconcave for all i € [n] where A = % By (Cannarsa
and Sinestrari, 2004, Propositions 1.1.3 and 4.1.3), this implies that Df; is a countably H n-l
rectifiable set for all ¢ € [n]. By (Cannarsa and Sinestrari, 2004, Definition A.3.4), we have that
Df; = Ui Dy is a countably H" '-rectifiable set. By (Evans, 2025, Definition 1.9 and Theorem
2.1), it follows that D& C N U (UpenNi) where N is Borel measurable with H"™1 (N) = 0
and Ny = fi (R"1) C R" and f; : R*! — R" is Lipschitz continuous for all ¥ € N. For
each k,m € N define Ny, = fr RIN{zeR"™ ™ : —m <2z, <m Vie[n—1]}) and Ny, =
N U N By (Evans, 2025, Theorems 2.5 and 2.8) and since H"™' (N) = 0, we have that
H" ' (Nm) < 00 and H" ! (Nym) < oo for all k,;m € N. Fix k,m € N, j € [n], and d = ¢/.
Note that N}, is a Borel set. Define P : R® — R"~! the canonical projection deleting the j-th
coordinate. Define z ~— card (N, N P~' (z)) on R"~. By (Evans, 2025, Lemma 5.8), we have
that
/ card (Nk,m NPt (z)) dz < H" ! (/\_/km) < 0.
Rn—1

Since k and m were arbitrarily chosen, it follows that {Z e R*1: card (/\_/km np-t (z)) = oo}
has measure 0. Define Z = Ny pen {z € R"7!: card (Ny, N P71 (2)) < 0o}, that is, Z¢ =
Uk,meN {z e R*!: card (/\_fkm NPt (z)) = oo}. Note that Z¢ has measure 0. Fix z € Z.
Consider z € R™ such that P (z) = z. We have that card (N, NP7 (z)) < oo, that is,
{t e R:z+tel € Ny} is finite for all k,m € Nand, in particular, UgenUnmen{t € R : 2 + te! € Ny }

is countable. Since

Uken Umen {tERII—I—th GNk,m}:UkeN{tERZZL‘—i—tej GNUNk}
Q{tER:x+tej€Dﬁ},

19The set span {d}L is isomorphic to R"~!. Thus, “almost all” is with respect to the Lebesgue measure over
R™1L,
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proving that the latter set is countable. O]

Without loss of generality in what follows, we focus on the last coordinate of R", that
is, on the n-th sector. Consider a probability density function ¢ : R — [0,00) which is
continuous and even with standard deviation 1. For example, ¢ could be the normal distribution
p(t) = \/%76’% for all t € R. If we fix (1,€) € R x (0,00), then ¢, . : R — [0, 00), defined by
Ve (t) =71 (t_T“) for all £ € R, is a probability density function with mean p and standard
deviation . Consider also a probability over R"™! with density ¢ : R*™! — [0,00). Finally,

define EY : R x (0,00) — R by for each (i, ) € R x (0, 00)

EY (u,¢) —/.../T(ml,...,xn_l,xn)gb(xl,...,xn_l)go%e () dxy...dx,_1dz,.
R JR

In other words, ET (y, ) is the expected log-GDP when the first n—1 normalized log-productivities,
x; = —InZ;\ (1 — (), are jointly distributed according to ¢ and z,, is independently distributed
according to the rescaled ¢, that is, with mean pu, standard deviation €, and shape ¢. The next
result shows how infinitesimal changes in standard deviation ¢ affect this expectation. To this

extent, we need to introduce some extra notation. We define T, : R x R” — R by

T, (22 d) = lim T (z+ hd) =T (x)

iy 7 V(z,d) € R" x R".

By Proposition 7, we have that T, is well defined. Note that if d = ¢ and x € Dy, then

T, (x;e") = 33; () =—=(1—=75) A\ () Vx € Dn

where A, (z) is the n-th Domar weight.? If T is a fundamentally C? production operator, we

have that % (x) exists for all z € Dyy. In such a case, we define g%: over R" by setting it equal

to 0 outside Dy. Given A, and z, we define A\, () = A, (z) —limy A, (x — %e”) for all z € R™.

Lemma 14. Let f : R — R be an L-Lipschitz function such that fi,f’ : R — R are well
defined functions such that {t ceR:fi(t)# . (t)} is a countable set. If v : R — R s right-
continuous, locally of bounded variation, and such that {t € R:~ (t) # f} (t)} is a countable

set, then
e = [t p@ds e R V(ne) R x (0,00 (187)
R
and
ou )
— (,e) = lim (/ s (s) ds) dy(t) Y(u,e)eRx(0,00). (188)
Oe b mekgren) \J]|122] 4]

20For notational convenience, we drop the subscript £.

66



Moreover, we have that:

1. Ift — v (t) + At is increasing (resp. t — v (t) — At is decreasing) with A > 0, continuously

differentiable on an open set O such that O° = {t}}, oy is countable, and M : [0,00) —
[0, 00) is defined by M (t) = f[t o) 5 (s)ds forallt € [0,00), then Ay >0 (resp. Ay <0)
and

%m,e):/RM(V;“Dw'a)ngM(

2. If v is as in Point 1 and ¢ (t) = \/%6*9\2 for allt € R, then

by — [
5

D Ay () V(ue) € R x (0,00).

%(u,a) —c /R e (07 (Bt + 23 e (b) Ay (t) ¥ (1,2) € R x (0,00) . (189)

Proof. Fix (u,e) € R x (0,00). Since f is L-Lipschitz, we have that

‘f(u+(€+5)8)—f(ﬂ+€3) <Ll|s| VseR,VseR\{0}.

J

Since f is continuous and f’ and f/ are well defined, if we consider a sequence {d }, . € (0, 00)
(resp. C (—00,0)), we have that

sfi(n+es) s>0 sfl(u+es) s>0
hglf(u-l—(»S-l—(Sksz)—f(u—l—%)_ 0 s=0 resp. 0 s=0
: sfl (p+es) s<0 sfl (n+es) s<0

f(ut(e+0k)s)—f(ptes)
Ok

yielding that s +— is measurable for all £ € N and so is the pointwise limit

J(pt(e+0k)s)— f(putes)
Ok

bounded by s — L |s| for all £ € N and, in particular, it is integrable for all £ € N and so is the

of this sequence. Moreover, since [ [t| ¢ (t) dt < co, we have that s — is

pointwise limit of this sequence. By Lebesgue’s Dominated Convergence Theorem, this implies
that if {0z} ,cny € (0,00) (resp. {0k }en € (—00,0)), then

limu(ﬂ7€+5k>_u(ﬂv‘€> :hin/ (f(ﬂ+(5+5k)5) —f(/L+ES)> QO(S)CZS

:/hm (f(ﬁb+<5+5k)3)_f(/~b+€s>> o (5) ds
R k 614
:/ sf’_(u+ss)¢(s)d5+/ sfi(n+es)p(s)ds
(—00,0] (0,00)

(resp. = /( e ds /( S (1+es) ¢ (s) ds).

0,00)
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Since {t e R: f1 (t) # f. ()} and {t € R: v (t) # f} (t)} are countable sets, we can conclude
that

/ sf'_(,u+ss)go(s)ds+/ sfi (u+es)p(s)ds
(—00,0]

(0,00)

:/ sfjr(u+5s)g0(s)ds+/ sfl(n+es)p(s)ds
(=00,0]

(0,00)

z/Rsfi(quéTS)sO(S)dSI/RS’V(MHSW(S)dS-

Since {0}y Was arbitrarily chosen, this implies that w(u,-) : (0,00) — R has left- and
right-derivative at e, the two side-derivatives coincide, and their value is [;, sy (1 +€5) ¢ (s) ds.
Since p and e were arbitrarily chosen, (187) follows. Fix again (u,e) € R x (0,00). Define
®: R — [0,00) by @ (t) = f[O,t] sp(s)ds for all t € [0,00)and ® () = 0 for all t € (—o0,0).
Define ¥ : R — (—o00,0] by ¥ (t) = f[t,O] s (s)ds for all t € (—o0,0], ¥ (0) =0, and U (t) =0
for all ¢ € (0,00). By the Fundamental Theorem of Calculus and since the Riemann and the
Lebesgue integral coincide over closed and bounded intervals for continuous integrands (see,
e.g., (Folland, 1999, Theorem 2.28)), note that ® is continuously differentiable, increasing, and
such that ®(0) = 0 and @' (¢) = tp (t) (resp. = 0) for all t € [0,00) (resp. t € (—o0,0)).
Note also that W (t) = —® (—t) for all £ € R and, in particular, ¥ is continuously differentiable,
increasing, and such that ¥ (0) = 0 and, V' (t) = —ty (t) (resp. = 0) for all t € (—o0, 0] (resp.
t € (0,00)). Define ®,,. : R — [0,00) by ®,,. (t) = ® (*=£) forallt € Rand ¥,,. : R — (—00,0]
by W, (t) = ¥ (=) for all t € R. Given v, consider a decomposition (y1,72). Fix i € {1,2}.
By the Change of Variable Formula and Integration by Parts and since v;, ®,., and ¥, . are

right-continuous and increasing, we have that

/(O,k] e 1+ £5) o (5) ds = /H e eds= [ e (0

(p,p+ek] =

- / i (1) @, (t)dt = / Vi (1) dPpe (¢)
(. p+ek]

(lu‘ﬂu‘+€k]

=D (u+ek)y(u+ek) = e (u)v (1) — / D (t) dyi (¢)

(p,ptek]

= (I),u,s (,U + 5k> Yi (/L -+ €k> — / (I),u,e (t) d"}/l (t)
(p,p+-ck]

= & (k)i ek) — /(} > (t = “) i 1)

_<I>(k:)%(u+£k’)—/7u+ak]fb<‘t_MD dvi(t)  VkeN

( €
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1 t—
/ svi (p+es)p / i (4 es) V' (s)ds :—/ %(t)—\If’( 'u)dt
(=k,0] (—k O] (u—ck,p] € €
/ e (t)dt = / Yi (t) AV, . ()
(n—ck u] (n—ek,u]
{\vm R T MR U TT)
(u—sk,,u]

— U, (u—ek)y; (n—ek) + /ﬂ Eku\l’ua(t)d%()
:W(—k)vi(u—ek)Jr/(u " ( )
IR R R C= A
:_@(k)%(u_gk)_/(#_aw (' ”D dry; (t Vk € N.

By adding these two terms, it follows that

/ % (1 +es) ¢ (s)ds
(~kk]

o Wu-ch- [ @ (\t = “D b0+ oWk - [ g ('t = “D i 1)
= 0 8) b ob) = =) - | Ewﬁk]@(\t‘“\)d%ﬁ)

:
S L =
/<] /< a0 ds) i (1)

= / / s (s) ds) d; (1) Vk € N.
(n—ek,u+-ck] [|t_T”|,k]

Since ¢ was arbitrarily chosen and each integral is finite, we can conclude that

/(—k,k} E /w_ak,uﬁk] </[|““ Fha ds) o

By passing to the limit and the Lebesgue’s Dominated Converge Theorem and since [, sf (1 +¢es) ¢ (s)ds €
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R, we can conclude that

S S s)ds = lim sp(s)ds | dv(t).
[ s1tutes) o (s)ds =i (M_Ekwm(/wyk] o (s )w

Since p and e were arbitrarily chosen, (188) follows.

1. Given 7, consider the decomposition (7y1,72) such that v, (t) = v () + At and v, (t) = Mt
for all £ € R. Since 7 is increasing and continuous on O, we have that A~; is nonnegative and
such that Avy; = Ay as well as Ay, (t) = 0 for all t € O, proving that A~ is nonnegative and
such that Ay (¢) = 0 for all ¢ € O. By definition of j.,, we have that

pon ({11) = T o, (6 = 1\ 2]) =Timn [ (8) =0 (= 1\K)] = Ay () = Ay (1) WEER

Since 7, is continuously differentiable on the open set O and O€ is countable, we have that ] is
well defined and continuous on O and so is 7'. By convention, recall that we set 7] (t) = 0 for
all t € O°. By Lebesgue’s Decomposition Theorem we have that jiy, = fiy, ac + by, s Where fiy, ac
(resp. fi,s) is absolutely continuous (resp. singular) with respect to the Lebesgue measure.
By the Radon-Nikodym Theorem there exists a measurable function 4 : R — [0,00) such
that fiy, ac (A) = [, 7 (t)dt for all A € B(R). It follows that 4 can be replaced by ~] and
Py ac (OF) = 0 as well as ji,, s (O) = 0. Since pu,, s is countably additive and O° = {t}, is

countable, it follows that

foy (A) = iy ac (A) + oy s (A) = fiyy ac (A) + s (AN O°)
= @+ Y () vASB®).

kitpreA

Since 0 < iy, s < fyy, NOte that g, s (A) = lim,, > 7" Ay (t) 0y, (A) for all A € B(R), that is,
Pors = 9 pey A (tg) O, where d;, is the Dirac measure at t; for all & € N. Fix k € N. Define
My : R — [0,00) by My (t) = f[|ﬂ| K] 52 (s)ds= [ Ujezs | 4] (s) s (s)ds for all t € R. We can

conclude that

/(u—sk,;ursk] </Ut”|k] s (s) ds) dy (t)

:/1(u—ekz,,u+ekz]Mkd,U/71 :/1(u—ak,u+ak]Mkd/~LW1,ac+/1(u—ak,u+ak]Mkd,Uw1,s
R R R

= / 1(,ufek,u+€k] (t) My, (t) ’71 (t) dt + / 1(uf€k,u+€k} Mkd,u’n,s
R R
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By Tonelli’s Theorem and since ¢ is even and

Lipi—ek utek) (t)1 [|45] 4] (s)sp(s)
1# ek p+ek] ( ) 1[# es,putes] ( ) 1[0,k] (S) Sp (S) >0 V(S,t) e R x R,

we have that

/(u—ak,MJrak] </[|t_“|k:] sp () dS) dvys ()
)\ /(M_gk,lﬁ‘ak] ( /[|T‘\,k] s (s) ds) dt
ik utek] </[|f;“|,k] sp (s) ds) dt

koo (0) ([ 31 (950 5) )
/R Lp—etyiren] (8) 1z 4 (8) 50 (8) dS) dt

/ 1[uf€k,u+€k] (t) 1[ufss,p+ss] (t) 1[O,k] (8) s (S) ds
R

A

\

Il Il
> >

I
>

dt

N———

I
>

ds

N7 NN
N———

i tieren) () s (6 L (5) s (5
160006159 6) ([ 1t 0 e 1) s
{1[0719] (s) s (s) </R 1[max{u—ak,u—as},min{M-I-as,u-i-ek}]dt):| ds
1

0 (5) s¢ (s) (2es)ds = 2)\5/ sp(s)ds = )\e/ s (s)ds
[0,k] [—k,k]

I
>

—

I
>

l|/
S —

By the Monotone Convergence Theorem and since k was arbitrarily chosen, My.; > My > 0
for all k € N, and [, s (s) ds = 1, we obtain that limj, M, (t) = M (|%}) for all £ € R and

lim s)ds | dvy (1)
k (M ek,ptek]

AR YN

(s S
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and

£ (n—ck.putek] [/[lta“\u’f] ) ds] D2l = /IRM (‘t _5 M') M (1%0)

and

lim [/ s (s) ds] dvys (t) = lim /\5/ s’ (s)ds = \e € R. (191)
B J(u—ekprek] | J]| 2| 4] k [k, k]

By (190) and (191) and since 7 (t) = 7' (¢) + A for all ¢ € R, it follows that

]yt Lo s

proving the point (a symmetric argument holds when ¢ +— + (t) — At is decreasing).

b _MD Ay (te) ,

3

2. Observe that ¢’ (s) = —sp (s) for all s € R. By the Monotone Convergence Theorem
and the Fundamental Theorem of Calculus and since the Riemann and the Lebesgue integral

coincide over closed and bounded intervals for continuous integrands and ¢ > 0, it follows that

k
M (t) = lim sp (s)ds = —lim O (s)ds = — lim/ ¢ (s)ds
P kS ke

=lim[p (¢) =@ (k)] = ¢ () Vi€ [0,00).

Since ¢ is even, it follows that M (’%D = (‘ﬂ‘) = (ﬂ) = e, (t) for allt € R, proving
the statement. O

Proposition 12. Let T be a production operator, 5 € (0,1), £ € A, and ¢ : R — [0,00)
continuous, even, and such that [, o (t)dt =1 and [, t*¢ (t)dt = 1. If T is fundamentally C*,
then for each (u,e) € R x (0, 00)

GET( -
ag ILL,e -
n - a)\n ~
—(1—5)//M<x . 'MD e (1, ey ) @ (X1, ooy Ty 1) dxy..dxy 1 dy,
R R n
Ty — I

—(1—5)/R.../R;M(

where M : [0, 00) — [0,00) is defined by M (t) = f[too
0 for all z € R".

) AN, (21, ooy ) @ (21, ooy Tpoq) dy.dy g

)¢ (s)ds for allt € [0,00) and AN, (z) <
Proof. Given a vector z € R"! we define Z € R" to be such that z; = z; for all i € [n — 1] and
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Z, = 0. Define 4 : R"! x R x (0,00) — R by

a(z,u,e):/RT(zHe")%(t)dt Y(e) €R x (0,00).

Define by Z the set of points z in R"™! such that O = {t € R: Z 4+ te" € Dy} is open and
{t e R: Z+te" € Dy} is countable. By Lemma 13 and since T is fundamentally C?, observe
that Z¢ has Lebesgue measure 0 in R"™!. Fix z € Z. Define f, : R — R by f, (t) = T (Z + te")
for all £ € R. Since T is Lipschitz continuous of order 1, so is f. By Propositions 6 and 7 and
since {t € R : Z 4 te" € Dy }° is countable, we have that f, has left- and right-derivative at each
point of R with

fly @) =7"o(Z+te",e") and f]_(t) = =", (2 +te", —€") Vt € R

and, in particular, {t eR:fl_(t)#fl, (t)} is countable. By Proposition 11, we have that
T+3 |7 is convex with A > 0 and, in particular, g, : R — R, defined by g. (t) = T (% + te") +
2z + te”||2 for all t € R, is convex too. This implies that the right-derivative g, is well
defined, increasing, right-continuous, and such that g, , (t) = f. , (t) + At for all t € R. Set
Y. = fl,. Since f, , (t) = g, , (t) — At for all t € R, this implies that 7. is right-continuous
and locally of bounded variation. Since 7" is fundamentally C?, we have that ~ is continuously
differentiable on O and O¢ is countable. By Lemma 14 and since z was arbitrarily chosen, it
follows that

%@%azéMQt“Dﬁwwé?W(

Next, observe that

/ /</T Ty eeey T 1,a:n)g0“5(xn)dxn> (1, ey Tp1) dxy...dxpy

—Anlwy@><>w V(i) € R x (0,00).

bk — [
5

D Ay, (b)) V(2 ) € ZxRx(0,00) .

By Lebesgue’s Dominated Convergence Theorem and since Z¢ has measure 0 and | 42 ’EMC);Q(Z’“ )

1 for all z € R*™!, for all § € (—&,00)\ {0}, and for all € € (0,00), we can conclude that for
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each (p,e) € R x (0, 00)
OEY
e (1:€)

o1 -
- [ G enase

:/Rn_l/RM(‘t_g’uD72(t)@(z)dzdt+4n_lgM(

proving the statement. ]

o D Ay () ¢ () dz,

Remark 1. As mentioned above, given f, u(u,¢€) is the expected value of f when the probability
distribution function has shape ¢, mean p, and standard deviation €. Thus, g—g 1S quantifying
how infinitesimal changes in standard deviation impact this expectation. Clearly, given the
formulas above, one can study also how infinitesimal changes in variance impact the same
expectation. If we call v the variance, then we can define 4 : R x (0,00) — R by u (u,v) =
u(p,\/v) for all (p,v) € R x (0,00) which is the expected value of f when the probability
distribution function has shape @, mean u, and variance v. By the Chain Rule and under the
assumptions of Lemma 14, we have

G 00) = 5= (0 V) ¥ () €R X (0,00).

In particular, point 2 of the same lemma becomes
ot 1 , =
a0 ) =5 | [ eua®7 O dt+ > G () Ay () ¥ (1,v) € R x (0, 00)
k=1
where p,, /5 18 the normal density with mean p and variance v. A JAN

Proof of Proposition 8. It follows combining Proposition 12, Lemma 14, and Remark 1. m

F Proofs of the Results in Section 8

Define T : R” — R as T(z) = —T(z). It is immediate to verify that T is non-decreasing,
normalized, and translation invariant, hence Lipschitz continuous of order 1. By Proposition 7,
for every i € [n] and x € D, we have %T(m) = (1 — B)Ai(z). Therefore, we have (1 — f)A, =
inf,ep %T(x) and (1 — B)\i = sup,cp %T(m) for all ¢ € [n].

Lemma 15. For every i € [n|, there exists a non-decreasing function R; : R™ — R such that

A

T(r) =1 =BAzi+ (11— (1 -FA)Ri(x)  VreR™ (192)
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Proof. The proof is identical to that of the beginning of the proof of Part 2 of Theorem 3 in
Cerreia-Vioglio, Corrao, and Lanzani (2024). O

Proof of Proposition 9. Clearly, we have Var[Y] = Var[T]. We start with the lower bound.
Consider any j € arg max;c, Var[X,]A?. We have

Var[T(X)] = Var[(1 = B)A,X; + (1 = (1 = B)A;) R;(X)] (193)

= (1= B)*A}Var[X] + (1 — (1 = §)*)))*Var[R;(X)] (194)

+2(1 = B)A;(1 = (1 = B)A;)Cov[X;, R;(X)] (195)

> (1= §)°A; Var[X)] (196)

where the first equality follows from Lemma 15, the second equality is standard, the first inequal-

ity follows from the fact that Var[R;(X)] > 0 and that, by Harris’ inequality, Cov[X;, R;(X)] >
0, and the second inequality follows by assumption.

The proof of the upper bound is in Proposition 1 of Cerreia-Vioglio, Corrao, Flynn, and
Lanzani (2025a). O

G Relaxing Cobb-Douglas in Labor

Suppose that the equilibrium log-price equation for each firm i € [n] can be written as

pi = —In(Z;) + T (po, p) (197)

where py € R is the log-price of the primary input and 7; : R*™1 — R. This generalizes
Equation 18 by allowing T; to also depend on the price of labor. Next, suppose that there exist

B € (0,1) and a normalized, non-decreasing, and translation invariant S : R"*! — R" such that

T; (po,p) = (1 = B) po + BS: (po, p) (198)

for all (po,p) € R™™ and i € [n]. Assume also that S is a valid log-cost operator.?! The

previous fixed-point equation then becomes

pi= (1= B) (x: +po) + BSi (po,p) Vi€ [n] (199)
21This is tantamount to assuming that the production function of sector i can be written as
3 B
(@00 =z (-2 ) (C@.2))
FZ(QO)Q)_ZZ(IB) B

where G; : R"t! R is positive homogeneous, non-decreasing, continuous, and with
MaX (o, 9.0+ 31, @i=1} Ci (Qo. @) =1.
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where, as in the main text, z; = _(in—(%) for all i € [n]. Let II(pg, z) € R™ denote the unique

solution of the previous fixed-point equation indexed to (pg,z) € R™™!. This is well-defined
because y (1 — B) (z + poe) + BS (po,y) is a contraction, hence admits a unique fixed point.
In our main analysis, we always focus on II (0, z) since it is always possible to normalize py = 0.

Consider the cloned economy where, for each original sector i € [n], we generate two sectors
given by the original one 7 and a new cloned sector ¢ + n. With this, the new cloned economy
has 2n sectors. Define S : R?" — R2?" as

(200)

Q S] (ﬁj-‘—naﬁla '”7ﬁn> if ] S {17 ...,TL},
Dj it je{n+1,..,2n}.

Intuitively, to fit this more general dependence on labor in the baseline framework of the paper,
for every sector 7, we are adding an extra sector i + n that transforms the household’s labor
supply in labor services sold to sector ¢ (this is a fairly standard approach, see, e.g., La’0O and
Tahbaz-Salehi (2022)). It is immediate to see that S is normalized, monotone, and translation
invariant. Assume that S represents the log-cost operator of our cloned economy.

The equilibrium price equation in the cloned economy parametrized to the log-cost of labor

po € R and the cloned log-productivity & € R?" is

p=(1—75)(Z+poe) + S (p). (201)

Call 11 (po, ) € R*™ the unique solution of the previous fixed-point equation.

Lemma 16. Define

! 0 if je{n+1,.2n}.
We have
T 0 if je{n+1,.2n}.

Proof. That I1; (0,7) = 0 for all j € {n + 1,...2n} follows from

il (0,4) = (1— B) (i +0) + 53, (H (0,5:)) = BIL(0,7) Vje{n+1,.2n}. (204)

With this, we have that for all j € [n]

i (0,2) = (1— B) (i +0) + 53, <ﬁ (0,:5)) = (1-F)z, + BS; (o,ﬁ (0,2), ..., II (O,f)n> .
(205)
Since this coincides with the system of equations in (199) that defines II; (0, ) and it admits

a unique solution, we obtain II; (0, %) = II; (0, z) for all j € {1,...n}. O
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Crucially, the economy described by the log-cost operator of Equation (200) satisfies our
Assumption 1, and therefore, all our results can be applied to it verbatim. Given the relation
established between the prices of the cloned and original economy, these results are easily

transferred to the latter, too.

H Production Theory

Given n € N, we define [n] = {1,...,n} and we consider R"” endowed with the supnorm || ||_.
We denote by A the simplex of nonnegative vectors of R™ whose components sum up to 1. We
define by int A the subset of vectors in A whose components are all strictly positive. Given
two vectors w and W in A, we write w < @ whenever, given j € [n], w; = 0 implies w; = 0.
As usual, (-, -) denotes the inner product of R”. We denote by e the vector whose components
are all 1. We define by G the collection of all production functions G' : R} — R, that are

22 monotone, upper semicontinuous, and positive homogeneous.?> We denote

nondegenerate,
by Gnor the collection of all production functions G' : R} — R, that are monotone, upper
semicontinuous, positive homogeneous, and such that max,ea G (w) = 1. Clearly, we have
that Gnor € G. We define by Geon (resp. Ggeon) the subset of functions in G that are concave
(resp. quasiconcave). We set Guor— con = Gnor N Geon- Given G € G, we define the expenditure

function of G at 1, denoted Kq : R}, — R, by

Kg (P) = oexiB, ; Q;P; VYPeER",.
We will show that indeed K¢ is well defined (cf. Lemma 17). We will also show that K¢ is
monotone, continuous, concave, and positive homogeneous. We denote the class of functions
K : R}, — R4, with these four properties by K. We also denote by K, the subset of
functions of K that are such that K (e) = 1. A goal of this note is to show that G — K¢ is a
bijection from G — con ONto K. Finally, given a function K € K, we define x : R” — R by
k(p) = In(K (exp(p))) for all p € R™ where exp (p) is the vector whose j-th component is ePs
for all j € [n]. We conclude the paper by characterizing convexity and concavity of x in terms
of G. Throughout the note, we assume that 0+ 400 =0, 0/0 =0, 00 =1, 0° = 1, In oo = oo,
and In0 = —oo. Given a nonempty set X and a function f: X — R and t € R, we denote by
{f>t} ={xr € X: f(x) >t} the upper contour set of f at t. Similarly, we define the lower
contour set {f < t}.

22That is, G (e) > 0.
That is, G (AQ) = AG (Q) for all A > 0 and for all Q € R.
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Remark 2. In what follows, whenever G € G, it will automatically be granted that G is
continuous by the classical result of Moore (1999). A

Remark 3. An important class of production functions are Cobb-Douglas production func-
tions. Given a vector w € A and a number A > 0, define G, : R — Ry by G, (Q) =
AH] wj>0< > for all Q € R%. It is well known that Gy, € Geon for all w € A. In what
follows, it nght be useful to think of A and G, also as functions of w. We begin by con-
sidering a convex subset C of A and A : c1C — [0,1] such that A(w) > 0 if and only if
w e C. We also define d : c1C — [0,00] by d(w) = —InA(w) for all w € c1C. Note that
A C — [0,1] is upper semicontinuous, log-concave, and such that max,ec A (w) = 1 if and
only if d is normalized, lower semicontinuous, and convexr. To proceed in considering the func-
tion (w, Q) — Gy (Q), we introduce a final object: the function f :[0,1] x [0,00) — R, defined
by

f(s,t):{ (51) i:g YV (s,t) € [0,1] x [0, 00).

Given our conventions, note that

G (@) = A(w) Ty, 2 (Q) - A, (Q) w]

wj wj

= Aw)II_ f (w;,Q;) VY (w,Q) €clC x RY.

Note that f is upper semicontinuous. Since the product of nonnegative upper semicontinuous
functions is upper semicontinuous, If A is upper semicontinuous, then we have that (w, Q) —
G (Q) 1is upper semicontinuous. Finally, consider t > 0 and P € R\ {0}. It is well known
that
sup Gy (Q) = tA (w)II}_, P, ™.
QERY (Q,P)<t
If A is upper semicontinuous and log-concave, then we have that w s te~ M@ F2jmn(F)w; g

upper semicontinuous and quasiconcave on C'. JAN

H.1 Expenditure functions

We move to study the expenditure functions induced by our class of production functions.
Given G € G, recall that K¢ : R, — R is defined by

Kq(P) = mln >1ZQJ VP e RY .

QEeR}:G
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We also define Ug : Ry x R} — [0, 00] and Ug i : Ryq x R} — [0, 00] by
Ug (t,P)=sup{G(Q): Q € R} and (Q,P) <t} V(t,P)eRy xR}

and

Ugint (1, P) =sup {G(Q) : Q € R}, and (Q,P) <t} V(t,P)€Rys xR}

We next show that expenditure functions inherit most of the functional properties defining
the functions in G. In particular, the next lemma shows that if G € G (resp. Gyor), then Kg € K

(resp. Kyor)-

Lemma 17. If G € G (resp. G € Gnor), then K¢ is well defined and belongs to I (resp. Kuor)-

Proof. Since G is continuous and positive homogeneous, we have that G'(0) = 0. Fix P € R" .
Since GG is nondegenerate and positive homogeneous, denote by Q an element in R such that
G (Q) = 1. Since G is monotone, continuous, positive homogeneous, and such that G (0) = 0,

we have that

n n n
inf Q;P: = inf Q;P: = inf Q;P;
QeRY:G(Q)=1 g I QeRY:G(Q)=1 g I QERY:G(Q)=1 and 37, Q;P;<>7_ | Q; P ; 7

= min ZQJPJ >0,

QERY:C(Q)=1 and Tj QP <X Q5P =

proving that the inf is attained and K¢ is well defined. Next, for each @ € {G > 1} define
lo: R, = Ry byl (P)=(Q,P) forall P € R, . Since K¢ = infge(a>1) g and each (g is
monotone, continuous, affine, and positive homogeneous, we have that K is monotone, concave,
and positive homogeneous. By (Borwein and Lewis, 2006, Theorem 4.1.3) and since K is con-
cave, it follows that K is continuous, proving the main statement. Finally, if max,ea G (w) = 1,
then () = 1 can be chosen to be in A. This implies that 1 = Do Wy = D00 je; > K (e)
where @ € A is such that G (w) = 1. Next, consider @ € R’} such that G (Q) > 1 and
> -1 Qj = K (e) < 1. Since G (Q) > 1, it follows that @ # 0 and } 7, Q; = [|Q||, € (0,1].
Since maxyea G (w) = 1 and G (Q) > 1, this implies that W = Q/||Q||; € A is such that
1> G (@) =G(Q)/IIQl, > 1, proving that G (Q) /|Q]l, = 1, that is, 1 < G (Q) = |Qll, < 1.
It follows that K¢ (e) = > 7, Q; = [|Q||, = 1, proving the statement. O

We next study some of the properties of the indirect utility Us and relate it to Kg. Those

are classic results. We begin with an ancillary fact.

Lemma 18. If G € G, then Ug (t, P) € (0,00) for all (t,P) € Ryy x R, and Ug (t, P) =
Ucnt (t, P) for all (t, P) € Ry x R\ {0}.
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Proof. Consider (t,P) € Ryy x R}, set A = <Z?:1 Pj)_lt € (0,00) and Q = Xe € R%,.
Since G is nondegenerate and positive homogeneous, we have that (Q, P) =t and 0 < AG (e) =
G (Xe) = G(Q) < Ug(t,P). At the same time, since (t,P) € Ry x R}, we have that
{Q eR} :(Q,P) < t} is closed and bounded and, in particular, compact. Since G is upper
semicontinuous and real-valued, it follows that the sup defining Ug (¢, P) is attained and real-
valued too. Since (¢, P) was arbitrarily chosen, the first part of the statement follows. Consider
(t, P) € Ryy x R\ {0}. Since P € R}\ {0}, define o0 = 37 | P; > 0. Clearly, we have
that {Q eRY:(Q,P) < t} is a closed set and, in particular, cl{@ eRY, :(Q,P) < t} C
{Q e R} :(Q,P) < t}. Consider @ € R such that (Q, P) < t. We have two cases: either
(Q,P) < tor (Q,P) =t In the first case, define s =t — (Q,P) > 0 and for each k € N
define Q" = Q + =e € R . Note that (Q*, P) = (Q,P)+ £ < (Q,P)+s=tforallk € N
and lim;, Q* = Q, proving that Q € cl {Q eRY, :(Q,P) < t}. In the second case, since t > 0
and P € R\ {0}, the condition (@, P) = ¢ implies that Q;P; > 0 for some j € [n] and, in
particular, Q; > 0 and P; > 0 for some j € [n]. For each k € N define s, = %HQij > 0 and
define Q" = Q — =7Q5¢’ + %e € R, . Note that (QF, P) =(Q, P)—sy+s, = (Q, P) =t for all
k € N and lim;, Q* = Q, proving that Q € cl {Q eRY, (Q,P) < t}. Since () was arbitrarily
chosen, we have that {Q eR? :(Q,P) < t} Cecl {Q eRY, (Q,P) < t} and, in particular,
{Q eR} :(Q,P) < t} =cl {Q eRY, :(Q,P) < t}. Since G is continuous, we have that

Us(t,P)= sup  G(Q)=  sup  G(Q)=Ugm(tP).
QERT:(Q,P)<t QER?:(Q,P)<t
Since (t, P) was arbitrarily chosen, the second part of the statement follows. ]

Lemma 19. If G € G, then Ug (K¢ (P),P) =1 for all P € R} .

Proof. Fix P € R}, Consider Q € R? such that G (Q) > 1 and K¢ (P) = > i Q;P;. Since
Z;‘:l Q;P; < K¢ (P), we have that U (K¢ (P),P) > G (Q) > 1. By contradiction, assume
that Ug (K¢ (P), P) > 1. Since G is upper semicontinuous and P € R’ , consider ) € R} such
that Y7, Q;P; < K¢ (P) and G (Q) = U (K¢ (P),P) > 1. By definition of K¢ and since

G (Q) > 1, this would imply that 32}, Q;P; = K (P), yielding that Ke (P) = S5, Q;P;.
Define v = 1/G (Q) € (0,1) and Q = 'y@ € R?. Since G is positive homogeneous and
> i Q;P; = Kg (P) > 0, we would have that G (Q) =1 and

Y QP =Y QP <> QP =Ka(P) <> Q;P,
j=1 j=1 j=1 j=1
a contradiction. O
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H.2 Expenditure functions and lattice operations

We next explore the question of whether lattice operations on production functions translate in
lattice operations over expenditure functions. This will play a role in characterizing when a (log-
expenditure) function k is either convex or concave. We first show that the expenditure function
of a production function which is the infimum of production functions is the maximum of the
corresponding expenditure functions, provided some extra conditions are met. To this extent,
given a function from a nonempty set C' of a normed vector space to the real line, we say that

it is lower (resp. upper) coercive if and only if its lower (resp. upper) contour sets are compact.

Lemma 20. Let C be a nonempty precompact conver subset of a normed vector space and
& : Cx R? — Ry be such that w — & (w,Q) is lower coercive and quasiconvexr for all
QeRY, and & (w,-) € Geon for all w € C. IfG : R? — R4 is such that

G(Q) = felg@ (w,@Q)  VQeRY,
then the inf is attained on R and G is well defined and belongs to Geon. Moreover, we have

that Kg = max, & K, where Ky, = Kg(u,.).

Proof. Since Q — & (w, Q) is nonnegative, monotone, upper semicontinuous, concave, and
positive homogeneous for all w € C, it is plain that G is well defined, monotone, upper
semicontinuous, concave, and positive homogeneous. By Remark 2, G is continuous. Since
w = & (w, Q) is lower coercive for all @ € R?, we have that G (Q) = min, .~ & (w, Q) for all
() € R% . In particular, this implies that G is nondegenerate and, in particular, G € G. Define
& :clC xR} — [0,00] by

®(w,Q) ifwel

~ VY(w,Q)ecdC xR
00 ifwégC (w.Q)ec *

®<U%C2)::{

By definition of & and since w — & (w, Q) is lower coercive and quasiconvex for all @ € R, on
C, we have that w — & (w, Q) is lower semicontinuous and quasiconvex on cl CforallQ e R% ..
Similarly, Q@ — & (w, Q) is monotone, continuous, concave, and positive homogeneous on R%
for all w € c1C. Fix P € R, . Note that if Q € R} and G (Q) > 1, then & (w, Q) > 1 for all
we C, proving that

> QP>K,(P) Ywel = Y Q;P;>suwpk, (P) = Kg(P)>suwpK,(P).
j=1

j=1 wel wel

Define Uy, = Ug(w,) and Uy int = Ug(w,),int for allw € C. Observe that G (Q) =min, & (w,Q) =
min, 6 (w,Q) = min,_, 56 (w,Q) for all @ € R?,. By Sion’s Maxmin Theorem and
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Lemma 18 and since w +— & (w, Q) is lower semicontinuous and quasiconvex for all Q € R% .

and Q — & (w, Q) is upper semicontinuous and quasiconcave for all w € ¢l C, note that
U (t,P) = Ugin (t, P) = sup inf & (w,Q) = inf sup & (w, Q)
QeR? 37, QjPj<t weclC weclC QeRY 307, QjPj<t

= min sup & (w, Q) = min sup & (w,Q)
weelC QeRn 377, QjPj<t weC QeRY ,:>7_, QjP<t

= min Uy it (¢, P) =minU,, (¢, P) Vit >0,

welC wel

proving that Ug (¢, P) = min, .~ U, (t, P) for all ¢ > 0. By Lemma 19, we have that 1 =
U (K (P),P) =min, U, (K¢ (P),P)and U, (K, (P),P) =1forallw C and, in partic-
ular, there exists w € C such that 1 = Ug (K¢ (P), P) = Uy (K¢ (P), P). Since P € R?, and
& (w, -) is upper semicontinuous, this implies that Uy, (1, P) € (0, 00). Since Uy (K (P),P) =1

and t — Uy (t,0) is real-valued and positive homogeneous, it follows that
Ky (P)Uy (1,P) =Uy (Kg(P),P)=1=Uy (Kg(P),P)=Kg(P)Uy; (1, P),

proving that K¢ (P) = Ky (P) < supyea Kuw (P). Since K¢ (P) > sup,,ca Ky (P) and P was

arbitrarily chosen, we can conclude that

K¢ (P) =max K, (P) VPeRY,,
weC

proving the statement. O

H.3 Representation result

We can now move to our first representation result. We provide a representation of the expen-
diture function in terms of its generating production function. The main representation result
will follow and build on this and provide a canonical representation in terms of an alternative

and unique concave production function.

Lemma 21. If G € G, then

_ L w, P n
KG(P)_{UHEIE G w) VP e RY .

Moreover, K¢ (€) =1 if and only if max,ea G(w) =1 (that is G € Gyor)-

Proof. Fix P € R}, and w € A such that G(w) # 0. Define Q = ﬁw € R. Since G is
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positive homogeneous, we have that G (Q)) = 1. By definition of @) and K, it follows that

(w,P)
= P> Kq (P).
G ) = 2= P 2 Ko (P)
j=1
Since w was arbitrarily chosen, it follows that min,eca <G( )> > MiNyeA:Gw)£0 <G( > Kq (P).
Next, fix @ € R’} such that G (@) > 1. Since G is nondegenerate and positive homogeneous,

this implies that Z?Zl Q; > 0.* Define w = Zn Q € A. Since G (Q) > 1, it follows that
T

G@ G

zn:Q-P S Z}Ll Q; P Z?:l w; P
ity =

where the equality follows from positive homogeneity of G. Because () was arbitrarily chosen,
it follows that K¢ (P) > mingea <G( )> , proving the main statement. Finally, observe that
K¢ (e) = 1if and only if min,ea G(w) = 1 if and only if max,ea G (w) = 1.

O

Theorem 3. Let K : R}, — R, . The following statements are equivalent:

(i) K € Kyor;
(i) K is monotone, continuous, quasiconcave, positive homogeneous, and such that K (e) = 1;
(i1i) There exists an upper semicontinuous and concave function I' : A — [0,00) such that

maxy,ea ' (w) =1 and

(w, P)

K(P)=mip s VP ERY,. (206)
(iv) There exists G* € Gnor — con Such that K = Kgx.
(v) There exists G* € Gnor —con Such that
(w, P) n
K (P) = {uneHAlG*( ) VP e RY .
Moreover, we have that:
1. T': A —[0,00) is such that
1
['(w) = Yw e A

sup{K (P): P e R}, and (w,P) <1}

and it is the unique upper semicontinuous and concave function r satisfying (206) and

such that max,ea I (w) = 1.

24Otherwise, since @ € R?, we would have that Q = 0 and, in particular, G (Q) = 0, a contradiction.
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2. G* is the unique element in Guor — con Such that K = Kg-.
3. T'(w) = G* (w) for allw € A. In particular, T' is continuous and G* (0) = 0 and G* (Q) =

QI T @/l for @ € RI\ [0} A
4. If G € Guor and K = Kg, then G* = min{G G € Guor—con and G > G}.

Proof. (i) implies (ii). By definition of /C,y, it is obvious.
(ii) implies (iii) and point 1. Call K the extension of K to R" such that K (P) = 0 for all
P ¢ RY, . Since K > 0 and K is monotone and positive homogeneous, it is immediate to see

that K is monotone and positive homogeneous. Since R? | is open and K is continuous on R}
and K > 0, we have that

{K>t}={PeR} :K(P)>t} Vt>0.

It follows that the latter set is relatively open in R’} , proving that the latter and the former
are open. Moreover, since K > 0, we have that {K > t} = R” for all t < 0, proving that K is

lower semicontinuous. Since K is quasiconcave on R and K > 0, we have that
{K>t}={PeR}, :K(P)>t} Vt>0.

It follows that the first set is convex. Moreover, since K > 0, we have that {I_( > t} = R" for
all t < 0, proving that K is quasiconcave. By (Cerreia-Vioglio et al., 2011, Theorem 8.1 and
Proposition 8.1 and their proofs) and since K is monotone, lower semicontinuous, quasiconcave,

positive homogeneous, and such that K (e) = K (e) = 1, we have that

_ P)* P)~

K(P):mip{<w’ ) _w. P } VP e R" (207)
wed | ¢ (w) ca (w)

where A is a nonempty, closed, and convex subset of A, ¢ : A — [0,00) is upper semi-

continuous and concave, ¢y : A — (0,00] is lower semicontinuous and convex. Moreover,

A= {weA:domH (-,w) # 0} where H : R x A — (—o0,00] is defined by
H (t,w) =sup {K (P) : (w,P) <t} V(t,w) e Rx A

and ¢; and ¢, are unique with H (1,w) = —— for all w € A. Since K (P) = 0 for all

c1(w)

P ¢ R, it is immediate to see that H (t,w) = 0 for all w € A and for all ¢+ < 0, that is,
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(—00,0] € dom H (-,w) for all w € A, proving that A = A. In particular, this implies that

1 1
) = i)~ sup {K (P) : (w, P) < 1}
1
= Yw € A.
sup{K (P): P € R%, and (w,P) <1} we
By (207) and since K (e) = 1 and K (—e) = 0, we have that 1 = min,ea q(lw) = — elA o)

1
mingea c2(w)’

By restricting (207) to R, and setting I' = ¢;, Equation (206) follows. Next, consider

and 0 = ming,ea —CQ(Iw) = that is, maxyea ¢ (w) = 1 and mingea 2 (W) = o0.
I': A — [0,00) such that I is upper semicontinuous, concave, and such that max,ea I' (w) = 1
and T satisfies (206). By the uniqueness part of (Cerreia-Vioglio et al., 2011, Proposition 8.1)
and since ¢c; = oo and K (P) =0 for all P ¢ R"_, this implies that

2 (w,P)" _ (w,P)” n
K (P)= wmenAl{ F (0) 02(w)} VP e R",

proving that I' = ¢; = ' and uniqueness.
(iii) implies (iv). Define K : R? — Ry by K (P) = mingena. T (w)>0 F( L for all P € R} .
Since K is the inf of monotone, continuous, affine, and positive homogeneous functionals, we

have that K is monotone, upper semicontinuous, concave, and positive homogeneous with
K () = K (¢) = 1. By Remark 2, K is continuous. Define GG : R* — R by

£(@) — min {<w,Q>+ U

wed | ¢ (w) 2 (w)

where ¢; = KIA and ¢y = co. By (Cerreia-Vioglio et al., 2011, Proposition 8.1) and since
max,eA K, ia (w) > 0, we have that G is nondegenerate, monotone, lower semicontinuous, qua-

siconcave, and positive homogeneous. Define G* = C_T"Ri. Since ¢; = 00, note that G* (Q) =

G Q) = mmweA for all @ € R?. Since G™ is the inf of upper semicontinuous and affine
functions, it follows that G* is concave and upper semicontinuous, proving that G* € Geoy.
By (Cerreia-Vioglio et al., 2011, Theorem 8.1 and Proposition 8.1) and their proofs and the

uniqueness of the representation and since G (Q) = 0 for all Q ¢ R”, we also have that

t

c1 (w)

=sup {G(Q) : (w,Q) <t} =Ug (t,w) Vt>0,Yw e A.

By Lemma 19 and since G* € Gon, we have that Ugs (K¢« (P),P) =1for all P € R}, and, in

particular,
KG* (’LU)

¢ (w)

= Ug* (KG* (w) 7U)) =1 VYwe€ intA.
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By definition of ¢; and since K and Kg- are positive homogeneous and Kg« = ¢; = K on int A,
this implies that K¢- (P) = K (P) = K (P) for all P € R? . By Lemma 21 and since G* € Geon
and 1 = K (e) = K¢+ (e), we have that max,ea G* (w) = 1 and, in particular, G* € Ghor — con,
proving the implication.

(iv) implies (v). By Lemma 21, the implication follows.

(v) implies (i). Since K is the inf of monotone, continuous, affine, and positive homogeneous
functionals, we have that K is monotone, upper semicontinuous, concave, and positive homo-
geneous. By (Borwein and Lewis, 2006, Theorem 4.1.3) and since K is concave, it follows that
K is continuous. Finally, by Lemma 21 and since max,ea G* (w) = 1, we have that K (e) = 1,
proving the implication.

3. By point (iii) and (v) and point 1 and since G* is continuous and concave and such that

max,eca G* (w) = 1, we have that

_ o w P (w, P) n
K(P) =min oy =mR ooy 7P € R
proving that I' = G*. Since G* is continuous and positive homogeneous, the rest of the point

follows.

2. Consider any other function G € Gpor — con satisfying either point (iv) or (v). By the same
argument above and the equivalence with (iii), we have that G (w) = I' (w) = G* (w) for all
w € A. By positive homogeneity, we can conclude that G (Q) = G* (Q) for all @ € R\ {0}.
By continuity, we have that G (0) = 0 = G* (0), proving uniqueness of G*.

4. Define K : R" - R by K (P)=0forall P¢R", and K (P) = K¢ (P) forall P € R" .
Define H : R x A — (—00, 00| by

X Lo t>0
H@mo:{Gg>t<O V(t,w) € R x A.

By Lemma 21, it is immediate to see that

K (P)=min H ((w, P) ,w) VP eR"

wEA

By points 1 and 3 and definition of K, we have that

1
G+ (w)

— sup inf A((w P) w)< inf sup  H((w,P)w) = —— Vi EA,

PeR™: (i, P)<1 WEA WEA peRn. (i, P)<1 G ()
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proving that G* > G on A. Since G and G* are continuous and positive homogeneous, it follows
that G* > (G. Next, consider G € Guor—con and G > G. Tt follows that K& < Kg = Kg+. By

points 1 and 3, we have that

1
G () =sup {Kg+ (P): P€R?, and (w,P) <1}
>sup {Ks (P): P e R} and (w,P) <1}
1
=——  VYweA,
G (w)

proving that G > G* on A. Since G and G* are continuous and positive homogeneous, it follows
that G > G*, proving the point.

H.4 Fragile Sectors

By Lemma 21, if G € G,or, then

(w, P)

Kg (P) = min G VP e R} |
and
fig (p) = min {M (w,p) +c(w)}  VpeR" (208)

c: A — [0,00] is defined by ¢ (w) = —InG (w) for all w € A. Since K¢ € K,or, we have that

K¢ is normalized, monotone, and translation invariant. We define R(+||-) : A x A — [0, o0] by

where M : A x R" — R is defined by M (w,p) = In (Z? ) epjwj> for all (w,p) € A x R™ and

> In (Z—j) w;  w <KW

00 otherwise

R(wuuv):{ Y (w, %) € A x A

We define the absolute entropy Ent : A — R by Ent (w) = =377 w;Inw; for all w € A.
Recall that Ent is continuous and strictly concave.?® Given a convex subset C' of A, we will
say that a function f : C' — R U {oo} is entropy convez if and only if f + Ent is convex. By
subtracting Ent, it is immediate to see that if f is entropy convex, then f is strictly convex on
its effective domain and convex in general. Given a function A : C' — [1, 00|, we will say it is
entropy log-convez if and only if d : C' — [0, 00|, defined by d (w) = In A (w) for all w € C, is

entropy convex.

ZDefine ¢ : [0,00) —+ R by ¢ (0) =0 and ¢ (t) = tIn (¢) for all t > 0. Observe that ¢ is continuous and strictly
convex.
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Lemma 22. Let G € Guo,. If kg : R" — R s convez, then there exists a grounded, lower

semicontinuous, and convex d : A — [0, 00| such that

ki (p) = max {{w,p) —d(w)}  VpeR" (209)
and
d(w) = wes(i%c{R(wHw) —c(w)} Yw € A. (210)

Moreover, if w € int A, then w — d (w) — R (w||w) is lower semicontinuous and conver on A.

In particular, d is lower semicontinuous and entropy convex.

Proof. Define kg : R" — R by kg (p) = —ke(—p) for all p € R*. We have that R¢ is

normalized, monotone, translation invariant, concave, and such that

Re (p) = max{m (w,p) —c(w)}  VpeR" (211)

where m : A x R" — R is defined by m (w,p) = —In (Z?Zl e*pjwj> for all (w,p) € A x R™.
By Cerreia-Vioglio et al. (2014) and since K¢ is normalized, monotone, translation invariant,
and concave, we have that d : A — [0, oo}, defined by d (w) = sup,cg {Fa (p) — (w,p)} for all
w € A, is such that

fg (p) = min{(w,p) +d(w)}  VpeR"
By definition of d and since k¢ is normalized, we have that d is grounded, lower semicontinuous,

and convex. By definition of d and (211) and Donsker-Varadhan’s variational formula, we also
have that

d{w) = sup {rggg {m(@,p) —c(w)} = (w,p>} = sup sup {m (,p) — (@) — {w, p)}

=sup sup {m(w,p) —c(@) = (w,p)} = sup sup {m(w,p) — (w,p) — ¢(@)}

pER™ Wwedom ¢ wedom ¢ peR™
= s {sup (@)~ (W)} - c(@)} = swp {Rulld) - c(@)} VoA
wedome  peR™ wedom ¢

Since kg (p) = —FKq (—p) for all p € R, the main statement and (210) follow. Fix w € int A.
Since w € int A, we have that R (w||w) < oo for all w € A. For each w € domc define
fo: A = RU{oo} by fi (w) = R(w||w) —c(0) — R (w]|w) for all w € A. Fix @ € dome. Since
R (w||w) € R for all w € A and ¢ (w) € R, note that w € dom fz if and only if fz (w) < oo if
and only if R (w||w) < oo, proving that dom fz = dom R (||w) is convex. Since R (w||w) € R
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for all w € A and R (w||w) € R for all w € dom f;, we have that w; = 0 whenever w; = 0 and

fi 1) = R (wl]i8) = o () — R (w] i) = Zln(“’ﬂ)wj—c Zln(‘”ﬂ)wﬂ
= iln <@) wj — ¢ (W) Vw € dom fz.

This implies that fz is affine over dom fz and, in particular, convex on A. By definition of d

and since w was arbitrarily chosen, we have that

d(w) = R(wl|lw) = sup {R(w||lw) —c(w)} — R (w]w)

wedom ¢
= sup {R(w[[w) —c(w) = R(w|[w)} = sup fz(w) YweA,
wedom ¢ wedom ¢
proving that w — d (w) — R (wl||w) is convex. Since w € int A and d is lower semicontinuous,
we have that w — R (w||w) is continuous and w — d (w) — R (w||w) is lower semicontinuous.
Fix @ € int A. Since w — >77_ In (10;) w; is affine and w +— d(w) — R (w||@) is convex, we
have that w + d (w) + Ent (w) = d (w) — R (wl|w) — >°7_; In (w;) w;, proving that d + Ent is

convex. O

Proposition 13. Let K : R} — Ry .. The following statements are equivalent:

(i) K € Knor and k is convez;
(i) There exists G € Gyor Such that K = K¢ and k = kg is convet;
(11i) There exists a unique G* € Gnor — con Such that K = Kg«, k = kg, and

* o . n Qj o n
6+ (Q) = mig A )11, (2 vQ € R]
where C' is a nonempty, compact, and convex subset of A and A : C' — [1,00] is lower

semicontinuous, entropy log-convex, and such that min,ec A (w) = 1.

Proof. (i) implies (ii). By Theorem 3, the implication follows.

(
(ii) implies (iii).
In (P;) for all j € [n] and for all P € R’ ,. By Lemma 22 and definition of ¢, this implies that

Define L : R} | — R™ by L (P) being the vector whose j-th component is

(w,L(P)) e  pY
_ (w,L(P))—d(w) _ € _ j=11 n
KP) = e X et~ R e - YPERL (1)

where d : A — [0, 00] is grounded, lower semicontinuous, and convex. For each w € A define
Ky :R%, — Ry by K, (P) = II'_, P, /e?™) for all P € RY . If d (w) = oo, note that K,, = 0.
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Given w € A, define H, H,, : A — [0, 00] by

H (w) =sup{K (P): Pe R}, st. (w,P) <1} Vi e A

and
H, (0) =sup{K, (P): P € R} st (w,P)<1} YV € A.
Note that
H, (@) = eR;w”m - L L S0 V(@ w) €A xdomd
ed(w) ed(w)—R(w||®) ed(“’)H}Ll <1wu_j> j

while H,, (w) = 0 for all (i, w) € A x (domd)°. By (212), note that H (w) = sup,eca Hy (W) =
SUDyedomd Hw (@) for all @ € A and

1 1
H(w)= sup H, (@w)= sup - 5 = - Vw €A,

NEENETE NI
W . W
wedom d wedomd | ed(w)] |§}:1 (w_j> lnfwedomd ed(w)] |;1:1 (w_j>

By Lemma 17 and Theorem 3 and points 1-3 and since K = K € Ko, we can conclude that
K = K¢+ where I' : A — [0,00) and G* : R} — R are such that
w;

(W) =—— = inf ed<W>Hﬂ_1<

H (’UNJ) wedom d J=

) Yo e A

wj

and

G*(Q) = f "I, (%) VQ € R”.

wedom d W

By Lemma 22, we have that C' = cl(domd) is a nonempty, compact, and convex subset of
A and A = e from C to [1,00] is lower semicontinuous, entropy log-convex, and such that
mingec A (w) = 1. We next show that the inf can be extended from domd to C' and it is a

min. Consider ) € R’. We have two cases:

L A(w) 1T, (%)wj > ( for all w € domd. In this case, since A (w) € [1,00), we have that
for each w € domd
w; >0 = @Q; >0.

Define A(Q) = {w € A:Q; =0 = w; =0}. Clearly, A(Q) is closed and domd C
A (Q) and, in particular, C' C A (Q). Note also that IT}_, <%> "= exp (Z?zl In %wj> =

exp (Z;;l In Q;w; + Ent (w)) for allw € A (Q). Note that the function w — 37 | In Qjw;+

Ent (w) is real-valued and continuous on A (Q) and, in particular, on C'. This implies
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that the function

w— A(w) I, (%)“’j = exp (d (w) + z": In Q;w; + Ent (w))
j =

is lower semicontinuous on C', proving that the inf over C' is a min. Moreover, since

A (w) I}, <%> = exp <d (w) + Zln Qjw; + Ent (w)> =00 Yw e C\domd,
w; -
7j=1
we have that extending the inf to €' does not change the value of the minimization.
2. A(w) 1T}, (%) " = 0 for some w € domd. Since w > A (w) IT5_, (%) "> 0 for all

w € C, we have that

G*(Q)= inf "I, (@> = inf eI, (@)

wedom d W; wel w;

= A(w) I}, (%)w] =0,

J

proving that inf can be extended from domd to C' and it is a min.

Points 1 and 2 prove the implication.

(iii) implies (i). Define ¢ = {w € C': A(w) < co}. Since C' is a nonempty subset of a
compact set and A is such that min,cc A (w) = 1 and entropy log-convex and, in particular,
quasiconvex,we have that C' is nonempty, precompact, and convex. Define & : C' x R} — Ry
by
@

& (w,Q) = A(w) I, (w)wj V(w,Q) € C xR

Clearly, & (w,-) € Geon for all w € clC. Define d : c1C' — [0,00] by d(w) = In A (w) for
all w € C. Given Q € R?_, note that & (w,Q) = [|Q||, e FEtt) L n(@i)w; where 1 =
Q/ |Q||,. Since A is lower semicontinuous on C' and entropy log-convex, it follows that w
d (w)+Ent (w) + 7, In (1;) w; is lower semicontinuous and convex on cl C and, in particular,
the lower contour sets of this function are closed and convex subsets of clC, that is, they are
compact subsets. At the same time, since d (w) = oo for all w € clC\C, they are subsets of
C, proving that w — d (w) + Ent (w) + > i—1 In (w0;) w; is lower coercive and quasiconvex on C

and so is w +— & (w, Q). By Lemma 20 and since G* : R} — Ry is such that

G*(Q) =min& (w,Q)  VQeRY,

weC
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then "
K¢« (P) = max K,, (P) = max % VP ¢ RY
“ Cwee wee el o

Since k (p) = k= (p) = In (Kg« (exp (p))) for all p € R™, it follows that

wel wel

K (p) =1In (Kg- (exp (p))) = In | max —dw) ) = max Z w;ip; — d (w) Vp e R",
j=1

proving the convexity of k. m

Smoothness and density. In this section, we show that smooth unit log-cost functions are
dense. In light of Theorem 3, we can therefore think that for any G € G, there exists a sequence
{Gm}men € Guor such that kg, € C(R™) for all m € N and lim,, k¢, (p) = ke (p) for all
p € R". By Arzela-Ascoli’s Theorem and since the sequence {xg,, },,cy is uniformly bounded
over compacta and Lipschitz of order 1, this implies that k¢, KN kg where d is the distance on
C* (R™) metrizing convergence over compacta. This is our density result (cf. Proposition 14).

As one might suspect, we carry out these approximations by convolution with mollifiers.
To this extent, we need an intermediate approach. This intermediate approach brings us to

consider the following new objects. Given a function K € K., we define K : R — R by
R(p)=K(exp(p))  VpeR"

where as usual exp (p) denotes the vector whose i-th component is e?i. Recall that R" is endowed
with the supnorm || || and we denote by B the unit ball. Consider a function ¢ € C§° (R")
such that ¢ > 0, [o.¢ (z)dz = 1, and supp C B. For each £ > 0 define . (z) = "¢ (£)

for all z € R". By the Change of Variable Formula, note that ¢, > 0, [, ¢- (2)dz =1, and
supp . C eB for all € > 0. Given a function K € K., and € > 0, we define K. : R — R by

80 = R0 = [ o -DRGd WpER

We define K. : R, — R, by K.(P) = %m)ﬁg (In P) where In P is the vector whose i-
th component is In P for all P € R, . As before, we define x. : R* — R by k. (p) =

In (K. (exp (p))) for all p € R™.

Proposition 14. If K € Kyor and {en},,cn € (0,1) such that lim,, e, = 0, then K., € Kyor
and ke, € C®(R™) for allm € N and k., % k.

Proof. Since K is continuous, so is & and , in particular, & € L] _(R"™). By (Brezis, 2011,

loc

Propositions 4.20 and 4.21), it follows that 8. € C* (R"™) for all m € N and K., converges
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uniformly to K over compacta. By the Change of Variable Formula, recall that convolution is

commutative. It follows that
Re, (D) = (pe,, x R) (p) = (Bxe,) (D) = / R(P—p) @, (p)dp VpeR",¥YmeN.

Since K > 0 and ¢.,, > 0 and [, ¢c,, (z)dz = 1 for all m € N, we have that & > 0 and,
in particular, &, > 0 for all m € N. It follows that K., is well defined and continuous for
all m € N. Moreover, by construction, we have that K., (e) = 1 for all m € N. Since K is
monotone, so is K. Since K is monotone and . > 0 and fRn @, (p)dp =1 for all m € N, it
follows that

p>p = R, D)= RO-—p) ¢, ®dp> | KPH—p) ., (p)dp=2K.,, (p) YVmeN,
Rn Rn

proving monotonicity of K. and K. for all m € N. Since K is positively homogeneous and

m

@e,, > 0 and [g, ¢e, (p)dp =1 for all m € N, it follows that

ﬁem(ﬁJrhe):/ RP+he—p) e, (p)dp= [ K(exp(p+he—p))ee, (p)dp

n Rn

=e" | K(exp(p—p)) -, (p)dp= eh/ R(P—p)ee, (p)dp

R n

—e"R. (p) VpeR"VheR,VmeN.

It follows that

1 1
K., (\P) = = (O)ﬁgm (In (AP)) = ﬁ—@ﬁam (In(P) +1n(\)e)
1
50 "Na. (In(P)) = M\K.,, (P), VYPeR!, VA>0VmeN,

proving that K.  is positively homogeneous for all m € N. Consider P, Pe R? . and A € (0,1).
Given a vector p € R" define P, (resp. P,) as the vector whose i-th component is P;\ exp (p;)
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(resp. P\ exp (p;)). Since K is concave, we have that

8, (n (AP + (1= 1) P))

ﬁ(ln ()\P—I— (1—A ~> —p) ©e,. (p)dp
(

K )\Pp —I— P > 905m ( )dp

n

ﬁ(ln AP, + (1— A P))gpem(p)dp

n

I
%\%\%\

n

YR >dp+<1—A>/nK(Pp)wsm<p>dp
ZA/nﬁ )soem()dp+(1—A)/nﬁ(ln<15>—p>¢sm(p)dp

— A&, (In(P))+ (1 -\ & <1n (P)) Vm € N,

| \/

proving concavity of K. for all m € N. We can conclude that K. € K, for all m € N.
Since R.,, € C* (R") and &.,, > 0 for all m € N and In is infinitely many times differentiable

n (0,00), we can conclude that k., € C*(R") for all m € N. Since lim,, K., (p) = K(p)
for all p € R™ and In is continuous on (0,00), we have that lim,, K., (0) = £(0) = 1 and, in

particular,
limk,, (p) =lim[InR., (p) —InKk., (0)] =limIn K, (p) —limln K., (0)
=InKk(p)=r(p) VpeR",
proving that k. converges pointwise to k. By Arzela-Ascoli’s Theorem and since the sequence

{Fem tmen 1s uniformly bounded over compacta and Lipschitz of order 1, this implies that

d
Kep — K-

Proposition 15. If T is a production operator, then there exists a sequence {Tp,},, oy of pro-
duction operators such that T,, € C* (R",R") for all m € N and

lim 7T, (z) =T (x) and limIl,, (z) =1I(z) VzeR"

Proof. By Proposition 14, we have that for each i € [n] there exists a sequence {Kjm},, .y €
Kuor such that {r;,,} C C*(R™) and ki A T; where d is the distance on C* (R")

metrizing convergence over compacta. Define T,,, : R — R" by T,,; (x) = ki (z) for all

meN

x € R™. It follows that each T, is a production operator and belongs to C*° (R™, R™). Moreover,

{Tn},en converges uniformly over compacta to 7" and, in particular, lim,, 75, () = T (z) for
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all x € R". Fix x € R™. Since each T, and II are normalized and nonexpansive, we have that

ML, () = T ()| o = (18T (T () = BT (I (2)) |
) =

(
< IBTm (T ( BT (I (2)) || o + 18T (T (2)) = BT (I (2))
< By (2) =T (@)oo + 8 max [T (2) =T (2)]l »

2R z]] o <l

proving that

lim |IT,, () — 11 ()] < —2— lim

! max Tm ¥ _T z :0
o ST 3y, 1T ()~ T (Bl

Since x was arbitrarily chosen, the statement follows. O

Semiconcavity. In this section, we prove first that if K € K, and k is twice continuously
differentiable, then & — || ||3\2 is a concave function where || ||, is the Euclidean norm over R,
In this section, we show that if K € Kpor, then « is A-semiconcave, that is, k — 3 || 17 is concave.
In particular, A can be chosen to be 1. We first start by proving the result when s is twice
continuously differentiable. In this section, given two symmetric n x n matrices A and B, we
write A > B if and only if (Az,z) > (Bz,z) for all x € R". With a small abuse of notation,
we denote by I both the n x n identity matrix and the identity operator.

Lemma 23. If K € K, and k is twice continuously differentiable, then

max (V°k (p) h,h) < 1

h€Boo
and, in particular, I = N2k (p) for all p € R*. Moreover, k — || ||3\2 is concave.

Proof. Fix p € R™ and w € o, (p). By Corollary 4 and since M (w,-) and x are twice continu-
ously differentiable, we have that Vk (p) = VM (w, p),

5+ h) = K (0) + (V5 (p) ) + 3 (V2% () BB+ R () Vh € R,
and
M(w,p+h):M(w,p)+<VM(w,p),h>+%<V2M(w,p)h,h>+Rw(h) Vh € R"

where R, (-) = o (] ||g) and R, (-) = o (|| ||§) Fix h € R™. It follows that
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(Vk (p) ,th) + % (V?k (p) th,th) + R, (th)

=k (p+th) — k (p)
< M (w,p+th) — M (w,p)

= (VM (w,p),th) + % (V2M (w,p)th,th) + R, (th) Vt>0,

proving that

R, (th)

t2

—<v2 ) h,h) +

1 th
< 3 (V?M (w,p) h,h) + th(Q ) vt > 0.

By passing to the limit and since h was arbitrarily chosen, we have that (VZk (p)h,h) <
(V2M (w,p) h,h) for all h € R™ and, in particular, VM (w,p) = V?k (p). Denote by Sy the
unit sphere induced by || ||, and by B, the unit ball induced by || || .. Since M (w, -) is convex,
we have that h — (V2M (w, p) h, h) is a convex function on R™. Since || ||, < | ||,, this implies
that

max (V?k (p) h, h) < max (V£ (p) h, h) < max (V>M (w,p) h, h)

heSs h€Boso h€Boso
2
= max (V°M (w,p)h,h) <1
h€ext Boo)< p ’ > -

proving that (V2« (p) h,h) < ||h||3 = (Ih,h) for all h € R, that is, I > V2k (p). Since p was

arbitrarily chosen, the statement follows. O
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